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ciibisch ahid, trci ♦••»:. • ■ • • 

DopjK*lpurikt 0'. J ^. . • * 

haben keiiio )r!-«''»ji,.';ir . " . 

JeiM.* ^'er I. Av: .^mm I'... •■ -c v- 

ij»it r.** t^oineinsaiji ha^u (• • • * 

sowio die d^r 2. Art wonioii c. ^ .^ ». ^ . 

sein. Es bleibt alno die T:j» • . 

rich niir dadurch von ihr un" --i- . 

ino^riholi znlruHsigen Weise di . :• ^ , 

*<i'*htlirrt dfrj- Ppiiodicitsit eiiiz-': : •• 

solciie Behandlimg, da die Au. ! *•.^.■'^:. .• • ' . ' 

sio fuliren, alleia .schun von fji . i . • ' ^ 

Conj?irui*tion VM 1 hohem Inters;-' <» * 1 .« 

n'leinhten imd d*.Mi specielli^ten Fall zi. v • 

an Urafang der Resultate vvtj:tuus uljt . k» ■ . 

^'r//^ ./. — Die alUjfmthi.fi t \ , 

1. Die fund'uneiitaleii linearen Sobn^it,' •• . 
«, X die Ordnung und Vielfachheit in Cj f'T eiii ','.' ' • 
r, ^ Ordnung und Anzalil der Stiilzpunkte au»" < ^ f\j ■ 
n! = 3// — vSj^, V v' -^ :;,• - 

x'^: ri — 3x, ^ r = S/ - .: 

* Bezugljrh diefses Aufldrucket^ cf. Or. J., Bd. C i ' 
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Theorie der periodischen cubischen Transformationen 

im Raume B^. 

Von S. Kantob. 



Es gibt von cubiBchen Transformationen im 22$ , die auch im zweiten Raume 
cubisch sind, drei verscbiedene Arten : 1. die Mi haben einen gemeinsamen 
Doppelpunkt Oj 2. die M^ haben eine gemeinsame Doppelgerade vd, 3. die M^ 
haben keine gemeinsamen Singularitaten und besitzen eine gemeinsame c«, ^ = 3 . 
Jene der 1. Art sind Particularfalle von 3. bis auf jene, welche eine Curve c« 
mit 0* gemeinsam haben oder eine Degeneration dieser Curve. Diese letzteren 
sowie die der 2. Art werden systematischer in einer anderen Arbeit zu behandeln 
sein. Es bleibt also die Transformation der 3. Art nebst sammtlichen, welche 
sich nur dadurch von ihr unterscheiden, dass die Curve c« in irgend einer geo- 
metrisch zulaasigen Weise degenerirt ist. Diese sind zahlreich und miissen hin- 
sichtlich der Periodicitat einzeln behandelt werden, verdienen aber wohl eine 
solche Behandlung, da die Ausbeute an periodischen Characteristiken, zu denen 
sie fuhren, allein schon von fundamentaler Bedeutung und die geometrische 
Construction von hohem Interesse ist. Das Folgende ist bestimmt, den allge- 
meinsten und den speciellsten Fall zu erledigen. Wie der letztere den ersteren 
an Umfang der Resultate weitaus tiberragt, ist dabei merkwurdig zu verfolgen. 

Gap. L — Die allgemeinste cvbische TVans/ormation. 

1. Die fundamentalen linearen Substitutionen* derselben sind, wenn mit 
n, a; die Ordnung und Yielfachheit in c« fiir eine AQ bezeichnet werden und mit 
V, ^ Ordnung und Anzahl der Stiitzpunkte auf c« fiir eine Mi : 

n!=:3n — Sx, .^. i/ = 3v— ^, .^. 

a/= n— 3x, ^ ^ e = »v — H. ^ ^ 

* Bezuglich dieees Ausdruckes cf. Cr. J., Bd. CXIV, p. 60. 
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Die Substitutionen (1) lassen ungeandert die Formen n* — 8a* und n — 2x, 
(2) aber n* — sc* und 3n — x . Die Singularitatencomplexe n = 4« , a; = » sind die 
einzigen invarianten durch (1), die Complexe i; = «, ^= & die einzigen invari- 
anten durch (2). 

Theorem I. — Von den Gharacteristiken der Transformation (c^ , ci)' ist heine 
periodisch ausaer {cd) u. zw. vom Index 2. 

Denn bereits die Verkettung ci in c« liefert: Ebene in Fs{cf) in F^{cf^c) in 
Fi9 {cf^c^) in ^33 ((/*V) in ^51 • . . . und das allgemeine Glied der Ordnungsreihe ist 
2^ + 1 • Auch ist die char. Function der zugehorigen linearen Substitution 

(p-i)". 

2. Urn die wirklichen Transformationen mit (cc') zu untersuchen, ist nothig, 
zu fragen, in wie weit es moglich sei, dass die beiden Fundamentalcurven c, cf 
einer Transformation coincidiren. 

Hiezu ist es niitzlich, c« auf eine ebene Curve G^p=zS eindeutig abzubilden, 
etwa eben durch eine T=z (c«, Cj)^ deren Fundamental — c« die G^ in 6 Punkten 
triflFt. Die Trisekanten bilden sich durch jene Tripel ab, welche mit 6 festen 
Punkten ai . . . . a^ der G^ die Basis eines Biischek von G^ bilden. AUe Sextupel 
eines linearen Systemes (Involution) 3. Stufe, ij fuhren zu demselben Tripel- 
systeme. Dass ein Punkt 1 in drei Tripeln enthalten ist, beweist man, indem 1 
mit ai . . • • a« als Fundamentalpunkte einer involutorischen Transformation 

0, (af . . . . al 1') genommen werden, worin G^ sich in eine Curve der Ordnung 
4.8 — 7.3 = 11 mit l*a}....aj verwandelt, welche G^ in (4.11 — 7.4 
— (6.4 — 7. 2)): 2= 3 involutorischen Paaren schneidet. Hieraus entsteht 
femer eine eindeutige Beziehung unter den Tripeln und den Punkten von G^. 
Denn die G^ des Biischels durch 123 schneiden G^ in Punktetripeln, welche mit 
einem festen Punkte B alineirt sind, dem Gegenpunkte von 123 ai ... . a^. Dass 
123 durch B eindeutig bestimmt ist, folgt daraus, dass drei mit B alineirte 
Punkte und ai * . . . a^ eine einzige G^ bestimmen, welche G^ in 1, 2, 3 schneidet. 

1. A. kann eine weitere eindeutige Beziehung der Tripel zu den Punkten nicht 
vorhanden sein, da diese eine ein-eindeutige Correspondenz unter den Punkten 
bedingen wiirde. Also : 

Theorem II. — Unter den Pmikten und Trisekanten der c^ hesteht i. A. eine 
einzige eindetUige Beziehung E, vxHche einfach aus der Erzeugung einer G^ mittelst 
^ralhiXschel und dazu projectivem G^-Buschel hervorgekt^ wenn die G^ gezwungen sind, 
durch 6 feste Punkte von G^ zu gehen. 
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Seien 123, 12'3', 12"3" drei Tripel des Systemes. Dann geht durch 
123 1'2'3', . . . . je eine G^ und also miissen 2'3' und 2"3" oder 23 und 2''3'' oder 
23 und 2'3' je mit dem Gegenpunkte von 123, 12'3', 12"3'' (und ai . . . . a,) 
alineirt und demnach 23, 2'3', 2"3" die Seiten eines in G^ eingeschriebenen 
Dreieckes 456 sein. Man bemerke nun aber, dass 4 der G^genpunkt von 123 
und also derselbe ist, wenn man von 2, 3 ausgehend die beiden anderen je 2, 3 
enthaltenden Tripel construirt hatte. Daher : 

Theorem IIL — Die eindeviige Beziehung E unter den Punkten v/nd Trisekanten 
ist auffdlgende Weise definirt. Von Jedem Stutzpunkte einer Triaekante gehen zwei 
weiiere Trisekanten aus, deren Ehene die G^ in einem 6. Ptmkte schneidet. Dieser 
Punkt istfwr aUe drei Ehenen der gleicfie und der Trisehante entsprecTiende Punkt. 

Ein anderer Beweis desselben Theoremes : Bs sei c^ Fundamentalcurve von 
T, P ein Punkt von c«, 71, 7i, TJ die Bbenen durch je zwei Trisekanten aus P. 
Der Ti entspricht eine i<? mit P'^P!^ auf der dem P entsprechenden Trisekante von 
c^ und die daher die 2 weiteren von Pj, P\^ ausgehenden Paare von Trisekanten 
g{g!l, gig^' enthalt, deren Ebenen TJ, TJ seien. Jede dieser schneidet Mi in einer 
weiteren Geraden. Wenn aber nicht die Schnittpunkte von 7\ und c^ mit denen 
von Tl und c^ theilweise zusammenfallen, so miissen die beiden Schnittgeraden 
in die Schnittlinie von T^ 7^ fallen. Es miissen also auch die Schnittpunkte von 
2J, 2} mit c^ zusammenfallen. Ebenso wird die Ebene TJ der Trisekanten g^29d 
des 3. Stiitzpunktes von g durch diesen Punkt, P, gehen. 

3. Auf G^ war aus 1 das Tripel 466 abgeleitet. Aus 2 entsteht auf dieselbe 
Art ein Tripel, welches ebenfalls 4 enthalt und so aus 3. Da aber 4 der Gegen- 
punkt eines einzigen Tripels 123 ist, konnen nur drei entstehen und die Tripel 456 
bilden also ein System vom 3. Grade. Auch fiir dieses besteht eindeutige Bezie- 
hung zu den Punkten 1, wie man sieht, wenn man die Seiten von 456 mit G^ 
schneidet. Ueberdies fiihrt das Tripelsystem 456 durch dieselbe Construction 
wieder zum Tripelsysteme 123 zuriick. Denn die 3 Tripel, welche 4 enthalten, 
haben ihre Gegenseiten vermoge dem G^sagten auf 23, 31, 12 und das von 
diesen gebildete Dreieck ist also 123. Die beiden Tripelsysteme stehen denn in 
umkehrbarer Beziehung und es folgt : 

Theorem IV. — Die Ebenen des Trieders der Trisekanten, welche von einem 
Ptmkte P der c^ ausgeTien, schneiden c^ in 3 Punkten. Diese Tripel bilden ein den 
Pvmktetripeln der Trisekanten analoges System %md die Beziehung unter P wnd dem 
Tripel ist eine eindeutige. Drei Tripel, welche denselben Punkt P' enthalten, entstehen 
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au8 den Triedem dreier Punkte P, die in einer IHeehante enthalten sind^ Jener, 
wdche dem P entspridU. 

In der Ebene folgt femer, dass sammtliche Dreiecke des 1. und 2. Systemes 
eine einzige Curve 12. CI. umhallen. Das abgeleitete TripelsyBtem entsteht aus 
den Seztupeln einer i? ganz wie das gegebene. Ich behaupte, dass aus 123 
nebst einem mit 4 alineirten Tripel als Sextupel das 2. Tripelsystem, zunachst 
456, abgeleitet werden kann. In der That bestimmen 4 und das abgeleitete 
Tripel eine Gerade, 56 und 23 eine andere und 1 bestimmt <»^ Geraden. Da 
aber 1 23 und das mit 4 alineirte Tripel in einer G^ durch Oi . • . • a« sind, so folgt : 

Theorem V. — Die beiden Sextupelsysteme 3. Stu/e in G^, aus wdchen die beiden 
Tripelsysteme entstehen, eind residual fur den Sdmitt mit Gu/rven 3. Ordntmg. 

Unter den Tripeln des Systemes ist auch das Schnittpunktetripel von G^ mit 
(oi . . . . Oj)* und den 5 analogen. Daher : Wenn man durch irgend ein Tripel 
123 des Systemes einen Kegelschnitt legt, welcher in 6 Punkten schneidet, so 
bestimmen diese 5 Punkte mit dem in E entsprechenden Punkte 4 ein Sextupel 
des Basissystemes. So entstehen alle oo^. oo' = oo' Sextupel.*^ Nimmt man nun 
ai... .a^ als Fundamentalpunkte der Abbildung einer Ml, so wird c^ 6 der 
Geraden von M} 3-punktig, 6 1-punktig, 15 2-punktig schneiden und es folgt: 

Theorem VL — Durch c^ u/nd erne Trisekante g gehen noch oo* JMJ. Die g in 
diesen oo^ Doppdsechsen zugeardneten emfach schneidenden <x>^ Oeraden gehen sdmmt' 
lich dwrch denselben Punht von c^, welcher jener Trisekante in E enispricht. 

Bemerken wir endlich noch, dass die beiden Sextupelsysteme auf c^ erscheinen 
als die Schnitte mit oo'-Systemen von M^i-f 

4* Sechs Trisekanten, welche eine Sechs einer JUS durch c^ bilden, werden 
durch E nicht 6 Punkte in einer Ebene entsprechen. Denn nimmt man ai • • • • a« 
als Bilder der einfach schneidenden Sechs, so miissten die den Tripeln auf 
(ai • • • • a^y u. analogen entsprechenden 6 Punkte mit ai . . • • a^ in einer G^ sein, 
O4 miisste in Oi • • • . a« von einer Gs beriUirt werden. Die jf| miisste mit ihrer 
residualen iibereinstimmen. 

* Die Mannigfaltigkeit der oo* Kegelaohnitte, welohe auB den Sextupeln zu bilden sind, enthalt alBO 
00^ lineare i^a* 

tin der Abbildung sind auoh die Quadmpel erkennbar, su welohen man doroh die Erseugung der 
Oe mittelst Systemen von Gorrelationen gelangt. Die Tetraeder werden abgebildet durch die aline- 
irten Panktqnadmpel der C^ und Bind definirt duroh die Eigenschaft, dass ihre Seitenflaohen durch 4 
Trisekanten gehen. Jede Ebene durch eine solohe schneidet e* in 8 Punkten, von deren VerbindungB- 
linien jede noch eine Trisekante trifft und mit dieser eine Bbene bestimmt, welche aUe drei durch 
demselben Punkt yon e« lauf en. 
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Theorem VII. — Wenn eine c,, wdche heme 1 — 1 deiUige Punht-PurJctcorres- 
pondenz ziddsst, ah c^ tmd c^ einer cvbiachen Traneformalion erscheint, iet dieae 
invohUorisch und c« eine KegelspUzencurve. 

Denn T muss dann E nach beiden Richtungen enthalten. Sie ist aber 
durch E vollkommen bestimmt, da durch 3 Trisekanten eine Mi des oo^-Systemes 
geht, welcher die Ebene durch die drei nach E entsprechenden Punkte von c^ 
wird entsprechen miissen, ist also involutorisch. 

In dem oo* Sjsteme von Correlationen wird jedes der gemeinsamen Tetraeder 
eines Buscbels sich selbst conjugirt sein miissen, weshalb alle (»* Correlationen 
Polarsysteme sein miissen. Gleichzeitig folgt : 

Theorem VIIL — Unter den Gtirven c^pzzz S auf einer M} eind Kegelspitzenr 
cwrven di^enigen^ toelcJie ihre einfache Secha in 6 Punkten einer Ebene treffen. 

Um nach dem oben Gesagten in der Abbildung einer AQ die G^ zu constru- 
iren, welche in JU} Kegelspitzencurven liefern, hat man also G^ durch ai • • • . a« 
zu construiren, in welchen Oj und der 6. Schnittpunkt mit (ai • . . . a^y contan- 
gential sind. Nimmt man den Tangentialpunkt t a priori, so schneidet die 
(74(02 •••• ae^), Ort der Beruhrungen aus t an die G^ durch ^ die (a, • • • . a^f 
in 3 weiteren Punkten, welche (7$ der gewunschten Art liefern. Zu jeder solchen 
(7s gehoren oo« sie in ai .... a, beriihrende G^, welche Kegelspitzencurven in M} 
liefern. 

5. Theorem IX. — Wenn c , d Fundamentalcurven einer cuhischen TransfoTma- 
turn aindj so sind sie in eindeutiger PunJU-Punktoorrespondenz, welche nwr dann in 
einer GoUineaiUm enthalten ist, wenn d Kegelapitzen<ymve ist. 

Denn ein Punkt P von c entspricht eine Trisekante von d und diese in E 
einem Punkte P von d ; hierauf ist VII anwendbar.* 

Theorem X. — Wenn c eine Kegdspitzencurve ist^ wird avch d eine Kegelspitzenr 
cwve. 

Denn T zusammengesetzt mit der aus VII hervorgehenden Transformation 
liefert eine Collineation, welche cind iiberfuhrt. 

Gordlar. Wenn c eine Pentaedercurve ist, ist auch d eine Pentaedercurve. 
Eine solche hat als Bild eine O^, welcher <x>^ einer G^ umgeschriebene Fiinfseite 
eingeschrieben sind. 

* Von den 00* « existirenden «« kann jede nur mit qd^* zu 0, c' yerlmnden werden. Die Ifi, geht 
durch das Element Ce selbst nioht, ausaer wenn ee der M%x angehOrt, welche die KegelBpitsenourye 
reprAeentirt 
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6. Wir sahen oben, dass wenn I^ in G^ ein, also nur Beriihrungssextupel 
enthalt, Oq Kegelspitzencurve ist und es fallen nun das 1. und 2. Tripelsystem 
zusammen. Also : 

Theorem XL — Filr die Kegelspitzencurve hesteht die Eigenschafty dass die 
Ebenen der Trisehanten, wehhe aus einem Punkte P der c^ ausgehen^ c, in 3 PunJcten 
Ply P%y P3 schneiden, welche in einer TriseJcante sind u. zw. jener, welche P in E 
entspricht. 

Werden also von P aus diese Ebenen und die drei aus III gezogen, so 
erhalt man zwei Trieder, deren Seiten sich in PPi, PP21 PPz schneiden, deren 
Kantenpaare also Ebenen dutch eine Gerade p bestimmen, wo p Polare der 
Ebene PP^P^P^ beziiglich des Kegels mit der Spitze in P. 

6. Eine eindeutige Correspondenz unter den Punkten von c^ bildet sich auf 
G^ in eine eindeutige Correspondenz ab, welche also stets in einer CoUineation 
enthalten ist. Soil nun c, eine T=^ (c«, c,)^ gestatten, so mfissen je 6 Trisekanten 
einer M^ durch c« 6 Punkten einer Ebene entsprechen, die Correspondenz muss 
ai • • • • «a (welche durch E den Schnittpunktetripeln der G^^ mit (a, • . . • a«)* u. 
analogen entsprechen) in 6 Punkte verwandeln, welche mit o^ • • • . a« in einer G^ 
sind. Die CoUineation in (74 muss also die 1. i? in die 2. und folglich die 2. in 
die 1. iiberfiihren. Also fiihrt sie auch das 1. in das 2. Tripelsystem iiber und 
umgekebrt. Daher: 

Theorem XIL — Eine c,, welche nicht Kegelspitzencu/rve ist, Jcann nur dann cds 
(ccf) fii/r eine cuhische Transformation dienen, wenn sie eine Gorreapondenz enthoM, 
wehhe die PmJdetripd der Trisekanten in die Tripel des Th. IV vherfuhrt und 
redprok. Sind y sohhe Gorrespondemen (2. Art.) vorhanden, so gibt es y Trans- 
formalianen {cd)^ wnd redprok. 

Jede CoUineation in c, gibt in O^ eine Correspondenz (1. Art), welche jedes 
der Tripelsysteme in sich iiberfiihrt. Zwei Correspondenzen 2. Art geben zusam- 
mengesetzt eine Correspondenz (d. i. in G^ eine CoUineation) 1. Art. Die Col- 
Imeation 2. Art ist stets von geradem Index. Fiir Kegelspitzencurven fallen 1. 
und 2. Art zusammen, also : 

Theorem XIIL — Eine Kegelspitzemywrve gestattet so viele Transformation^n {ccf) , 
als sie Gollineationen in eich gestattet. 

In der That muss die ihr inharente 3r= {cdf mit irgend einer anderen 
zusammengesetzt eine CoUineation liefern, welche c in sich selbst iiberfiihrt. 
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7. Die Prage der Auffindung von {cdf ist nun darauf zuriickgefuhrt, G^ mit 
CoUineationeu in sich zu finden, welche aber uberdies ein Paar residualer I^ 
unter einander vertauschen oder (fiir XIII) ein System Benihrungssextupel in sich 
transformiren. Die O4 mit CoUineationen in sich habe ich Acta Math. Bd. XIX 
vollstandig angegeben und es kann mit der dort II. Theil §2 gegebenen Methode 
bewiesen werden, dass jede dieser CoUineationen ein Paar residualer II oder 
eine Beriihrungs — i? in sich iiberfuhrt, mit Ausnahme jener vom Index 7. 

Theorem XIV. — Ea existiren aowoJd aUgemeine c^ als Kegelspitzencurven, welche 
Gollineationen vom Index 2, 3, 4, 6,9,12 gestatten. Die GoUinecUion dee Index 9 
fuhrt aber nw bei KegehpUzencurvea zu einer T=z {^Y* 

8. Es kann auch die Bedingung fur die Existenz von eudlichen Gruppen von 
(cc^y mit gemeinsamer (ccf) angegeben werden. Fur die Kegelspitzencurve miissen 
Gruppen von CoUineationen gesucht werden, welche eine Beriihrungs — 7J der 
C?4 in sich transformiren, oder nach Uebertragung durch die 1, 2 deutige Trans- 
formation, und weil jedes der 56 Systeme ^ = 1 , ti = 3 sich in G^ durch 6 Punkte 
transformiren lasst, Gruppen von birationalen Transformationen uber 6 Punkten 
ai, ... • a^ welche einen 7. Punkt a^ als gemeinsamen Doppelpunkt besitzen 
oder ihn in (a|ai, • • • • a^Y verwandeln. Diese Gruppen sind aus der anderwarts 
gegebenen Zusammenstellung zu entnehmen.'*' 

Fiir die aUgemeine c^ macht die erwahnte Uebertragung aus den beiden 
Sextupelsystemen Schnittpunktesysteme von Curven Cj a* . . . . a| mit der Hesse- 
fechen Curve der G^ durch ai . . . • o^ und die Transformationsgruppen, welche 
diese unter einander iiberfiihren, erweisen sich als dieselben wie vorhin. 

Die Transformation {ccf) sowie ihre Gruppen werden in der Gesammttheorie 
als typisch zu bezeichnen sein. 

9. Ich bemerke, dass die M^ durch c^ und eine Curve c^ {p=iq), welche c^ in 
18 Punkten triffl, ein lineares oo^*-System bilden, von dem je 3 sich in 11 
Punkten schneiden. Jene hievon, die 9 willkiirliche Punkte enthalten, bilden 
ein Qo^ System des Ranges 2 und konnen fiir eine (2, 1) deutige Transformation 
in einen B^ verwendet werden. Die Transformationen (c^cl) iibertragen sich 
dann nach R^ in birationale Transformationen und wenn Cg und die 9 Punkte 
invariant sind, in CoUineationen. 

* Of. mein Buch : Theorie der endUchen Gruppen Yon eindeutigen Transformationen in der Ebene. 
Berlin, Mayer <fc*Muller, 1895. 
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10. In jeder iavolutorischen {cdy Bind die Schnittcurven O^ der Ebenen mit 
den entsprechenden Mi invariant und fiir die Ebenen durch einen Doppelpunkt 
di miissen sie also daselbst einen Doppelpunkt haben, weshalb die unendlich 
nahen Punkte an d alle sich selbst entsprechen, und fur Ebenen durch di d^ in 
didu und einen Kegelschnitt durch did^ zerfallen, sodass did^ sich selbst entspricht 
und also c, zweimal schneidet. Also: Far beide Arten involtOoriecher {ccfy 
achneidet c^ Jede der 28 Verbindungsgeraden der 8 Doppelpv/nkte zweimal. 

Jede Correlation des die {cdy erzeugenden Sjstemes hat eine Incidenz — i^, 
die Basispunkte dieses Netzes sind die 8 Doppelpunkte di. Ferner erzeugen die 
Ebenenbiischel mit den entsprechenden J^-Buscheln Mi durch c« und die d^. 
Dieses oo ^-System ist quadratisch und daher in einem linear en oo^System R^ 
enthalten, welches auf (JjC^j^ ein in sich transformirtes lineares Punktepaarsystem 
ausschneiden muss, in welchem d^d^ oo^-mal als Punktepaar erscheint, so dass es 
oo^mal erscheinen muss. Alle M^ des R^ gehen durch die d^. Also : 

Theorem XV. — Durch die 8 Doppelpunkte Jeder involiUoriachen {cdY v/nd die c 
selbst gehen nicht co\ sondem oo^M}. Diesdben bilden ein solches System^ wo jede 
Mi durch irgend einen Punkt p nothtvendig durch einen 2. Pimkt pi geht. 

Dieselben sind sammtlich invariant, da eine quadratische Mannigfaltigkeit 
unter ihnen nur invariante Elemente enthalt. Diese Mi sind aber vou alien 
iibrigen oo^ wohl unterschieden* und das geniigt, um zu schliessen : 

Theorem XVL — Die durch T in dem R^^ der Mi durch c, hervorgebrdchte coh 
lineare Involution hat einen R^ und einen R^ als Directrixrdume.f 

11. Die Curve c^ kann, ohne mehr als 7 scheinbare Doppelpunkte zu erhal- 
ten, 1, 2, 3 wirkliche Doppelpunkte annehmen und dadurch p= % 1, werden. 
In diesen Fallen kann c« immer noch Fundamentalcurve der cubischen Trans- 
formation sein und es wird auch c^ 1, 2, 3 wirkliche Doppelpunkte neben 7 
scheinbaren Doppelpunkten erhalten. Theorem I gilt auch dann noch. Wie 
sich die iibrigen Theoreme gestalten, auszufiihren, wurde zu weitlaufig sein. 

Gap. IL — Die cvbische Redprokaltrans/ormation. 

Dieselbe ist verschiedentlich aufgetreten: sei es durch die conjugirten 
Punktepaare bezuglich eines Netzes von M} mit festem Poltetraeder, sei es durch 

* Wenn eine inyariante If} 1 bis 5 Punkte d« enthalten boU, bo muas sie dieselben zu Doppel- 
punkten haben. 

tDie sammtlichen involutorischen Transformationen, welche in dieser Theorie auftreten, sind 
solohe, welche Stralencongruenzen (nicht immer lineare) in sich tiberfahren. Die sei hervorgehoben 
gegentiber einer allgemeinen (gegentheiligen) unrechtigen Bemerkung eines italienischen Verfassers. 
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die Polarebenen in Bezug auf eiu Tetraeder als Mi, sei es durch die linearen 
Systeme linearer Transforinationen rait 4 festen Punktepaaren. Bine Brschei- 
nuagsform sei noch erwahnt : Die O^ mit festem Polvierseit bilden einen jB,, ihre 
Hesseschen Curven gehen durch die Bckpunkte des Yierseites und die Beziehung 
unter diesen zwei S3 ist genau eine cubische Reciprokaltransformation, in welcher 
die 4 dreifach zahlenden Greraden und die vier dreieckigen Curven die Haupt- 
elemente sind.* 

Die priraitivsten Eigenschaften sind : Bine Ebene ist in eine Mi mit 4 festen 
Doppelpunkten blblbm verwandelt; jede Bbene durch einen der 4 festen 
Punkte a<(i = 1 .... 4) entspricht einem Quadrikegel durch h\hj,hih^ in einer 
ternaren quadratischen Transformation Q^, also jeder Bbene durch Oiajc eine 
Bbene durch 6<ftjk u. zw. aia^ai der bibj^btn. Den Punkten von a^ajc entspricht die 
Gerade bib^ derart, dass alien Punkten^, unendlich nahe einem Punkte^ von 
aihj,, die Punkte q unendlich nahe an bib^ und in einer bestimmten Bbene 
durch 6j6«, namlich jener, welche der aia^q entspricht, zugehoren.f 

Unter den Nachbarpunkten von a< und den Punkten von 6^ 6, b^n besteht die 
erwahnte ^ ; einer Geraden entspricht eine (7j durch fej ftj 6, 64 mit durch jene 
Transfer mationen Q^ bestimmten Tangenten. Das Bnthalten von a^ vermindert 
die Ordnung der entsprechenden Curve um 2, zwei entsprechende Curven 
schneiden a^ajfe und bibj, in gleich vielen Punkten ausserhalb a^, Chc] h, b^. 
Hieraus folgen nun die folgenden Theoreme : 

Theorem L — Die fundamentalen linearen Substitutionen filr die Venoandlrmg 
der M^ dwch die ReciproTcaltrarisforrnation sind 

n! = 3n — Xi — x% — x^ — 354, 

Qc{:=z2n — QC2 — iCs — a?4, 

xi = 2n — Xi — aj^ — a?4i 

a^ = 2n — Xi — QC2 — X4, 

0:4 = 2n — Xi — QC2 — Osi 

3^84= n — x^ — x^ +2^, (1) 

yu= n— xi — x^ +yi3, 

yu= n — xi — a?4 +yi4, 

yi%= n — »8 — »4 +2^84, 

yi8= w — a5» — »4 +yuf 

yu= n — a, — aJs +y». 

* Dies ist sofort aaf den Br zu verallgememem. 

tDie hier folgende Theorie hatte ioh bis inolasive 28 voUstandig im Jahre 1884 abgefasst, nur die 
Theoreme I bis XTTT ruhren aus dem Januar 1888 her. 
2 
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Hier bezeichnen ^^jt die Yielfachheiten, welche die Eanten aiau fur die 
i4" (ajs* af * aS* a*^) besitzen, entsprechend y'g, fur M^ . Die letzten 6 Zeilen 
beweisen sich bo: Eine Gerade iiber hihu schneidet M' in tJ — ^^ Punkten 
und die entsprechende C7, schneidet Jf in 2n — «< — x* — yim, Punkten, also 
y* = w'— 2n + xi + scfc + yim — n — Xi — Xu + yi^ . 

Theorem II. — Die fundamerUalen linearen SubsiUttHonen fur die Verwandlung 
der Ml dwrch die Beciprokcdtrana/ormationen sind 

tt' =3n— 2ri— 2r,— 2^8— 2r4 — 9u — 9i3— 9m — 9m — 9« — 9»8, 
xi = n — *r,— r,— ^4 —pj^ — i^^ — p^j,, 

ri = n — ti — ^8— ^4 — 9i8 — 9m — 9i4» 

ri = n — Xi— x^ — ^4 — 9i» — 9i4 — Piai 

ri = n— ri— r,— r, —^^—^^ —^^^ 

984 = 9wf 

984 = . 9i8j 

9» = 9i4, 

9« = 984, 

9l8 = 984, 

9i4 = 988, 

Hier bezeichnen 9^ die Anzahlen der Punkte, welche M^ (of > aj« af • af*) auf 
der Eante aic^ besitzt, entsprechend 9^ fur MJ^\ Die Werthe von r< ergeben sich 
aus den drei (^ von oben, die letzten Zeilen aus Schnittebenen durch aiaj,. 

Ich werde die Substitutionen (1), (2), wenn die letzten 6 Zeilen fehlen, als 
die unvollstandigen Substitutionen (l), (2) bezeichnen. Die Beciprokaltrans- 
formation wird als (a< ; bif oder (a ; by angefuhrt werden. 

Theorem III. — Die bilineare Farm 

4 
n. tt —^xt r, — 2ya 9«k (^) 

1 i,k 

bleibt ungeandertf wenn man die n, x, y durch (1), (2ie n, r, 9 durch (2) <ran^ 
formirt. 

Denn diese Form stellt die Anzahl der Schnittpunkte einer AQ mit einer 
JU^ vor und diese Anzahl bleibt durch (a^ ; &<)', also (3) durch (1) und (2) unge- 
andert. 
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Theorem TV. — Die trilineare Form 
nn'n" — n ^ikyilc—^Xtxixi'-\-^{xi-\-Xu)yliy'J, — i'^ayay'ii 

-fJ^«.y'd ' +2(*' + »'*)y«yi^' (4) 

hhibt tmgedndertf wenn auf Jede der 3 Variabelnreihen die Knearen Suibstitutionen 
(1) angewendet toerden. 

Die Form (4) druckt die Anzahl der Schnittpunkte dreier J^, KJ*', M^" aus, 
welche die bezuglichen Yielfachheiten in o^, yn, besitzen. Urn sie zu rechnen, 
beachte man, dasB fur die Schnittcurve von i^* i ^** wird 

Xi^xixi'—yiuyH—yiiyii — yimyimi 

U=yUn'-xi'-xi^ + yild^yiL{n-xi-x\+yl,) 

und seize in (3) statt tt, r<, $« diese Werthe. 

Theorem F. — Z)ie Subetitutionen (1) Zo^^^n die jFbrm 

n» - Sn^ac -^^ + ^^{Xi + x,) yl - 25^^ (5) 

ungedndert. 

Diese Form entsteht, wenn die drei Variabelnreihen in (4) identisch gemacht 
werden, was bekanntlich eine Covariante der trilinearen Form gibt. 

Theorem VL — Die SuhstitiUionen (1) lassen das Wertheaystem n = 4«, Xi = as^ 
= iCj =: a?4 wigeandert. 

Man uberzeugt sich hievon durch Ausrechnung und schliesst : 

Gordlar. Lasst (1) den Singularitatencomplex n, Xi, y^ ungeandert, so 
lasst es auch'den Singularitatencomplex n — ^, Xt— 2, y^ — 1 unge&ndert 

Theorem VIL — Die SubstittUionen (1) lassen die Form 

(n + l)(n + 2)(n + 3) -^x, {x, + l){x, + 2) 

+2>» (y« + 1)(3»< + 3«,— 4y«, + 4) — 5>a d/ac + l)(3n— 2y,* + 5) - 6 (6) 

ungeandert. 

Dasselbe druckt das 6 fache der Dimension von JtQ aus,* also eine inva- 

* Nach der Angabe von Nother, Ann. di Mat V, wenn man daselbet die Ib^ = setst. Herrn 
Nother'B Besultate selbst sind hier sonst nirgendB yerwendefe. 
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riante Zahl. Es folgt hieraus Bofort, was man aber eben auch durcfa directe 
Einsetzung verificirt. 

Theorem VTIL — Die Subetitutianen (1) lasgen die Farmen 

2«'-2^. (7) 

4n -2a^ (8) 



Ein anderer Beweis ist, dass man YI mit dem Singularitatencomplexe 
n> 'i> 9ft ^^ I^ schneidet, wo IQ'^ziQ" gesetzt ist. Auch die Polarisirung 
von (5) und (7) nach VI liefert (7) und (8). 

Theorem IX. — Die Subatitttlionen (1) kuaen auch die Formen 

lln-22»-2y». (9) 

n»- Sx'+Syi (10) 

ungedndert. 

Es folgt auch aus VII durch Zerlegung in die homogenen Bestandtheile. 
Gorollar. Man setzt uberdies aus (10), (7), (9) die Form zusammen 

(n + l)(n + 2)(n + 3) -^x,{x, + l){x,+ 2) +'^^{y^— i)(y^ + l). 

Theorem X. — Die Stibatitutumen (1) laasenjede der 6 Formen Xi — Xj, eoioie 
2j4(n — a5< — Ofc + ytt); ^y*!^ — *» "" ^ + y»)*; ^J/Qc{yiic + n — x^ — Xi) 

wigeandert. 

Es folgt aus (10) und (5). 

Theorem XL — Die Svhstituiionen (1) lassen jede der Formen F{i/ac] n — Xj 
— a;„i + tfi^) vmgedndert, toenn F symmetrisch in Bezug auf seine ' heiden Argu- 
mente ist. 

Denn es wird y^^ nait n — Xi — x^-^- yi^ vertauscht. 

Theorem XII. — Die SuhsHtutionen (2) lassen die Formen 

tt«-22rj, (11) 

2n — 2^, (12) 

und das Werthesystem n = 4«, r^ = « oder n = 6«, 9* = 2^ oder t = 10«, Xi = «, 
^ii, = 2« ungedndert. 
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Ebenso bleiben die symmetrischen Formen von ^^ und p/^ ungeandert and 
immer gleichzeitig n, r< und n — 4, r^— 1 oder n — 6, V**— 2 oder n— 10, 
r<— 1,9«— 2* 

Zum Schlusse soUen noch einige geometrische Eigenschaften der Transfor- 
mation angegeben werden. 

Theorem XIIL — Die oaouUrenden Kegel von AQ (Sf • • • • Z^) in fei . . . . 64 
echneiden die OegenflSjchen in Kegehchnitten, durch welche erne M^ geht, deren 
Tangentenebenen inbi. • • • b^ die OegenflUchen in Oeraden einer Ebene M} schneideL 

Ist^^i^fc^Jj JCm = die if|, so ist VaiajfcajCCjw = die Jf| xmA^a^aia^Xi = 
die Ml 

Gorollar. Die M$ durch a^a^a^a^^ deren Tangentenebenen in ai, a^^ a^, a^ 
die Gegenebenen in 4 G^raden einer M^ schneiden, werden durch die Transfor- 
mation in ebensolche M^ durch bi, b^^ b^, b^ verwandelt. 

Die Jlf^ dieser Eigenschaft bilden innerhalb des 22^ der JU^ durch aiO^a^a^ 
eine M^, welche auf den R^ abbildbar ist, sodass die linearen Schnitte der M$ 
durch die Pl&chen 2. Classe abgebildet werden, welche die 4 Ebenen von 
«i Og Og a4 beriihren. Die Transformation (a< ; 6^)', welche im R^ der M^ eine Col- 
lineation bewirkt, ruft also eine invariante M^ des R^ hervor. — Auch besteht 
unter den dreifach beriihrenden Ebenen der M^ und ihren entsprechenden Ebenen 
eine (a^ ; &|)^ welche nach beiden Richtungen dieselbe ist. 

Theorem XIV. — Wenn in einer Transformation mit i/rgend einer Gharacteris- 
tih eine M^ invariant bleibt, so liefert die stereographische Projection der M$ eine 
ebene Trarvsformation 5. Ord/nv/ng mit der Ghara^terietik Gh.{e^, e^, e^, e^] 
^8» ^41 ^61 ^0 ^«' (^^)(^4) ^^^ (^i^)» (^^i)» '^^ ^i^ Gharacteristik der €i, el gleich 
rdumlichen der Gharacteristik Gh{ai, a^, Og, a^; fej, ft^* &8» ^4) *^^- 

Eine Gerade der Ebene hat als Bild auf M} einen Kegelschnitt ; dieser ver- 
wandelt sich in eine G^ (blblblbl) durch 0, wenn Of ein Doppelpunkt ist, und 
diese wird in G^ projicirt, welche 4 Doppelpunkte und in den Fusspunkten der 

*Ich erwahne nooh die Theoreme : Wenn eine Ml tn den Kanten cuOk Vielfachheiten luU^ toelehe eine 
Oaneequenz der Xt eindf so haben die a^ifungirten M^-*in den Of a* Vielfachheiten^ wdche gleich denen von 
M; Hnd. 

Jene Vielfachheiten sind «i + «# — n, diejenigen ▼on Jf, ~* Bind aj* — 2 -f- a?* — 2 — (n — 4) 
=: ^+ xt — n. Eine jlfj, toelehe in Of a* nur die ooneequenten Vielfachheiten beeitzt^ verwandelt sieh in 
eine M} mit ya = 0. 

tFiir die Voraussetzung, dass O kein Doppelpunkt ist, welche discutirt werden muss, wenn es sich 
nicht um Oharacteristiken, sondern um Transformationen handelt, sehe man 212. 



14 Kaktor: Theorie der periodiachen cubischen 

zwei Erzeugenden durch zwei weitero Doppelpunkte hat. Hiebei wird jede 
Erzeugende in eine Mi verwandelt, welche entweder sie selbst oder die andere 
Erzeugende zweimal triflFt, welchem (ei6^)(e,ei) oder {eiei){e^e^^) entsprechen. — 
Eine solche Transformation 5. 0. wird ubrigens Bchon erhalten, wenn man zwei 
entsprechende Flachen 2. 0. aus zwei entsprechenden Punkten stereographisch 
projicirt-* 

Theorem XV. — Die Theorie der Gharaderiatiken von (a^; &<)' ist ouch in 
Sinsicht auf Aequivalenz identisch mit der Theorie der ebeneti Ghardcteristihen 6. O., 
welche zwei Paare Ftmdamentalpunkte {eie[){e^ei) (oder (^i^)(^«i)) gemeinsam in 
Goincidenz haben. 

Ich denke mir namlich, dass durch die sammtlichen Punkteder Characteristik 
eine Flache 2. 0. gehe, welche in sich transformirt wird, obzwar thatsachlich die 
Anzahl a der Punkte ]> 9 ist, und kann also die Projection der Mi aus einem 
Punkte vomehmen unter Beachtimg der Yertraglichkeit mit der Natur von 
(^ ; ^if' ^^ wir nur Transpositionen an wenden, welche ebenfalls (at ; &<)* sind, 
so kann gedacht werden, dass auch diese dieselbe M} invariant lassen und es 
entspricht ihnen also in der Ebene je eine Transposition der 6. 0. Ebenso gilt : 

Theorem XVI. — Die Qruppen von (a< ; ft<)' TcQnnen genau abgeleitet werden aus 
den Qruppen ebener IVans/ormationen 6. 0., welche dieselben heiden Goincidenzen 
(^i^)> (^^) ^^^ (^i^)» (^^) l>^sitzen und gemeinsam Aoiew.f 

§2. — Zusammenselzmig. Periodische Gharacteristihen. Aequivalenz. 

1. Das Problem der successiven Zusammensetzung fiihrt nun sofort zu dem 
Probleme der periodischen Characteristiken. Um Characteristiken der Substi- 
tutionen (1) zu schreiben, hat man n' dem n entsprechend zu setzen, dann die a/ 
mit den x und die ^ mit den y zu verketten. Rein arithmetisch ware es wohl 
denkbar, sogar die a/ mit den y und die j/ mit den x zu verketten, sofern nicht 
die Yerschiedenheit der Coefficienten in den anallagmatischen Formen entgegen- 

* Dies gilt jedooh nur, wenn Ml durch keine Kante ck a* geht Wenn Bie durch 1, d, 8, 4 derselben 
geht, emiedrigt sich die Ordnung der Transformation in der Ebene um 1, 2, 8, 4. Dass ee nicht erlaubt 
ist, fiir atte Characteristiken die Annahme zu machen, lehrt der Erfolg. Cf. auch die I. Note a. E. 
meines Buchee (Berlin, Mayer A, MuUer, 1805) : Theorie der endlichen Qruppen eindeutiger Transfor- 
mationen in der Ebene. 

t Es ist aber zu bemerken, dass man in dieser ge wissermassen imaginaren Ableitung die Flache 
8. O. auch durch irgend eine abbildbare Fl&ohe ersetzen kann, welche einen durch die Characteristik 
inTarianten Singularitatenoomplez besitzt. 
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steht. Damit die Cbaracteristik periodisch sei, ist nothig, dass die hi mit den a, 
coincidiren oder verkettet sind. Also konnen die Falle, wo hi mit Kan ten aia^ 
incident sind, ohne dass sie hiedurch in Fundamentalpunkte des anderen Raumes 
ubergehen, nicht periodisch sein. Wir werden also nur die Coincidenz und Yer- 
kettung der Fundamentalpunkte zu untersuchen haben. Die Aequivalenz wird 
mittelst {ai ; h^^ untersucht werden, welche ihre Fundamentalpunkte iiber der 
Cbaracteristik oder gewohnlichen Punkten haben und gipfelt in dem Probleme : 
Die Typen anzugeben, welchen alle periodischen Characteristiken durch (a^ ; h>j^ 
aquivalent sind. 

Zu jeder Cbaracteristik gehoren cbaracterisirte lin. Substitutionen (1) und 
(2). Dieselbe ist periodisch, wenn die characteristische Function einfache Ele- 
mentartheiler und nur Einheitswurzeln zu Wurzeln hat (Theorem von Fro- 
benius).* 

Ich anticipire bier ein Theorem, dessen Beweis mit Hilfe der einzelnen 
Typen, welche im §7 aufgest^llt werden, gefuhrt werden kann : 

Theorem XVIL — Wenn eine Oharacteristih von (o^; 6<)' periodisch ist, so sind 
alle Potenzen derselhen, wdche gleichen Index hahen, mit ihr durch Transjposiiionen 
{cti ; hiY dqmvalent. 

2. Um fur die voUstandigen Substitutionen (1) die Cbaracteristik zu bilden, 
hat man ausser fur die Verkettung der of mit den x auch fur die Yerkettung der 
yi,, mit den j/ij^ zu sorgen. Arithmetisch ist es zulassig, iiber diese letztere Yer- 
kettung ganz unabhangig von der ersteren zu veriiigen, und dadurch entsteht 
eine ganz neue und sicherlich eigenartige Beihe periodischer linearer Substitu- 
tionen. Fur jene jedoch, welche geometrischen Transformationen entsprechen, 
gilt: 

Theorem XVIII. — Dwrch die Ooinddemen und Verkettumgen der Ftrndamen- 
talpvnkte sind die Verkettungen der Fundamjenialgeraden aiHu vottstdndig hesiimmt. 

Dies folgt daraus, dass die Transformation durch die Fundamentalpunkte 
und ein Paar entsprechender Punkte bestimmt ist, und gleichzeitig : 

Theorem XIX. — Die Oharacteristik ist schon periodisch, wenn auch nur die 
unvcllstandigen Suhstitutionen (1) periodisch sind. Die voUstandigen Substitutionen 
(2) sind periodisch, wenn auch nur die unvoUstdndigen es sind. 

*Gr. J., Bd. 84 1 ^'Ueber bilineare Formen and Uneare Substitationen." 
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Da die voUstandigen (1) eine Determinante haben, die in das Product der 
Determinaote der un voUstandigen (1) und Factoren (»* — 1) zerfallt, so folgt 
XVIII auch aus dieser characteristischen Function. Ebenso gilt, dass die 
characteristische Function der voUstandigen (2) sich aus der Determinante der 
un voUstandigen und aus Factoren z* — 1 zusainmensetzt. 

Theoi^em XX. — Die successiven TransforrifuUionen irgend wekher GhamcteristUc 
haben ungerade Ordnungszahlen und gerade Viel/achhekszaklen. 

Denn die Ordnung kann sich nur urn Yielfache gerader Zahlen vermindem 
und durch Multiplication mit ungeraden Zahlen vergrossern. Die Vielfach- 
heiten vergrossern sich durch Multiplication mit 2 und vermindern sich um 
Vielfache gerader Zahlen. Dasselbe gilt fiir die hamaloidalen Gurven in den j 

successiven Transformationen. 

3. Wie fur die quadratischen Transformationen im Brf beweise ich auch 
hier: Die Substitutionen (1) und (2) sind stets gleichzeitig periodisch oder nicht. 
Dies wird in §7 pracisirt werden. 

4. Die Theoreme, aus Cr. J., Bd. CXIV, iiber die uneigentlichen Cyclen, fiber 
die Invarianten der Substitutionen, ihre geometrische Bedeutung und fiber die 
Bedingungen der Aequivalenz gelten auch hier. 

§3. — Die Characteriaiihen ohne Coincidenzen oder mit (oi&i). 

1. Theorem XXL — Die CharacterisHk bi in Oi, 6, in Og, ft, *^ <hi *4 ^ «4 *^< 
aperiodisch. 

1. Beweis. Die successiven Fundamentalsysteme sind: Ebene, (2, 2, 2,., 
2,.2.)", (6, 2, 6, 2, 6, 2, 6, 2)». (12, 6, 12, 6, 12, 6, 12, 6f, (.)", (0^ •••• Die 
Ordnungsreihe hat als allgemeines Glied 2^ -f 1 . 

2. Beweis. Die characteristische Function der Substitution (1) hat den 
Werthp»(p — 3). 

Theorem XXII. — Alk Oharacteristiken bi in aj^, wo die k eine beliebige Permu- 
tation der i bUdenj sind aperiodisch. 

Denn die Ordnungen und Vielfachheiten bleiben dieselben wie fur k=zi. 

* Ich werde also die Charaoteristiken immer nur duroh die Fondamentalpunkte bezeichnen. 
t Bendioonti Ist. Lomb. 81. Mai ISM, *' Salle caratteristiohe deUe trasformazioni quadratiohe nello 
Bpazio a r dimenaioni." 
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Theorem XXIIL — Alle Charcicteristihen ohne Gcinddenzen sind aperiodisch. 

Denn das Theorem fiir die ebenen Transformationen, dass, wenn man in 
einer aperiodischen Cbaracteristik die Yerkettungen erweitert, die Characteristik 
aperiodisch bleibt, gilt auch hier. 

2. Man konnte vermuthen, dass in XXI die nothigen ReductioDen in der 
Ordnung dadurch ermoglicht werden konnten, dass Eanten bibj, durch Punkte a 
gehen. Eine leichte Rechnung zeigt jedoch, dass es weder hinreicht, ausser der 
Verkettung in XXI noch Incidenz von 61 6^, b^b^, b^b^j 64 6j mit Oi, a,, Og, a^^ 
anzunehmen, noch etwa {aiOi) nebst Incidenz von b^b^, b^b^ b^b^ mit 01^, a^^ a^. 
A fortiori ist zu schliessen : 

Theorem XXIV. — Keine aperiodische Gharacteriatik Tcann dadvnrch periodisch 
werden, dose man Inddenzen von bt b^ mit Punkten ai nachtrdglich eintragt. 

Auch die Substitutionen (2) stutzen diese Behauptung. Denn wenn auch 
die Incidenzen die Ordnungen der Flachen erniedrigen, so tragen sie nicht zur 
Verminderung der successiven Ordnungen der Curven bei, da diese die Kanten 
bi bj, in variabehi Punkten treffen, welche von dem incidenten Punkte verschieden 
sind. 

3. Es ist gewiss, dass die Characteristiken mit (ai bi) nicht periodisch werden 
kdnnen, wenn nicht die Characteristik der quadratischen Transformation, welche 
dieselben Yerkettungen von b^b^b^ mit a^a^a^ besitzt, periodisch ist. Es gilt 
aber auch : 

Theorem XXV. — Die GharcuOeristik mil {aibi) iet periodisch mit demselben 
Index, sdbald die qvxxdratiache Gharacteriatik, welche aua dem ubrigen Theile zueam- 
mengesetzt ist, periodisch ist. 

Durch einige Zerlegungen verwandelt man die char. Function von (1) fur 
(aibi) in das Product aus (p — 1) und der char. Function von {Of^a^a^, b^b^b^)*. 

Gorollar. Der Index der cubischen Characteristik ist gleich dem Index 
der quadratischen Characteristik Ch. (a2a3a4; b^b^b^, welche ein Bestandtheil 
jener ist. 

Theorem XX VL — Sind die Ordnungen der successiven Transformationen von 
Gh. {p^a^a^] ^s^s^J ^^ ^^ ^^^ ^^ successiven Ordnungen fiir (ai&i) Gh. [p^a^a^] 
i,&3&4] 2ni~l mit {aibiY^*"^ und die vhrigen Vielfachheiten sind das Doppelte 
der Vielfachheiten fur die ebene Gharacteristih. 

Die Transformation von ig"*-* durch Tgibt die Ordnung 3 (2n<—l)— (2/1^—2) 
3 
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— 22» wenn 2 die fur die ebene Characteristik geltende Verminderung ist. Dann 
iflt aber w,^.i = 2ni— 2, 2ni+.i = 4n| — 2^, also die raumliche Ordnung 

2n<+j — 1. Nun gilt die Form fur die Zusammensetzung zweier T, also stets. 

CoroUar. Die Absonderungsflache, welche zu {(iibi) gehort, hat die Ord- 
nung rii — 1 und die der iibrigen Fundamentalpunkte Ordnungen gleich der 
Halfte der Vielfachheiten. 

Es gibt also 31 isolirte periodische Characteristiken und 9 Classen. Sie 
entstehen durch Verbindung der Characteristiken auf p. 83, Cr. J., Bd. CXIV 
mit {ui bi) . 

Theorem XXVII. — Zuoei Characteristiken T, 7i mit (ai bi) sind aquivalentj wenn 
die quadratiachen Characteristiken Rt Bi, welche die Reste bilden, dquivalent sind. 

Dennwird Txmi {a^b^ Q transponirt, wo Q die B, R^ aquivalent macht, 
so erhalt man eine Transformation, welche unter den Geraden von (ai b^ eine 
quadratische Transformation hervorruft mit i^ als Characteristik, welche also 
cubisch und 7i ist. 

CoroUar L Wenn {R) der CoUineation aquivalent ist, so ist auch ((ai 6i), Ry 
der CoUineation aquivalent. 

Corollar IL Die Characteristiken (ai6i), R sind reductibel in der Punkte- 
zahl, wenn R in der Punktezahl reductibel ist. 

Corollar III. Es gibt ebenso viele typische Characteristiken mit (ai6i), 
als es typische quadratische Characteristiken in der Ebene gibt. 

Theorem XXV HI. — Die typischen Characteristiken mit {aib^ sind: (ai&i)(^i») ; 

(«i6i)^6; («i 61)^9; (ai6i)A»; («i6i)^i«; KftO^is; («i*i)A6; («i6i)^2o; 

(oi &i) jB|4 ; {oi b^ J?3o ; (a^ b^{ai b^ b^ in . • • • a^^ b^ in . . • . a^** 

§4. — Die Characteristiken mit (ai6»)(a2 6i) und ihre Derivirten. 

Theorem XXIX. — Die Characteristiken (ai6|), (0,61), b^ in . . . .b^=::a^y b^ 
fn . . • . &4= a4 sind dquivalent der CoUineation. Der Index ist das Meinste MuUi' 
plum von 2 und m + n + 2. 

Denn {aj)^, (^g^g), b^in ... Oj, 64 in ... a^ war es wegen Ch. {a^a^a^ ; b^b^b^ 
und aber durch eine Transposition, welche ai , a^ symmetrisch enthalt, sodass die 

* Unter den internen GharacteriBtiken seien insbesondere die iiiTolatorischen (14, 6, 6, 6,6, 6, 6, 6)^* 
and (89, 12, 12, 12, 12, 12, 12, 12, 12)'* hervorgehoben. 
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VertauBchung von ftj, h^ die Transposition nicht beeintrachtigt. Der Index folgt 
aus dem von (oiftj), (agi,). 

Theorem XXX. — Die CharacteriaHken (oiij), (a,6i), 63 in . . • . 6|*» = 04, 
64 in . . . . fty* = a, fiinrf irreductibel in Ordnung und Punktezahl und vom Index 
2iV, toenn N das hleinate Yielfaehe vow mi + 1 und w^ + 1 . 

Denn eine Transposition mit a^, a, wurde auch (ajfti), (ag^s) reduciren, 
welche aber irreductibel ist. Die giinstigste Transposition mit aj allein ware 
«i6|68«4» welche nicht reducirt. Der Index folgt aus dem von (ajJi), (a, 6,). 
Da char. Function ist (p — l)»(p~> +* + i)(p~.+i + 1). 

Theorem XXXI. — Die Characteristiken {ciibi)jbi in a^,h^ in a,, . • . . mid 
reductihel mit Gharacteriatiken mit (aibi). 

Die Transposition {aibiO^bsf lieferi* A^ in a^ in bib^b^ in B^B^B^, A^ in 
ftiCTjigin 6|6i68*4«j«s ^^ B^B^A^, A^ in ajftiftg in b\a^a^b^b^b^ in B^A^B^, B^ in 
aiOjft, in 616,03 in B^B^A^, also (ids^lsf A^i, -^j^,, B^B^Y mit JB4 in 5^ 
in • • • • ^[4 in ii,. 

Theorem XXXII. — Die Gharacteristik {a^bf), bi in a,, 63 in 63 »n a,, 64 in 64 
in a4 ist aperiodisch. 

Die successiven Ordnungen sind «• — «+! — 2(^^)» ^^ die Summe zu 
erstrecken ist uber alle durch 6 theilbaren ganzen Zahlen < 2 (« — 1) . 

Theorem XXXIII. — Die Gharacteristiken (aj 6,), bi in a,, 64 tn 03, 63 tn • • . • a^ 
und {aib^)f biin a^t (^364), 63 in • • • • 04 ^'nc2 iiquivalent je emer Gharacteristik 
des §6. 

Die Transposition (o^ 610303)' liefert J3 in O161O3 in b^b^a^ in ^3, Ay in 
610303 in 6363O2 in A^B^B^] A^ in O161O3 in byb^a^ in jBi^3J?3; ^4 ^ ^4 ^^ 
616363 in BiB^B^] By in Oi0303in64 in ByAyA^, also (iliA» ^^i^s* ^8^i> 
^^4 ilg)^ mit J3 in A^ und J?3 in • • . . ^4 und ebenso fur die andere Gharacteristik. 

Theorem XXXIV. — Die Gharacteristik (oi 63), 61 in Ojj, 63 *n 63 in 04, 64 in 6^ 
in 03 <«< aperiodisch. 

£s folgt aus XXXI, weil die dortige Gharacteristik beziiglich 03, 04 sym- 
metrisch ist. 

Theorem XXXV. — Die Gharacteristik (0163), 61 in by in 03, (a3 64), 63 in 63 in 
O4 ist aperiodisch. 

Die successiven Transformationen haben eine Ordnungsreihe, deren allge- 

*liit den Majtiskeln werden die den Minuskeln entsprechenden Punkte des zweiten Raumes 
bezeichnet, in welchen transponirt wird. 



20 Kaktob : Theorie der periodiachen cubischen 

meines Glied ist ^ + 28 + 2 oder «* + 28 + 3 , je nachdem s ungerade oder 
gerade. 

Theorem XXXVI. — Die Characteristik (oi^g), hi in h[ina^, h^ in a^^ 64 in oa 
ist aperiodisch. 

Die Reihe der Vielfachheiten von ftj hat die Differenzenreihe 4«,4«+2, 
4« + 2, vfo 8 die natiirliche Zahlenreihe in positiver Bichtung durchlaiift. 

GoroUar. Alle Characteristiken, welcbe aus (aib^), (ajftj), (a|&<), (a^bt) 
abgeleitet wird, sind entweder aquivalent mit Characteristiken des §3 oder 6 
oder sind aperiodisch. 

§5. — Die Chamcteristihen mit (aiftg), (<^&s)f («8^i) ^'^^ ^*^^^ Derivirten. 

Theorem XXXVIL — Die Gharacterietilcen (ai6,), (a^b^), («8*i)» &4tVi..«. 
JJ = a4 , sind aquivalent der GoUineation vom Index N, N das kleinste Multiplum 
von 3 und m + 1. 

Die Transposition {alalald^fj wo d ein gewohnlicher Doppelpunkt ist, den 
man supponiren kann, liefern sofort die Collineation Ai in A^ in A^ in A^ 
JB^ in • • • • A^, 

Theorem XXXVIII. — Die Characteristiken (aj 6,), (0263), biin a^',b^in . . . . 
JJ* = a^ sind jperiodisch vom Index m + 6 und aquivalent der GoUineation. 

Die Transposition (aia|aJ2{)' liefert Bi in JS^ in • • . . A4 in A^ in ^^ in Ai 
in J5i. 

Theorem XXXIX. — Die Gharacterisiihen {a^b^ , {a^b^ , 61 in b[ ina^, b^in ... 
6? = 04, sind periodisch filr w = 0, 1, 2, 3, 4, 5 und aquivalent Gharacteristiken 
mii{aibi), (0,63), (0364). 

Die Transposition (afa|ft}ftiy liefert A^ in agin 616264 in B^B^B^; Bi in 
a] a^ 61 in 61 62 a, in Bi B^ A^ ; B'^ in a^ a^ 61 in 6^ 63 6( in A^ ; ^[4 in 04 in 61 63 63 in Bi ; 
^1 in 026161 in 616163646103 in -48^2^4; ^% in «»6i6i in 6J 6263646103 in B^B^A^^ 
also {A^A^, BiB^, B^B^, A^A^Y mit JB4 in .... ^4 in B[ in 4i. 

Theorem XL. — Die Gharacteristiken (0163), (0263), 61 in 6i tn 61' in 03, 64 tn 
.... 67 = 04 «in(i aquivalent Gharacteristiken (0163) , (O363), 64 in 04, .... 

Die Transposition (afaJ6f 60' liefert (^^i', B^B^, B^B^, A^B^f mit 5^' in 
-4,, £4 in . . . . il4 in B[ in ^[2- Auch (aia|6ia|)' liefert das Theorem, 

Theorem XLL — Die Gharacteristiken {a^b^, {<^ih), 61 in .... 03, 64 in O4 
werden durch (010116404)' in andere gleicher Natur transformirt. 
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Die Transposition liefert A^ in a^h^a^ in h^h^a^ in A^^ A^ in aih^a^ in 
\h^ai in B^B^A^^ B^ in diO^a^m h^ in A^B^A^, A^ in aia^&A in hihia^ in 
£j iij A^ , iij in a| in h^ ft, a^ in B^ A^ B^, also (-ig -4^, ^4 £1 , A^B^, A^ A4Y mit -ij 
in A^, jB^ in • • • • ^3* 

Theorem XLIL — Die Gharacteristik {ui 5,), (a, b^) , 61 in 61 in h'l in as, 64 in a^ 
iet aperiodisch. 

Die Ordnungsreihe hat als allgemeines Glied i(3fi*+ 63 + 6), i(3«*+ 10^ 
+ 13), i(3««+ 14^+21). 

Theorem XLIIL — Die Gharacteriaiiken (aift^), 6s **^ «»> *i *^ Os* • • • • «*nd 
€l^mt^2en< Gharacteristiken (2e9 §3. 

Die Transposition (af &| a' 6f)' liefert ili in ax in b^a^hi in &f &|&s&4a3^» in 
B^B^A^] B2 in a4a2ai in &i&s^ i^ ^i^^i^s! '^s ^^ ^i2»3&i in &f&8&3&4asas in 
BiA^B^; Bi in ai&s^s ^^ ^i^s^t ^^ ^i! ^s ^^^ ^ ^^^ bib^a^ in ili£|^4, also 
(Jj Bi , 5,^4, -4, ill, -^8 ^if ^it ^1 in J?s, £4 in . • • . J4 in ii, . 

Theorem XLIV. — Die Gharacteristik (aifc,), ft, *'^ ^s *^ <h^ *i *^ h[ in a^, 64 
in a4 i9< aperiodisch. 

Die Ordnungsreihe hat die Differenzenreihe 2, 4, 8, 14, 22, 38, 62, 102, 168, 
274, . . . . , welche ersichtlich wachsend ist. 

GoncItLsion. AUe Gharacteristiken, welche Derivirte von (ai&s), (0,6,) » («s^i)f 
(0464) sind, sind entweder aperiodisch oder aquivalent mit Gharacteristiken 
(«i6i)- 

§6. — Die Derivirten von (ajfej), (a^b^), {(h^i)j (^4 W- 

Theorem XLV. — Die Gharacteristik (aifc,), (Osftg), (0,64), (a* 61) ist nicht 
aquivalent einer GoUineaticn. 

Es gibt kein homaloidales System, das durch sie in sich selbst verwandelt 
werden konnte, denn dasselbe musste in a^ a^, a^, a4 dieselbe Yielfachheit x 
besitzen, daher, wenn es von der Ordnung n ist, 3n — 4a5 = n oder n = 205. Nun 
werden aber, wie hier nicht ausgefiihrt werden soil, die Ordnungen, welche hier 
zur Verfiigung stehen (cf. meine Arbeit in Acta Math., 1897), ungerade, also 
nicht anwendbar. 

Theorem XLVL — Die Gharacteristik (ajis), (ogfcs), (as 64), 61 in a^ ist 
periodisch mit dem Index 6 und typisch. 

Die successiven Transformationen sind (2, 2, 2, 2, . )^ (2, 2, . , 2, 2)', 
(2, • , 2, 2, 2)«, ( . , 2, 2, 2, 2)», (2, 2, 2, . , 2)«, ( . )\ Die Irreductibilitat folgt aus 
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demselben Grunde wie vorher, ebenso bei den ubrigen in diesem § zu erwahn- 
enden Typen. 

Theorem XLVIL — Die Gharacteriatik (o^&s), {ath)f ^4 ^^ <^$j bi in a^ ist 
periodisch mil dem Index 8 und typisch. 

Die suGoessiven Transformationen sind (2, 2, 2, . , 2, . )", (4, 2, 2, 2, 4, 2)^ 
(2, 2, 2, 2. 4, 4)^ (2, 2, 4, 2, 2, 4)^ (2, 2, 4, 4, 2, 2)^ (2, 4, 2, 4, 2, 2)^ (2. 2, . , 
2...2)»,(.y. 

Theorem XLVIIL — Die Characteristik (ai6,), 6, in a^, 64 tn a,, 6^ in a^ ist 
periodisch vom Index 30. 

Die successiven Transformationen sind (2, 2, • , 2, • , 2, . )^ (4, 4, 2, 4, 2, 6, 2)\ 
(6. 6, 4, 6. 4, 8, 6)^ (6,,6, 6, 8, 6. 8, 8)l^ (6, 6, 6, 8, 8, 6, 8)«, (4, 6, 6, 6, 8, 4, 6)^ 
(4, 6, 6. 4, 6, 2. 2, 4)», (4, 4, 6, 2, 4, 2. 2^, (4, 2, 4, . , 2, 2, 2)^ (2. . , 2, . , . , 2, 2)'. 
(2, . , . , 2, . , 2, 2)», (2, 2, . , 4, 2, 4, 2)^ (4, 6. 2, 6, 4, 5, 4)», (6, 8, 6, 8, 6, 8, 6)". 
(8. 8, 8, 8, 8, 8, 8)» (6, 6, 8, 6, 8, 6, Sf^ (4, 4, 6, 4, 6, 2, 6)», (2, 2, 4, 2, 4, . , 2)^ 
(2, 2, 2, . , 2. . , . )\ (2, 2, 2, . , . , 2, . )», (4, 2, 2, 2, . , 4, 2)^ (4, 2, 2, 4, 2, 6, 4^, 
(4, 4, 2, 6. 4, 6, 6)», (4, 6, 4, 8, 6, 6, 6)", (6, 8, 6, 8, 8, 6, 6)", (6, 8, 8, 6, 8, 6, 6)", 
(6, 6. 8. 6. 6, 4, 4)". (4, 2, 6, 2, 4, 2, 4)\ (2, . , 2, . , 2, . , 2)', ( . f. 

Theorem XLIX. — Die Characteristik {aib^)^ («8*i)i 64 i^ «3. 61 i^ M *w 04 ist 
periodisch vom Index 14 und tyfdsch. 

Die successiven Transformationen sind (2, 2, 2, . , 2, . , . )', (4, 2, 2, 3, 4, 2, . )^ 
(4, 4, 2, 2, 6, 4, 2)\ (6. 4, 4. 2, 6, 6. 4)», (6. 4, 6, 4, 8, 6, 6)", (6, 6, 8, 6, 8, 8. 6)« 
(8, 8, 8, 8. 8, 8, 8)» (6, 6, 6, 8, 6, 8, 8)« (4, 6, 6, 6. 4, 6, 8)", (4. 4, 6, 6. 2, 4, 6)», 
(2, 4. 4, 6, 2, 2, 4)\ (2. 4, 2, 4, . , 2. 2)», (2. 2. . . 2, . . . , 2)», ( . )\ 

Theorem L. — Die Characteristik (aji^), (a,&,), h^ in £4 in a^^ h^ in £{ in a^ ist 
aperiodisdi. 

Das allgemeine Glied der Ordnungsreihe ist 2e^+ 2s+ 1 — V {Sp) und 

2«* + 4s + 1 — 2 (8/>), je nachdem s gerade oder ungerade, und wo die Summe 
sich auf alle durch 8 theilbaren Zahlen < 2^ bezieht. 

Theorem LI. — Die Characteristik {aib^)^ (^Vs^)* &4 ina^, 61 in b[ in b" in a^ ist 
aperiodisch. 

Die 1. Differenzenreihe der Ordnungen ist 2, 2, 4, 4, 6, 8, 8, 8, 10, 12, 12, 

14, 14, 16, • . . • Einen anderen Beweis liefert die im Theorem XIY enthaltene 

Methode, indem die durch Projection erhaltene ebene Characteristik aperiodisch 

wird. Einen 3. Beweis liefert der Umstand, dass die interne Involution von 

XLIX (8 8)» ist- 
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Theorem LIL — Die CharacterUtik (aji,), b^ in 02, 64 in a^, 61 in b[ in a^ ist 
aperiodisch. 

Die Projection einer AQ durch die 8 Punkte liefert eine mit biin a, bin Oi, 
&8 in &^ in a^, (a, b^) , (a^b^) aquivalente Characteristik, welche also aperiodisch ist. 

Theorem LIIL — Die Gharacteristik (aife^), (a,6s)> (^3 ^4)* *i *^ *i ^^ ^4 **' 
periodisch vom Index 10 wnd typiach. 

Die successiven Transformationen sind (2, 2, 2, 2, . , • )', (2, 2, . » 2, 2, • )\ 
(4, 2, 2, 4, 2, 2)«, (2, 2, 2. 4, 4. 2)^ (4, 4, 4, 4, 4, 4^, (2, 2, 2, 2, 4, 4^, (2, 2, 4, 2. 
2, 4)^(.,2, 2,., 2, 2)», (2, 2, 2, . , . , 2)^ ( . )'• 

Theorem LIV. — Die Gharaoterietik {a^bi), (0163), (osb^, bi in b[ in b'l in a^ ist 
periodisch vom Index 18. 

Die successiven Transformationen sind (2, 2, 2, 2, . , • , . )^ (2, 2, • , 2, 2, . , . )•, 
(4, 2, 2, 4, 2, 2, . )^ (4, 4, 2, 6, 4, 2, 2^, (6, 4, 4, 6, 6, 4, 2)», (6, 6, 4, 8, 6, 6, 4)^ 
(8, 6, 6, 8, 8, 6, 6)« (6, 6, 6, 8, 8, 8, 6)", (8, 8, 8, 8, 8, 8, Sf^ (6, 6, 6, 6. 8, 8, 8)", 
(6, 6, 8, 6. 6, 8, 8)". (4, 6, 6, 4, 6, 6, 8y\ (4, 4, 6, 2, 4, 6, 6, 8)*, (2, 4, 4, 2, 2, 4, 6)^ 
(2, 2, 4, . , 2, 2, 4)^ ( . , 2, 2, . , . , 2, 2)^ (2, 2, 2, . , . , . . 2)», ( . )\ 

Theorem LV. — Die Gharacterisiik (aiftg), (^s^s), {o^b^), 61 in bi in bl^ in bi'^ 
in a^ ist aperiodisch. 

Sei es die Projection einer i^, wodurch der Typus (aft), (a 6), (asftg), 
(0464), &2 in ftg in &][' in 62'^ in a^ der Ebene erhalten wird, sei es die interne Invo- 
lution von LIV beweisen das Theorem wie LI. 

Gonclimon. Alle Characteristiken mit mehr als 7 Punkten, welche durch 
Verkettung aus {a^b^^ {<hb^, (^&4)» (^4^1) abgeleitet sind, sind aperiodisch. 

§7. — Uebersicht der periodischen Typen. 

Theorem LVI. — Alle periodischen GharcicteristiJcen der cubischen Reciprohal' 
transformation lassen sich mittelst eben solcher Transposiiionen aquivalent machen 
folgenden Typen oder Glassen : 

1. ifli 61), (a, 62)1 *8 ill ••• • ^8* = «4> 64 in . . . . i}« = a,. 

2. (a^ 6,), (a, 61), ftg in . . . . 6J» = a4, J4 in . * . . ftj« = a,. 

3. (ai60 A 4. (ai60(^i3) 5. {a^b,)B^ 6. (a^ 61)^1, 7. (ajJO^w 8- KM^i* 
9. (a^JO^is 10. {a,b,)B^ 11. (a^ftO ^4 12. (ai6i)5i5 13. {a,b,)B^ 14. (a,M(jBi8) 
15. (aiftiK^ao)-* 

*Iii n. 8-16 Bind also die Characteristiken B zu bilden mit den Punkten a^^a^y a^ ; &s , &s , &« , wie 
es die Theorie der ebenen quadratischen Charaoteristiken (Cr. J., Bd. CZIV, p. 87) Torsohreibt. 
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16. (ai6,)(a«6s)(a,54)(a4 6i). 

1 7. (aj ft,) , (a, 6s) , (aj 64) , 61 in a^ . 

18. (ai6,), (0263)1 (osW* 61 in b[ in a^. 

19. (ajJ,), (agftg), (0364), ftiin 6{ in b[' in 04. 

20. (ai 62) > (oj 63) , 64 in a, , 61 in a^ . 

21. (aiftg), (0363), 64 in aj, 61 in b[ in a4, 

22. (Oi&i), &8 ii^ 03, &4 in 03, &i in 04. 

Index 4 (x+ l)(x*— 1). 

6 {a^—l){x + l){a? — x+l). 

10 (x«— l)(x* + l). 

18 (a^_i)(a.«_a.» + l). 

8 (x-l){a?+l){x'+l). 

14 (a — l)(x'+ 1). 

30 {a^—l){a?—x+l){x^ — a?+7^—x+l). 

Unter den Potenzen erwahne ich insbesondere die beiden involutorischen 
Transformationen, welche ebenfalls typisch Rind : 

1. (4, 4, 4, 4, 4, 4)^. Dieselbe existirt und besteht aus den Punktepaaren, 
welche 6 gegebene Punkte zu 8 Basispunkten eines Netzes von i^ erganzen. 
Char. Function (x — l)(x+l)*- Die Transformation verwandelt das Stralen- 
system der Bisekanten von Cj (11 1111) in sich.* 

2. (8, 8, 8, 8, 8, 8, 8)^^ Dieselbe existirt und besteht aus den Punktepaaren 
pp' der Eigenschaft, dass eine Af^ mit 7 festen Doppelpunkten, welche durch p 
oder p' geht, nothwendig auch />' oder ^ enthalt. Char. Function (x — l)(x + l)\ 

Fur diese beiden Transformationen sind die char. Functionen der Substitu- 
tionen (1) und (2) gleich und hieraus folgt die GHeichheit bei jedem der Typen 
16.-22. Bs wird femer gleich wie in §3 bewiesen, dass die Substitutionen (2) fur 
(ajfti) sich von denen fiir die Reste nur um den Factor x — 1 unterscheiden und 
fur (oi hi) folgt also jene G4eichheit ; hieraus wegen der Symmetrie auch fur 
(«! *«)(o3 61) • Da ferner die allgemeinen Typen durch Hinzunahme gewohn- 
licher Cyclen entstehen und diese fiir (1) und (2) dieselben sind, so gilt : 

Theorem L VIL — Fiir dlle periodischen cubischen Reciprokaltrans/ormationen 
eind die cTuzracteristiecJien Functionen der Substitutionen (1) und (2) gleich. 

*Die Transformation 7. Ordnung ist von Sturm bei seinen Untersuchnngen iiber das Flachennets 
8. O. BOwie Math. Ann. I. bei ganz anderer Gelegenheit angetroffen worden, jene 15. Ordnung diirfte 
Tollst&ndig neu sein. 
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Aus der Entstehung der beiden involutorischen Typen von oben folgt noch 
(cf. Acta Math. XIX, p. 169): 

Theorem LVIIL — Die involviorUchen Typen (4, . . . . 4)\ (8, • . . . 8)^*^ aind 
mit alien Trans/ormationen iiber 6, 7 Fvmdamenialpanhten vertauschhar. 

Das Theorem gilt aber nicht nur fur Transformationen, sondern auch fur 
Gharacteristiken.* 

§8. — Die ReciproTcaltransformalicnen^ welche erne Raumcurve Mi in sick 

trans/ormiren .f 

1. r<=l, 9tt=0. Elliptiache Gurven. 1. Die Parameterdarstellung habe 
t^ + ^ + ^ + ^4 = . . . . 1 als Schnittpunkttheorem. Es sei vl -f ?nt^ = y , wo 
w= 1, — l,t, +^> — f sein kann. Zu zwei mit aijO, complanen Punkten 
t^, u^ gehoren zwei mit 2^1 , h^ com plane Punkte t^i, t^, aber aus 

«i+aj| + ^1 + ^ = 0, 61 + 62 + ^ + ^=0, also 61 + max + ^a + ^^a = — 2y 
und den analogen folgt hi + ina,= — y + o , (i = 1 , • . . . 4) , wo 2cj = . . . . 2) , 
sowie ^6 + mVa = — 4y . Da dem Punkte — (oi + a, + a,) der Punkt 64 
entspricht, also 64 — w(ai + ^3 + a,)=y, so folgt unter Beniitzung von 2) 

m^a=, — 2y + (i>, ^h = — 2y + o . . . . 3). Diese Bedingungen sind noth- 

wendig und hinreichend, damit die Ebenen durch a^aj, und 6^6^ die Corres- 
pondenz durch projective Biischel aufnehmen, in welchen die Ebenen a^auau 
a^ a^a^ den Ebenen 6< 64 h^ , 6< hu hi entsprechen, also damit (a< ; 6<)' mit t^'+ wt^ =y 
in JIfjf bestehe. Bemerkt sei noch, dass wenn — {hi + 6^ + &j) mit ^^ bezeichnet 
wird und — {ai + aj, + aj mit a^, /?) auch geschrieben werden kann 6^ — /?* 
= iw (a„ — a^ = — 2y + cj • Also : 

Theorem LIX. — Die Haupttetraeder h {oder a) der {at ; 6<)', welche eine M} 
in sich uher/uhren {mit r< = 1 , 9^4 = 0) bilden 4 Inwlutionen 3. /Sii/e. J 

Unter je zwei coordinirten Hauptpunkten a*, 6^ bestehen stets vier Corres- 
pondenzen H derselben Art wie die gegebene P. 

2. Theorem LX. — Die sdmmtlichen <»' Transformationen^ loelche eine und 
dieselhe Gorrespondenz enthalten, hilden injedem Falle ein Kneares (^^-System im i?g.§ 

*Gf. auch das citirte Bach (Berlin, Mayer A MuUer, 1895). 

t Die Anzahl der Cyklen in einer allgemeinen {oif hi)* habe ich G. R. de Paris 17 Mai 18S1 bereohnet. 

t Die Haaptpunkte and die Schnittpankte der Qegenebenen mit Af} sind fur alle Transformationen 
Punktepaare von Tier Correepondenzen der Art u^ — u = 7. 

2 Dieees wichtige Theorem gilt aach, wenn die beiden correepondirenden elliptischen Gebiete in 
zwei yersohiedenen Jf } enthalten sind. 

4 



26 Kantor : Theorie der periodischen Gubischen 

Es sei pp' ein Paar entsprechender Punkte dea Bj- Das Biindel von 
Ebenen E durch p schneidet M} in einer //, welche sich in eine eben solche 
Involution iibertragt. Es handelt sich zu finden: Wenn von den 4 Schnitt- 
punkten der M^ mit E zwei als a^ genommen werden, zwei als u^ wie oft 
geschieht es, dass die beiden je in H nnd V correspondirenden Punktepaare vier 
Punkte in einer Ebene E^ sind, welche aber durch pi geht. Die Einhiillende 
der Ebenen E^ ist von der 6. Classe. Denn ist q^ ein Punkt von M^ und 
entspricht er dem Punkte g^ in F, so schneidet das Biischel von E durch pq auf 
J// eine I\, welcher durch H eine i? entspricht, deren Tripel also in Ebenen 
durch eine einfache Sekante von M^ sind und deren Verbindungsgeraden eine 
M$ erfiillen durch {M^y, sodass die M$ die Gerade pl^ in 3 freien Punkten 
schneiden und also durch ^ drei Ebenen E' gehen, fur welche ^ kein Punkt h 
ist. Als Punkt h bestimmt 5' durch H einen Punkt a und danu, well aus a und 
h in zwei G^ projicirt wird und die Projectionspunkte von p und pi eine einzige 
0* bestimmen (nach dem Theoreme fiir die Ebene*) drei Ebenen E[ an welchen 
er als h theilnimmt. Dies gibt im Ganzen 6. Da aber jede Transformation 6 
solche Ebenen E' absorbirt, so resultirt die Zahl 1. Hieraus folgt auch : 

Theorem LXL — Es gibt ein linearea 00^ System von Gorrelationen^ loelche alle 
Punktepaare der Gorrespondeiiz F als Paare conjugirter Punkte entJiaUen. 

3. Soil der Transformirte 6< von bt mit a< coincidiren, so wird b (l—m) 
= — 2y + o ; es gibt also 4, oo oder 0, 2, 3, 1 solcher Punktepaare (je nach m). 
Hieraus ist ersichtlich : 

Theorem LXIL — Nur fur u' — t^ = y mit bi — a< = — y gibt es Transforma- 
tioTien bi in a^, b^ in a^j b^ in a^t b^ in a^, welche die Punkte a, b in Mi haben 

U. ZW. 00 ^ 

Ebenso liefert die Voraussetzung 6< = a< das 

Theorem LXIIL — Nur fwr v! + u = y gibt es eine Transformation (ai&i), 
(ogfti), (0363), {ctib^) wad fur u! — u = o gibt es coK Filr u' — i^Sy mit (A — l)y 
+ 6) = gibt es oo^ Transformationen ft^ in 6/ . . . • 6* = a< (i = 1 , . . . • 4) . 

Fur jene 6<, welche bi^ 6<", b^y oder bj= q^ liefem, geben die ubrigen F stets 
nur 2, 3, 1 oder Werthe, sodass keine Transformation besteht. Die Werthe sind 
6(1 -f m^) =(?w* — m — l)y +6), 6(1 — 771^) = — (m* — m*+ w + l)y + g), 
6(l+m'^) = (?7i* — m^+m* — m — l)y + 6), i(l — rw^) = — (m* — w*+ m^ — m^ 
+ m+ l)y +'^* 

* £:antor, Atti deU' Accademia di Torino XXIX, t893. 
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Bs folgt auch fiir u^ — u = y aus ^a = 2y, ^6 = — 2y , ^a +2^ = 0, 
also : 

Theorem LXIV. — Fur u^ — t^ = y bilden die heiden ffaupttetraeder jeder 
enihaltenden Trans/ormcUion y dssociirte Punkte. 

4. Bs entstehen so zwei Arten von Sehnen der M}, von welchen aus eine 
der 5 r in eine Correspondenz Fj selber Art projicirt wird, namlich Geraden 
(aibi){aj,bit) oder (a<6fc)(afc6i). Dies sind jedoch nicht alle. Die Punktepaare, 
deren Sehnen T in Pi projiciren, bilden eine Correspondenz u' + u = c, u. zw. 
istc = — (y+yi):(l + w.), wenn T, Fj waren u' + mu=y, v! + mu = yi. Also 
gibt es keine Sehne fur m = — 1 , weil eben u' — u = y in sich transformirt 
wird, 4, 2, 3, 1 Regelschaaren furm=l,i, — a, +6. 

6. In jedem Falle werden die co^ M} durch Mi, also auch die 4 Kegel unter 
einander vertauscht. Die Projectivitat unter den M} kann also nur die Indices 
1, 2, 3, 4 besitzen. AUgemein miissen die Brzeugenden a^t^, diUj^ in die Brzeu- 
genden biv^^biv^ verwandelt werden und die Kegelerzeugenden in Kegelerzeu- 
gende. Nun sind die 4 Kegelerzeugenden 

a, + u, = 0, a, + t^i=A, a, + u, = ^, ai + u, = h+A 

und wegen bi + mai^ — y + ^» of + mu = y, sind die entsprechenden Brzeu- 
genden 

6i + t^=6), bi + u[ = — m^+o, 6i + tftf= — w? -^ +G), 

2 2 

also fiir 7n= + 1, — 1, i, +6, — b erhalt man, indem statt Ajj, A^, Jci+ Jc^ 
gesetzt wird 2oi, 2cj|, 20^3 

6) , Ci)i + G) , 6), + G) , 6)g + CJ 

CO , % + W > 6)| 4- 6) , Og + ^ 

^, tJ, + CJ, G)i + 6), ttg + O 

6), (Og+Q, CJi + O, G)g+6) 

Cii), Qg + C"), Oi+O, 6)2 + 6). 

Indem man nun hierwie 6) = 6), 6)1, 6)^, 6)g setzt, erhalt man. 

Theorem LXV. — Jede (a< ; b^^ mit u' — u = y vmd bi — ai = — ymM} trans- 
formirt alle Mi dee BiXachels in sich. Wenn aber 64 — a,= — y + 6), werden die 
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Mi involutorisch vertauacht und die Kegelfla/chen in zwei invcHuloriacTie Paare 
getheilU 

Theorem LXVL — Jede (a^; h^^ mit v! -{• u = y und hi-)rai=: — y t/rans- 
formirt die M} in sich, die ubrigen tranaformiren wie in LXV. 

Theorem LXVIL — Wenn (ciij 6,)^ in M^ durch a,-, bi vf-^-iu^y oder 
u' + €U = y hervor ruft, hleihen unter den M^ durch Mi reap, zioei Kegelflmhen oder 
eine Kegelflache und ein Hyperboloid invariant und der Index ist reap. 2 oder 3. 

Rationale Curven. 1. Fur M} mit Doppelpunkt d sei Ui u^u^u^ = A; des Schnitt- 
punkttheorem und Bu+Guf=^0 die Projectivitat. Aus aia2t^t/2 = X; und 
bib^B^UiU^iG^^^kfolgt 6i62-S' = aia,(7' und 62-*3= ^:^« ^^^r die 4 Haupt- 
punkte a haben dasselbe Doppelverhaltnis wie die b und ferner 6i:ai= db G:B. 
Wegen J{?B:aia^as + Gb^=0 folgt aia2a^a^=: ^kB^iG*, b^b^b^b^^ =pkG^:&. 
Die coordinirten Hauptpunktepaare sind also entsprechende Paare in einer von 
zwei Projectivitaten mit 2 Doppelpunkten in d. In jedem Falle bilden die 
beiden Haupttetraedor 8 associirte Punkte. Die Tetraeder bilden zwei //, in 
welchen d vierfach vorkommt. Die cx>* Transformationen bilden ein lineares 
System. Die Mi werden in sich oder fiir das Zeichen — involutorisch transformirt. 

Sei vfu! -=• G die Projectivitat. Aus t^ t^i| Oj a, = A; , v{vl^bxb%'='h folgt 
OibiO^b^G^^^ik?, also aibi^- ±ih\G. Die Hauptpunktepaare bilden zwei Invo- 
lutionen mit einem Paare in d. Aus Jcb^ = Ga2a^a^ folgt aia^a^a^= ±7i?: (7*, 
61626364= it: A?: (7*. Nur fiir 4 bestimmte Werthe von G sind die coordinirten 
Tetraederpaare je 8 associirte Punkte. AUe Mi werden in sich transformirt oder 
fur das Zeichen — (ebenso die 2 Kegeln) involutorisch vertauscht. 

2. Fiir Mf mit Spitze d sei^^ = ^ das Schnittpunktetheorem und td+xu = c 
die Projectivitat. Aus 61 + 6, + a^ («i + ^j) = — 2c folgt 6^ + xa< = — c. Aus 
61 — » (oj + «8 + a4) = c folgt x^a = 2c, "^6 = — 2c. Conclusionen wie oben. 

Die Mi werden mit dem halben Index der Projectivitat in Mi transformirt. 

3. Fiir M} 2. Art muss die Mi in sich transformirt werden. Die Trisekanten 
durch Oi werden in jene durch bt verwandelt und es sind also jene Punktepaare 
der cubischen Trisekanteninvolution zu suchen, welche durch die Projectivitat 
in eben solche Punktepaare verwandelt werden. Die Uebertragung auf einen 
Kegelschnitt lehrt sofort ihre Zahl 4 kennen und es gibt also nur eine Trans- 
formation, wenn iiberhaupt; ausgenommen, wenn die Projectivitat die kubische 
Involution reproducirt. Jene Transformation existirt aber auch stets. Sind 
namlich a^ 6^ die 3. Stiitzpunkte der Trisekanten durch jene Punktepaare; so 
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existiren 2 Ebenen durch aiCi^, deren Schnittpunktepaare anderen mit fti&g com- 
planen entsprechen und da die quadratische Involution aller durch die letzteren 
zwei Punktepaare bestimmt ist, so folgt, dass die Projectivitat in Mi von aj a^ 
und ftjig durch zwei projective Ebenenbuschel aufgenommen wird. Die 6 
Ebenenbuschel definiren aber die Transformation. 

Theorem LXVIIl—Es giht eina eindge {ar.hif, loelche eine M} 2. Art durch 
a,., bi in sich trans/ormirt und in ihr eine ganz willkwrliche ProjectivitcU hervorinift. 

Wenn aber die cubische Involution in sich verwandelt, dann kann man 
irgend 3 Punkte als a nehmen, deren Verbindungsgeraden als Axen von Bbenen- 
biischeln die Transformation und also den 4. Punkt a bestimmen, daher : 

Theorem LXIX. — Wenn die Projectivitat, welche in M^ 2. Art hervorgerufen 
loerden soil, mit der inhdrenten cubischen Involution vertauschbar ist, gibt es 
oo' (a< ; biff welche ei/n lineares System bilden. 

In der Aufzahlung dieser Projectivitaten erscheint zuerst eine Involution, 
welche far jede M} die vier Doppelelemente in zwei Paare trennt (eingeschlossen 
Coincidenz 2®' Doppelelemente), dann die Falle, wo sie ein harmonisches Quad- 
rupel (eingeschlossen die Coincidenz 3®') oder ein aquianharmonisches bilden 
und die Indices 2, 4, 3 erscheinen, endlich der Fall, wo zweimal zwei Doppel- 
elemente coincidiren, was die Curve mit zwei stationaren Tangenten ist und oo^ 
Projectivitaten die Involution in sich verwandeln. 

Ein sehr einfaches Verfahren, um die Transformation zu construiren, ist 
indessen in alien diesen Fallen das in XIII angewandte.* Denn die ebene^ bira- 
tionale Transformation, welche die Projection der M^ in sich iiberfuhrt, bestimmt 
die raumliche (a, ; 6<)' voUkommen. 

II. Die ubrigen Svngularitdtencomplexe. r< = 0, 9is = pgs = ^34 = 94i = 2, 
9i8 = 924 = 0. Seien Ojag, a8a4, a^ae, a7a8 die TreflFpunkte von M} mit UiO^, 
a^as, <hai, a^Ui und analog Pi***»^% fur die bib^,. Dann folgt aus ai + 04 
+ ^ + ^ = 0, /?i + i3a + ^1 + ^2= 0; Oi + Oa + m/Ji + Tn/?, = — 2y, wenn 
v! + mu=Y die Correspondenz. Hieraus und aus der analogen ai + ai+a5+ a« 
+ ^ (/?i + /?» + /?! + /3e) = — 4y , daher 4y = . Es entspreche die Tangen- 
tenebene in og, welche ai enthalt, der Ebene ^1^2^^; dann folgt — (ai+2a|) 

* Das Verfahren ist im Wesen eine strikte Verallgemeinerung des in der Preisschrift und in §8 
hier angewandten, indem nur das binare Gebiet der invarianten Curve durch das ternare Gebiet der 
invarianten Flache ersetzt wird. Die Abbildung erscheint dabei als Hilfsconstruction, welche den 
Parametercalciil ersetzt. 
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— ^(i^s + i^j) — ^/?5=y und y = a, + /?5 = ai + m/3e sowie y = as + m^7, 
y = a4 + wi/?8. Hieraus ai + a, = aB + ae, /3i + i3, = /3B + /?« und Oj + ae 
= a7 + ttg, /88 + /34 = /37 + j38. Durch 4y = und die letzten 8 Bedingungen 
ist alles bestimmt. Es konnen also ai, a^, ag, o^ mit dea Bedingungen 
ai + 02 = as + a^ , as + a4 = 07 + ttg willkiirlich angenommen werden. Piir die 
Curve mit Spitze gelten natiirlich dieselben Bechnungen mit Gleichungen. Fur 
Mt mit Doppelpunkt kommt G^^ = — Bat , G^^ = — Boy , G^^ = — J?ag , 
G^^ — — Ba^, aiOi^ = a^a^, i^ii^j = l^6/?e» a8a4 = a7a8, /Jj Pi^^^i ?%• Auch fur 
die if/ 2. Art sind ai • . • • ag 8 associirte Punkte, weil zwei Ebenenpaare und 
die F^ der if/ hindurchgehen. Folglich muss die Correspondenz ebenfalls eine 
collineare sein. Yon diesen ist oben in I. gesprocben worden."*" Fur jede solche 
Collineation kann ai a^ und sie schneidend a^ a^^ und a7 a^ willkiirlicb genommen 
werden. Es gibt »* (a,. ; 6<)' fiir jede Collineation. 

Xi — Q, 9i, = )j34=2, 928 = 98i = 9i4=l?4i= 1- Seien aia^, a3a4 die Treflf- 
punkte mit aia^, a8a4; ag, a^, a^, ae jene mit aias, aia4, a^dz^ a^a^ und F sei 
w'+WM = y. Aus ai + aj + t^ + ^ = 0» i^i + i38 + «i + ^ = folg* ai + <Xs 
+ ^ (i^i + i^,) = — 2j^, analog aj + a4 + m (^ffg + i34) = — 2y. Aus a5 + Wi 
+ t«8 + W3 = 0, i(?5 + ^l + ^' + tii = folgt a5 + wi/?B = — 3y, ae + »n/3«= — 3y, 
a7+w/?7 = — 3y, a8+w./?8= — 3y, femer ai+a8+ aj-fa^-f w (/3i+/?8+i3B+/?7) 
= — 8y, also 8y = , aj — a7 = aj — ag = 4y. Durcb T wird nicht jede ij eines 
Ebenenbiiscbels wieder in eine II eines Ebenenbiiscbels ubergefiihrt. Man 
muss •also zu aiO^, a^a^ noch eine ausgewahlte Axe binzunebmen, sodass es 
00* (a<; 6<y gibt. 

rj=l, r,= r3 = r^ = o, 1^1^=1. Sind a,a7 die Punkte auf a^a), o^ag, 
0104,0304, 0402, O2O3 und entsprechend die ^, so werden ii/?s/?8i^4 ^^^^ ^in 
Haupttetraeder fur eine (oi ; &<)' aus I dieses § bilden und es ist zu fragen, ob die 
vier Scbnittpunkte von Mi mit den Seitenebenen von 01030304 in einer Ebene 
sind also 6y + ^ = ist. Die Construction geschieht wieder durcb drei Ebenen- 
biiscbel. 

ri=l,r8=r3 = r4=0, 913 = 1)14=934=933=1, 934=2; rl=l, 9i4 = l)M 



* Dieee CoUineationen sind leicht zu bilden , da sie aUe die Jlf| in sich transf ormiren. Die Auf zahlung 
bei Brambilla, Atti Ist. Veneto XIX, *^Le omografie, ohe mutano in se stessa una ourva gobba di 4*^ 
ordine '' ist unvollstandig. 
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= 9i2= 9«4= 1> $18= 2. Wenn aj, . . . . a^ auf OiOg, Oi a^^ ct^a^, «2«3» «»«4 sii^d 
und entsprechend ^^ folgen ai+ m(3i = y, . . . . ae+ w/S^ = y, woraus as — ai= 4y. 
Man nehme ai, ai an, wodurch as folgt, ziehe die Ebene aiaias, welche M} in a^ 
schneidet, definire b^ aus as mittelst as + mbi= — 3y, ziehe durch 64 jene Sehne, 
welche der aias entspricht, welche die der ajai entsprechende RegeLschaar in 
einem Punkte triflFt. Von dicBem als bi ziehe man den Stral der Regelschaar als 
i^si^6) welcher die dem Stralbiischel um cxs in asOjai entsprechende Ebene in b^ 
schneidet. Hiemit sind drei Paare projectiver Bbenenbiischel bestimmt. 

ri=rs= 1, t)i8 = t)24= 1, 934=2; ri = ri=l, 9{,= 9i, = l, ${, = 0. Man 
nehme ai an, bestimme hierauf b^ gemass der Bedingung des Entsprechens der 
cubifichen Involutionen fur aia4 und bib^{ai + mb^ = — 3y), ziehe aias und die 
entsprechende Regelschaar, ziehe asa4 schneidend Uiai und bestimme die Regel- 
schaar, hierauf das Stralbiischel durch b^ entsprechend dem Stralbiischel um ai in 
ai^<^4> durch ^4 die Erzeugende der 1. Regelschaar, welche &, bestimmt, durch 2^3 
die Erzeugende der 2. Regelschaar, welche Mi in ^^ und die Ebene durch 64 in bi 
trifft. Hiemit sind 3 Paare projectiver Ebenenbiischel bestimmt. 

ri=:rs=l, 9i,= 9,4= 9,8= 924 = 1, 984=0; x[=xli=l, 9is = ^u=983 
= 9^4= 1. Die Punkte ajOs a^as sind Punkte eines Haupttetraeders, a2a4asa4 
ebenfalls und daher gilt Oj + a, + ai + a, = ai + a, + ots + a4 und ai + a^ 
+ ai + as = aj +• a, + Os + 0^4 = • Hienach bilden die vier a zwei Paare con- 
jugirter Punkte, wahrend a^, a^ willkiirlich sind. Hiemit ist die Construction 
vollendet. 

ri = rs=l, 9is = 9a = 984= 934=1; ri=ri = l, 9(3= 9{2= 9i4 = 9»4= 1. 
Man nehme ai, o^, ziehe aus a^, a| Sehnen aiai, 02 a^, welche sich schneiden, 
wodurch drei Regelschaaren bestimmt werden und es muss in der 3. eine Gerade 
genommen werden, welche A£} in 6,, b^ derart triflFt, dass die von b^j b^ in die 1., 
resp. in die 2. Regelschaar gezogenen Geraden sich schneiden. Diese drei Geraden 
sind die Axen dieser zu den ersteren projectiven Ebenenbiischel. 

Fiir M^ 2. Art ist die Construction der Falle, wo nothwendig Ebenenbiischel 
mit einpunktigen Sekanten als Axen zu verwenden sind, schwieriger, weil nicht 
jede eubische Involution durch ein Ebenenbiischel ausgeschnitten wird. Dagegen 
kommen fiir sie einige Singularitatencomplexe hinzu : r^ = ^2 = 1 7 Pis = ^m = 2 ; 
xi = xi=l, 9(3 = 9^4= 2|ri=rs=l, 984=3, 9„=l|r, = l, 9^=2, 984=3, 
^i» = i\h=x,= l, 9i2=9„=l, 9,4 = 2|ri=r8=l,9is=9,s = l, 9i4=:2|ri = rs 
= r3=l, 9i4= 2|ri = rs=rs=l, 9i2=l, 9i4= 11^1 = ^2 = ^8= 1, l)i2=l, 

!?84=1. 
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§9. — Die aperiodischen Trans/ormationen hi in a^. 

Da sich in der Bbene an die Figur von (a' in a, 6' in 6, c' in c)* so bedeu- 
tendes Interesse kniipft, will ich wenigstens iiber die Existenz der genannten 
(a< ; biY entscheiden, bevor ich zu den Typen iibergehe. 

Aus den 8 Bedingungen 6< + 7wa< = — y + o, ajk + mbi — y folgt^ft + m^a 

= — 4y und m ^b + ^ a = 4y, ^ 6 (1 — w*) = — 4 (1 + m) y, und wegen 

^b = —2y + u (§8), 2(1+ m)* y = a)(m*— 1), woraus fur w = l ... . 8y=0; 

m=z — 1,. . . • keine Bedingung; 7w=i . . . . 4y = 0; m= + c . . . . 2y=o, also 

y^i = 0; m= — €....6y = (j folgt. t/ + ct^ = y ist also nicht in Betracht zu 

Ziehen, und fur t^ +iu = y ist T coUinear. 

Fiir M^ mit Spitze folgt aus bi+xai = — c, aj,+xbi = c . . . .^6+a;^a=— 4c, 

2« +^2* = *^' 2^(1— «^) = 8c, 2*(^~^) = — 4c(l + a), und wegenj]* 
= — 2c, «• = — 1 , die Rechnung ist also dieselbe wie fiir u' + iu = 'y. 

I. 6i tw a< (i = 1, . . . . 4). Aus u' + u = y wiirde folgen 2y + g) = 0, also 
Vft = 0, Collineation. Aus v! — ew = y folgt 6^ (1 — €*) = (c — 1) y + o, 

a<(l — €*) = (1 — e)y-(-6Ci), woraus hervorgeht, dass Coincidenz irgend eines 
b mit einem a stattfinden miisste. Aus vl — u^y folgt wie in §8, dass es oo' 
Transformationen gibt. Aus a< -|- a^^ + 6, -|- 6,„ = (§8) folgt: von den beiden 
Haupttetraedern schneidet jede Eante die der entsprechenden gegenuberliegende 
des anderen Tetraeders. Dies gibt bereits 6 uneigentliche Doppelpunkte. Die 
drei Bbenenpaare des Netzes von JM? (Th. LXIV) geben drei Doppelgerade, 
welche eine iff zur Kegelspitzencurve erganzt. Diese M} ist der Ort der Dop- 
pelpunkte der Transformation, geht durch jene 6 uneigentlichen Doppelpunkte 
und schneidet die 4 Geraden a< i< in je einem Punkte. Aus u' +• iu = y folgt 

J.= — o + ^ ' 2*= — 2y + G), also 3y = — io), es darf also weder y 

noch (J gleich oder ^ ^ sein. Nun ist ferner 

ajc + ai + bit + hi=ajc + ai + b„, + b^ = a^ + «!» + *»: + *« 

S^m + «n + 6m + *n = Co(l — t) + (l —i)^. 

sodass also von zwei Paaren Eanten aia;^ jedes das entsprechende Paar Kan ten bb 
schneidet. Zwei Geraden a^bu, aibi gehen durch die eine Eegelspitze des 
Biischels, zwei andere durch eine andere, seien es a^b^^ a»6»* Dann gehen 
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auch a^bni dn^m, durch die erste, (hh^ <^i^k durch die 2. Eegelspitze. Die beiden 
Tetraeder sind perspectivisch und da sie associirt sind, auch desmisch. Da zwei 
desmische Tetraeder in irgend zwei andere iibergefuhrt werden konnen, folgt 

Theorem LXX. — Zwei desmische'^ Tetraeder^ in der Weise ah Haupttetraeder 
genommenf dass a^ J^, Oj 62, 03 64, 04 6g sich in einer EcJce des 3. Tetraeder s schneiden, 
gestatten eine (a^ ; 6<)' mit der Gharacteristik J^ m a< (i = 1 , . . . . , 4) . Es giht atets 
eine in sich trans/ormirte harmonische M^. 

Im Falle v! — u = y k6nnen die beiden Tetraeder ebenfalls desmisch 
werden, aber nur dann, wenn 2ai = 2y wird und 25< = — 2y , es wird ftj = — a^ 

= — o "J" ^'' daher : 

Theorem LXXI. — Ztoei desmische Tetraeder j in der Weise als Haupttetraeder 
genommen, doss ai hi sich in einer EcTce des 3. Tetraeders schneiden^ gestatten eine 
(a< ; biY mit der Gharacteristik 6< in a< (i = 1 , . . . . 4) . Alk M} des Netzes werden 
in sich trans/ormirt. 

IL &i in «!, 6j in a^, h^vna^, \ in a,. Fiir u' + 1^= y folgt 2y + 6)= 0, 
^h = , also Unmoglichkeit ; fiir v! — ia = y folgt aus Jj — as = — y + ^ > 
as — 2>4 = y wegen o = , 63 = &4 also die vorige Gharacteristik ; fiir u' — m=Y 
folgt 63 — g*64 = (g— 1) y + 6), 64 — 6*63 = (e — 1) y + ^» 63 — 64 = 0, also eben- 
falls L Fur u' + iu = y folgt (63 — 64)(1 + ^) = 0, 63S&4+ ^~^ . Femer 

wird 6g + 64 = — (1 +i)y + 0, 26i= 26, = — (1 +i)y + (o, also 2(63 + 64) 
= 2 (61 + if) = . Es gehen ai a^ , 61 6, , Og a4 , 63 64 durch Kegelspitzen. Es hang t 
jedoch von den Werthen (o, ij ab, ob diese Kegelspitzen theilweise dieselbeusind. 
Wenn 6)(1 —i) = und 61 + 63 = — y(l + i) +0, so schneiden aia^ und aga4 
die 6163 und 6364. Hiebei ist a^ noch willkiirlich, bestimmt aber dann 63, a4, 64. 
In der Weise des Theoremes LXXI konnen sie jedoch nicht zwei desmische 
Tetraeder bilden. Denn man hat : 

l)ai+a3= a8+ g— iw — ie V) 1^+ bs= — ia^— g—y+Sw + c 

2) a3+ a4 = — Oj + 3sf — Siw — ic 2') 61+64= ia^ — g — iy+ m + c 

3) Oj+agS g— iw — ic 3') 61+62= — 2gr +ft> + c + c' 

4) a2+ as = as + g — iw — icf 4') 63+ 63 = — ias — g — y + Sm + cf 

5) a2+ a4 = — ag + g — 3w — icf 5') 62+ 64= ia^ — g — iy + w + cf 
6)a3+a4= 2g— iw 6') 63+ 64= — 2g + a;, 

* Ftkr die Definition der *' desmisohen *' Configuration verweise ich auf Reye, Acta Math. I. Dort wie 
in der ganzen beziiglichen Literatur wird dnrohwegs nur von Collineationen und Gorrelationen 
iiber der Figur gehandelt. 
6 
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wo^=-y(i±*). n, = -|, c = -^. c'=-f-. Es geben nun 1) + 1'). 
1) + 5'), 5) + 1'), 5) + 5') simultan unter Beachtung von (1 — i)o = 0, 
(1 — i) ri_L — = 0, y (l — i) =0 und hiemit erflcheinen fur alle 8 Punkte nur 
4 Werthe. Ebenso geben 1) +2'), 1) + 4'), 2) + 2'), 2) + 4'), c + </ = 0, 
wahrend c-\- d=. ^~"^ sein muss. Femer 1) + 3'), 1) + 6'), 5) -f 3'), 6) + 6') 

2 
geben c -|- c' = , also 26 = . 

In dein moglichen Falle also sind die Spitzen der zwei invarianten Kegel 
die Doppelpunkte von T und jene auf aj^i, a^h^ die 8 Doppelpunkte von (a,; 6,)^ 
wo von zwei uneigentlich werden konnen eben fiir o (1 — i) = (1 — t)(c + c/) = 0. 

III. hi in a^y h^ in ai, 63 in a^, \ in a^. Aus i^' + w = y folgt 4y = 0, 
hi — &4 = — 2y + 6) , 63 — 64 = — 2y + (0 . Es sind ai und as ganz willkiirlich, 
hieraus folgen die ubrigen Punkte. Das desmische Tetraeder kann eintreten, 
wenn 2y = . In der That, man hat : 

l)«i+«j=2ai +2y — 0) 1') i^ + i, = — 2ai + g) 

2) ai + a4= 6ri + a8 + 2y — u 2') 61 + 64= — «i— «8 +" 

3)a3 + a4= 2a8-f2y — G) 3')i8 + 64= — 2a3 + (j 

4) a2 + a4 = ai + a, 4') 62 + 64 = — ai — ds + 2y 

5) a, + cuj = ai + Oj + 2y — G) 5') 62 + *8 = — ai — aj +0 

6) Oi + Os = ai-Y a^ 6') 61 + 63= — Ui — as — 2y, 

1) + 1') , 2) + 3') , 3) -f 1') , 3) + 3') geben 2y = , 2ai = 2a8 ; ebenso die ubrigen 
zusammengehorigen Gegenkantenpaare. Also : 

Theorem LXXII, — Zwei desmische Tetraeder^ in der Weise als Hauptpunkte 
genommenj dass Uihi durch einen Eckpunkt des 3. Tetraeder a gehen^ gestatten (ui ; htY 
mit der Gharacteristih IIL 

Man konnte dies auch aus I folgern durch Zusammensetzung mit einer der 
CoUineationen, welche in der desmischen Configuration walten. 

Aus li — u = y folgt 4y = 0, femer nach Annahme von aj, a^ folgt 6i=ai 
— y + G), 62 = «i — yi 63 = ^3 — y + w, 64 = a8 — y, a2 = ai + G), a^=:az + id. 
Hieraus folgt ^6 = 2ai + 203 also 2ai + 203 = — 2y + g), weshalb die Kanten- 
paare sich niemals schneiden konnen, die desmischen Tetraeder gestatten also 
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dieeen Fall nicht. Aus vl + iw=y folgt 61 + Jg = &8+ *4 = — y (1 + *) + "» 
Oi + «j = «8 + ^4 = y (1 + ^) — Wi>> di® Formeln 

1) a^^-iH^ (i + l)y-i6) 10 61+63= -(l + i)y+(o 

2) 01+08= Oi+Os 2') 61+63 = — *«i—^—2y 
3)01+04= Oi— 03+ (*+l)y — io) 3') 61+64 = — ioj+ioj— (l + i)y + 0) 
4)03+04= —03+ (i. + l)y — i(j 4') 63+64= — (l + i)y + o 

5) o,+ 04 =— Oi— 03+2(i+l)y 5') 63+64= iai+ia^— 2v/ 

6) 08+08= — O1+O3+ (i + l)y— i6) 6') 62+63= ioi — 103- (i+l)y + o, 

beweisen, dass fur o (1 — i) , 03 = 0, Oi (1 — i)=2y = zwei desmische Tetraeder 
entstehen konnen. 

Theorem LXXIIL— Zwei desmische Tetraeder, in der Weise als HauptpunJcte 
genommen, dass O161, 0363, O364, O463 durch einen EchpunTct des dritten gehen, 
gestatten {ai ; 6^)^ mit Gharacteristik III. 

Aus 1/ — m = Y folgt sofort 63 = 64, 61 = 63, also 1. 

IV. 61 in Oi , 63 in 03, 63 in 04, 64 in 03 . Fiir t/ + 1^ = y wird 63 = 63 = 64 ; 
fiirt^' — u = Y zunachst oSSO und ferner 63 = 63 = 64; fur t^'+ m = y wird 63+ 63 
= 63 + 64 = 64 + 63 , also 63 = 63 = 64. Fiir v! — ew = y wird aj (1 — s^) 
= - c(l — e»)y + f(o, 61(1 — e») = c(l— €»)y + o, und 

1) Oi + 03 = (l-6)y+663+fio:(l-6») 1') 61+ 63 = (2e— l)y + c«63 

+ (2 — fO":(l-^) 

2) ai+03 = (6»-8)y + 6»68 2') 6^ + ^8 = ^7 + *8 + ^:(1 — ^) 

+ (2€ — f*)(J:l— €^ 

3) 01+ 04 = — 36y + 63 3') 61 + 64 = (2€ — ^)y + sb^ 

+ (2e— 1)g):(1 — 6*) + {2 — 6)o:{l — ^) 

4) 03+a4=(6»— 26)y — 663+(£— €^)o 4') bs+ b, = {e — e')y — ^b, — 8(^ 

5) 03+ 04 = (1 — 2c)y — €^63 + €(d 5') 6a + 64= Sey — 63 + (1 — e)(o 

6) 02+03= — fy — 63 — Ao 6') 6, +63 = (6 — l)y — €63 + 0, 

woraus als die gemeinsame Bedingung, damit sich je aia2, 6363; O1O3, 6364; 
O1O4, 6264; 0304, 6164; O2O4, 6163; O3O3, 61 63 schneiden, folgt p — 2€6>:(1 — f*) = 0, 
wo p dass in 61 auftretende Periodendrittel, und als die einzige Bedingung, damit 
sich je O1O3, 6164; O1O3, 6163; O1O4, 6163; 0304, 6363; 0304, 6364; O3O8, 6364 
schneiden, folgt 263 — 2cy — ep + 2^a>:{l — f*) = 0. Die beiden Bedingungen 



36 Kantor : Theorie der periodischen ciAischen 

sind stets vertraglich und geben 2i3=2ey, woraus 2 (a,. + 6|) = u. zw. Oi +61 
= — €^p — €*6):(1— 6*), a, + 62= — bs + ey + o; as + b^= — Eh^ + ^y — ^o] 
04 + 64 = — £^63 + y- Es gehen alle 4 Gteraden durch dieselbe Kegelspitze, 
daher : 

Theorem LXXIV. — Zwei deamische TetraedeTy in der Weise als Haupttetraeder 
genommen, doss cti hi dwrch einen Eckpunkt des 3. Tetraeders gehen^ gestatten {Oi ; 6<)' 
mit der Gharacteristik IV. 

Fiir Ml mit Spitze erhalt man genau dieselbe Rechnung mit Gleichungen 
und (J = p = , sodass die erste Bedingung identisch, die 2. durch 63 = sc befrie- 
digt wird, hi -(- a<= wird. Wenn also IV eine M^ mit Spitze reproducirt, so 
schneidet stets jede der 6 Kanten der a eine bestimmte der 6 Kanten der 6. 

V. 61 in a,, h^ina^y h^ina^, 64 in a^. Fiir u^-^u^y folgt 63 = y — ^3, 
&3 = 3y — ttj — (df 64=53/ — Oi — (0, hi = 7y — ai — o, 02 = — 2y + a^ + ^» 
03 = — 4y + ai + w, 04 = — 6y + «i+<«>» Bait 8y = 0. PurG) = konnen also 
zwar die Schnitte vona3a4, 6364; (ha^, ^i^sJ ^i««» ^i^sJ ^<^sy h^ii «i«4» ^8^4 
erreicht werden, jedoch niemals desmische Tetraeder. 

Fiir vf — u = y folgt 61 = J, , fiir t^ + iu = y desgleichen. Fiir t^' — eu = y 
folgt ziinachst 6^ (1 — ^) = {e — 1) y + o, sodass jedenfalls fiir 4 Punkte nur 3 
Werthe resultiren. Fiir Mi mit Spitze kommt a^ = 1 , und a = 1 gibt dieselbe 
Rechnung wie v! + u = y, 5c = — 1 gibt ftj = 63 . In dem moglichen Falle sind 
die 4 Doppelpunkte von T und die 4 Kegelspitzen die 8 Doppelpunkte von 
{Oii hif. 

Es ist nunmehr leicht, die (a^ ; ft^)', welche sich auf die desmische Configura- 
tion verlegen lassen, vollstandig aufzuzahlen. Dieselben bilden aber keine 
endliche Gruppe. Weitere (a<; hif in der desmischen Configuration bringt §20. 

§10. — Die typischen Jh^ans/ormationen mit (oifti). 

Fiir die Construction dieser und der folgenden Typen stehen zunachst zwei 
Methoden zur Verfiigung. In der einen baut sich die Transformation iiber einer 
in sich transformirten M^ auf, deren Feld in bekannter Weise in sich verwandelt 
wird, aber durch diese Verwandlung auch die (a, ; hif vollstandig bestimmt, weil 
durch die einem ebenen Schnitte entsprechende Curve und durch 6f, ... .,6J 
die Mi vollstandig bestimmt ist. Nach der anderen baut sie sich iiber einer in 
sich transformirten Jlf? (jp = 0, 1) auf, deren (binares) Gebiet in bekannter Weise 
in sich verwandelt wird. Dass im letzteren Falle die (a< ; hif noch 00 fach 
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bestimmt ist, liegt in. der Natur der Sache. Vorher finde folgendes brauchbare 
Theorem Platz. 

Theorem LXXV. — Wenn eine Transformation (a^; biY die Punhte p, q in 
pf, (I verwandeltj existirt eine Gollineation mit ai in 6< (i = 1 , . . . • , 4) , p in ^, 
qm pi. 

Lasst man namlich bei festen g^, a^ hi nxxTp variiren, so variirt q geraass einer 
Gollineation, weil jeder Geraden eine Gerade entspricht, was mit den directiven 
Ebenenbiischeln bewiesen wird; kommt p' nach g'', so entspricht diesem p, also 
j' in jp, kommt p/ nach pl^ so q nach q. 

Theorem LXXVL — Wenn eine GharacterisHk n. 3-15 existirt, enthdlt sie stets 
eine invariante Mi^ toelclie nicht zerfallt. 

Denn durch die 7, 8, 9 Punkte geht mindestens eine M^, welche wenn 
iiberhaupt, nur in zwei Ebenen durch a^ zerfallen konnte ; aber in der quadra- 
tischen Characteristik {fh^ a^, a^\ h^jh^, h^ gibt es kein invariantes Geradenpaar. 

Theorem LXXVIL — Die durch stereographiscTie Projection der M} entstehende 
ebene Transformation ist selhst der in (o^; 6<)^ enthaltenen B(a^, <^Bi <^a) hy^s^ ^a) 
dquivalent. 

Nach XIII entsteht (ciej), {e^e[)j (e^e^^), B{e^ye^ ^ e^] ^o^si^O ^^^ durch 
Transposition mit {cic^e^^ JEi in Cj^e^ in ej^e^ in Ei, E^ in 6^61 in e^e!^ in E^, E^ in e^ 

in (eieie^e^cO* in E{,E'^, E^ in E'^E^ E^m E[E^ mit B. Hiebei kann 

t = l, 2, Aj = 1, 2 sein, I wird entsprechend 1 oder 2. Es entsteht also entweder 
ein Paar Doppelpunkte oder ein involutorisches Paar. 

Die fertige Construction der Typen n. 3-15 ist also: Man nehme einen der 
10 constructibein ebenen Typen B (oder I-X, Or. J., p. 108), in demselben ein 
Tripel Doppelpunkte /j/^/g oder ein involutorisches Paar i^i^ und einen Doppel- 
punkte, iibertrage B durch {fififsY oder {fi^i^^ in eine Transformation 5. Ord- 
nung Q^ und construire durch /j/, oder i^i^ eine M^ und projicire aus einem der 
Punkte 0, deren Beriihrungsebene durch /i/g, resp. i^i^ geht, die (^ auf die Ml 
und bestimme nach XIII durch if/ die (a^; h^^. Wenn f^f^ unendlich nahe 
sind, wird M^ ein Kegel. Am Ende dieser Construction muss resultiren, dass 
die Geraden durch den Punkt von M^, dessen Projection /j ist, unter einander 
gemass B transformirt werden. Hierauf basirend kann auch so construirt wer- 
den : Durch 2 Doppelpunkte /i/^ oder ein involutorisches Paar i^i^ von B ziehe 
man M^ und projicire aus dem Schnittpunkte zweier Erzeugenden durch /i,/^ 
oder ii, i, die B auf Mi, dann bestimmt sie dort eine (a<; 6,)^ mit als (ajJi). 
Hat demnach jB 6, 7, 8 Punkte, so hat (a< ; 6i)' 7, 8, 9 Punkte, 
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Lemma. In einem Netze von Jf| bilden die durch einen Basispunkt gehen- 
den Erzeugendenpaare eine involutorische Verwandtschaft der Ordnung 8 mit 
den Stralen nach den anderen 7 als 3 fachen Stralen* (also XLIII, im Ternaren). 

Theorem LXXVIIL — Der Index dee Flaxihennetzes fur n. 3, 5, 6 ist der Index^ 
mit toelchem die involutorischen Paare der XLIII^ iiber B und einem ihrer DoppeU 
punhte unter einander vertavscht werden, also fii/r n, 3:3, 6, 6, 6, n. 5:9, 9, 9, 
n. 6 : 3. 

Der 8. Basispunkt des i/J-Netzes ist ein Doppelpunkt d des R^ und a^d 
schneidet B in einem Doppelpunkte. Die Erzeugendenpaare durch aj werden 
durch (a<; b^Y unter einander transformirt. Nun habe ich fiir die B^^ B^, B^^ 
die Netze G^ vollstandig angegeben,t wonach: 

Theorem LXXIX. — Fur n. 3 gibt es zwei wesentlich verschiedene Varietaien^ 
mit einer invarianten M}, u'+eu = y, einer Mi u^ + u = y und einem Geradenquad^ 
rupel oder mit u^ + u = y, u — ew = y und M} mit Spitze ; fv/r n, 5 eine Varietdt 
mit 2 invarianten M} mit Spitze und M} u^ — au = y ; fur n. 6 zioei Varietdten mit 
Geradenquadrupelf v! + iu = y und Mi mit Spitze oder mit t6'+ €W = y, ii'+ iu=.y 
und Mi mit Spitze. 

Diese Varietaten sind in keiner Weise unter einander transponirbar, eine 
Brscheinung, welche auch bei anderen monoidalen Transformationen begegnet. — 
In jedem der obigen Falle ist die Kegelspitzencurve auf dem Kegel, welcher von 
{fli 6i) die Hessesche Curve des ausgewahlten C/j-Netzes projicirt. 

^Ebenso bilden im Rr die yon einem Basispunkte eines od'-^ Systemes von Jtfr-i ausgehenden 
Erzeugendenkegel derselben ein lineares System, welches einen Rr^t in einem linearen 00' ~^ Systeme 
yon JC-i schneidet. Dasselbe enthalt 00*^ ~' dass Systeme angehdrige (d. h. yon M^-t erfiillte) 3f^'-i . 
Eine weitere Verallgemeinerung ist mdglich, indem man 3Ci-Systeme mit gemeinsamen JS| und die 
durch sie gehenden Ri + 1 betrachtet oder zu 3^"- i-Systemen iibergeht. Ich beniitze dieses Yerfahren 
seit langerer Zeit zur Entdeckung von linearen od*" ~ '-Systemen yon 3fi im i2r. 

t Preisschrift 11, §§12, 19, 26. Ich habe hier die Stelle ^^Ad notam '' aus meinem citirten Buche zu 
yerscharfen. Dort habe ich einige Worte iiber Autonne's Noten Uber einige hochst unbedeutende 
Gruppen aus lauter quadratischen und cubischen ebenen Transformationen gesprochen, obzwar es ganz 
tiberfliissig war. Ich habe aber dort nicht yoUstandig deutlich heryortreten lassen, dass die Noten 
Autonne's zu der Typentabelle aus meiner Preisschrift — also zur Theorie der einzelnen periodischen 
Transformationen— gfar keinen Besmg haben. Kein einziger yon den 48 Typen meiner Preisschrift oder 
der Abh. in Cr. J. oder Acta Math, ist auch nur angedeutet — auch nicht im entferntesten— in sammtlichen 
Noten Autonnes ; ja nicht einmal irgend ein einem jener Typen dquiyalente, nicht reducirte Transfor- 
mation. Und aber jene einfachsten, ganz elementaren und, wie gesagt, nicht typischen quadratischen 
und cubischen Tr. welche iiberhaupt bei ihm yorkommen, haben in meiner Preisschrift u. zwar schon 
in jener Fassung, welche 81. Marz 1888 der Akademie zu Neapel yorlag, doch wol eine ganz andere 
Behandlung erfahren. 
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Wenn B 7 Punkte hat, konnen die /j/, oder i^i^ mit B oo^ oder eine G^ 
bestimmen, wonach (a^ ; hif im R^ 8 associirte Punkte oder nicht haben wird. 
Im ersten Palle gilt fiir den Index des i^-Netzes LXXVIII, im anderen fiir das 
i^-Biischel, dass der Index gleich dem Index unter den Punktepaaren auf 
^sC-Bj/i/g oder ijia). Fiir B[^ gehen (7j^ and G^-V G^ durch i^i^, G^ und G^ 
vl — 616 =y durch d^d^, ^1+^2 ^i^d G^ durch d^ mit Contact* durch d^, d^ nur 
(7^, es gibt 4 Varietaten. Fiir J?|4 gibt es eine Varietat mit i^-Netz und drei 
invarianten Kegelflachen.f Fiir B^^ gehen G^ + C'a und (7^ (a' + ew = y) durch 
iii%j G^ und (7| durch dj mit Contact, (7| und (/j + (7, durch d^ mit Contact, J C| 
allein durch did^, daher gibt es zwei Varietaten. In jedem Falle ist der Index 
im Netze die Halfte des Indexes der Transformation (wegen des Lemma). Daher : 

Theorem LXXX, — Fur n. 7 sind entweder Mi v! + m = y, M^- ii — ct^ = y, 
Ml mit Oeraden (in involutorischer Vertauschung) invariant oder eine einzige 
Ml u' — ew = y; fiir n. 8 drei Mi mit Spitze oder nur eine solche ; fur n. 9 entioeder 
M{ v! + eu^y, Mf mit Oerade, M} mit Spitze oder Mf mit Spitze allein. 

Bei den Varietaten mit Biischel bleibt jedesmal ein Kegel und bei n. 8, 9 
noch ein Kegel, bei n. 7 ein Hyperboloid invariant. 

Wenn B 8 Punkte hat, so gestatten J?i8, B^, B^, -S30 je/j/,, welche mit B 
in einer Gi sind, und Bp^ tji, mit B in (7;^, ^15, B^ ijig mit B in G^u' + eu^y^ 
-Si5> -^ao* ^u g^tatten /j/, ohne solche Lage und getrennt, wahrend ^jo sowie 
die iibrigen drei zwei unendlich nahe /i/, gestatten, welche nicht in Gs durch B 
sind. Jeder der ersteren Lagen entspricht eine (a^ ; biY mit if^^-Biischel, jeder 
der letzteren eine (a<; btf mit einziger AQ und diese ist, wenn/i unendlich nahe/2 
ein Kegel. Daher : 

Theorem LXXXI. — Fii/r w. 10 hleibt entweder M} w' + iu — y oder Mi mit 
Spitze oder nur eine M} invariant ; fur n. 1 1 entweder Mi mit Spitze oder nur eine 
Mi; fu/r n. 12, 13 entioeder M} u' -{- euSy oder M} mit Spitze oder nur eine M^; 
diese M} kann jedesmal auch ein Kegel sein. 

Ueber den Index unter den M^ des Biischels entscheidet LXV, fiir M^ mit 
Spitze miissen die beiden Kegel invariant sein. In keinem diese Falle sind die 
Varietaten unter einander transponirbar. Bei n. 3, 12 gibt es 4, bei n. 5, 7, 8, 
10, 11 gibt es 3, bei n. 6, 9, 13 gibt es 2 Doppelgeraden (ai6|), wenn kein Dop- 
pelpunkt in die (y^-Basis tritt und die Indices in den Doppelgeraden bestimmen 
sich durch die M^. 

* lb. n, §20. r lb. n, §ai. x ib. 11, §27. 
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Die vorhergehenden Theoreme konnen auch durch die Parameter (§8) abge- 
leitet werden, womit die 2. Constructionsmethode durchgefuhrt wird. Ich 
begniige mich mit den folgenden zwei allgemeinen Theoremen. 

Sei vl + xu = c die Projectivitat in einer M} mit Spitze ; ich nehme aber als 

Schnittpunkttheorem nichiSju = sondem^^ = Oi an, was eine lineare Aende- 
rung des Parameters ist. Dann werden die Porraeln gelten : 6< + ara^ = — c 

+ tti (1 + x) : 2, woraus ftj = — — ^ 1" "tt » *i = — T-p- ^"^ die Formeln 

1 -J- X 2 1 "p X 

Ui + xbjc==c gemass B. Nun sind, wenn M} und die Projection aus Oi derart 

bezogen werden, dass zwei mit a^ alineirte Punkte gleichen Parameter haben, fur 

Gi die Projectivitat y!+ xu=i c und das Schnittpunkttheorem ist, weil 3 alineirte 

Punkte dieselben Parameter wie 3 mit cti comphine Punkte der M} haben, 

8 

^u = . Also werden* die Formeln gelten bi + a:a< = — 2c , a^ + xbk = c , also 
wegen des i^-Werthes, dieselben wie im Raume. Berechnet man nun in der 
Ebene die Parameter ftgi hi *4» so resultirt aus 62 + 63 + 64= — 3c eine Gleich- 
ung in x, /(x) = — 3. Im -B3 werden nun die Parameter 6,, 63, 64 dieselben 
und es resultirt aus §8, wenn dasselbst statt des Schnittpunkttheorems das 

gegenwartige^i^ = k gesetzt wird, Vft = k — 2c + >fe(l+a;):2 und da A; = Oj > 

^6 — Jc—Sc, also /(») = — 3 . 

Theorem LXXXII, — Auf einer Curve Jfjf mit Spitze^ fur welche /u = aj das 

Schnittpunhttheorem^ hat man also nur die fur eine ebene Cg in PreisschHft 11^ §34 
berechneten Parameter von b^, 63, 64f mit (aibi) = — 2o : (1 + x) zu verbinden, um 
die Gharacteristik von {ai ; b^^ construirt zu haben. 

Sei fiir jp = 1 , u' + xu = y die Correspondenz ; das Schnittpunkttheorem 

sei 7 tfr = aj , was durch eine Aenderung der unteren Integralgranze erreichbar 

ist. Dann werden gelten 6i+xa< = — y+ai (1 + jc) : 2+o, woraus 61= — y : (l+x) 
+ bx:2+(^:{l + x)+ G:{l+x) oder i^ = — 2y : (1 + x) + {G + 2(S):{1 + x) 
und ai + xbjc=G gemass B. Man kann auch hier M} und die Projections — G^ 
derart beziehen, dass zwei mit a^ alineirte Punkte gleichen Parameter haben, 
sodass fur G^ T auch u' + xu = y, das Schnittpunktetheorem aus obigen Griinden 



♦ Preisschrif t II, §6. t Preisschrift II, §84. 
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s 

^u = wird. Also werden* die Formeln gelten &,• + a:«i = — 2y, a^ -|- xbu = y, 
1 

also wegen des (aj tj) Werthes von den raumlichen Formeln auch nicht in Hin- 
sicht auf des o verschieden. Mit dem Schnittpunkttheorem ^u = Jc wird aber 

4 4 

^b=:k — 2y+*(l+a):2+o und da k=ai wird^fc = a^ — 3y, oder^& = — 3y. 

1 2 

Daher : 

Theorem LXXXIIL— Auf einer elliptischen Curves fur welche ^u^ai das 

Schnittpunhtelheorem^ hat man aho nur diefu/r ehie ebene Cg in Preisschrift II, §12, 
19-23, 26-28 berechneten Parameter von 6|, 6g, h^f mit {aibi) = — 2y:{l +x) 
+ 26) : (1 + x) zu verbindeUf um die Characteristih von (a, ; b^^ construirt zu haben. 

§11. — Die typischen Transformatioiien mit {a^b^j {o,%b^ oder (c^ift,), {a^b^. 

LXXXIV. — Jede Transformation (aibi), (a^b^), 63 in .... 6*= a^, 64 in 
.... 6} = agjf ist constructibel mit einer als invariant vorausgesetzten Mo. 

Denn, indem man die erste Methode des vorigen § anwendet, kann man 
immer zwei Doppelpunkte /j/j in der Ebene finden, welche mit (a^b^) (resp. nach 
friiherer Bezeichnung mit {oaf)) nicht alineirt sind. Construirt man iiber ihnen 
die Mif so erhalt man die Transformation. 

GoroUar. Wenn A = 1 , gibt es noch eine 2. Varietat. Man kann dann ein 
mit {aa') nicht alineirtes Paar iii^ in der Ebene finden, iiber diesem die Erzeu- 
genden der JM? errichten und wie friiher construiren. 

Theorem LXXXV. — Jede Transformation axis LXXXIV ist auch mit einer als 
invariMit vorausgesetzten Mf mit Spitze construirbar und fur die Parameter gilt 
LXXXL 

Ich habe Preisschrift IV §7 bewiesen, dass iiberhaupt jede Jonquiferessche 
Transformation {ab) mit invarianter CI construirbar ist und hienach ist ftir die 
Ordnung 2 das cit. Theorem anwendbar. 

Theorem LXXXVI. — Die Transformationen (aitj), {a^b^, (^8*4)1 ^a *^ 
. . . . 6J=: a4 sind nur mit einer invarianten M^ construirbar^ welche ein Kegel ist, 
wenn A ]> 1 . 

Denn in der ebenen Transformation {aa'), {bcf), V in . • . . 6'^*^ = 'c kann 
man fiir A >- 1 kein involutorisches Paar und kein Paar/1/2 finden ohne Alinea- 

*Prei88ohrift 11, $4. t Damit n. 1 des 27 constructibel sei, muss mi = m, sein, oder fiti =: 0. 

6 
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tion mit {cui')^ weil ah schon ein Doppelstral iet. Dagegen wird es auf dem 2. 
Doppelstrale einen Doppelpunkt geben, der mit seinem seitlichen unendlich 
nahen Doppelpunkte als/i/j genommen werden kann. 

Fur A = 1 gibt es eine Varietat mit Hyperboloid, wo die Erzeugenden durch 
(ai 6i) involutorisch vertauscht werden. Fiir die Varietat mit Mi gilt LXXXV 
auch hier. 

Theorem LXXXVIL — Die allgemeinste Form der Transformationen {(ij>\)(ajb^ 
Icann construirt werden mitteht einer invarianten M^ (af^^Og"^). 

Denu Xi=^n — 1 , Xj = n — 1 , ars = 1 » X4 = 1 ist anallagraatisch und in dem 
linearen Systeme aller solcher M^, welche a?~\ oj""^ und alle Punkte der Cha- 
racteristik enthalten, wird es stets eine invariante M^ geben, welche nicht 
zerxallt. Dann wird wie fiir if? construirt. Eine Gerade der Bbene wird von 
Oj aus in eine Jlfi^oJ"^ projicirt, diese in eine if""'"* aj 6263 64 verwandelt und 
diese in eine M^e^e^e^), wo eg, e,, e^ Projectionen von 6,, 63, 64 sind, herabpro- 
jicirt. Die ^ hat genau den Rest von (a< ; bif zur Characteristik. Also : Man 
construire in der Ebene {aa') , (6c') , ft' in . • . • 6'^*^ = c und nehme in einer Gerar 
den iiber {aa') zwei Punkte aiOg als (n — 1) fache Punkte einer M^ und sorge 
dafiir, dass die Geraden derselben, welche von {a^ bi) ausgehen, die Ebene in 
einem oder mehreren Cyclen der Q* schneiden. Dann liefert die Projection 
der ^ von a^ aus auf die M^ eine Verwandlung, welche die (a<; 6<)' des Raumes 
voUstandig bestimmt. 

Theorem LXXXVIIL — Die Transformation {a^ b^, (^a^i), b^in . . . .b\=za^y 
b^in . . . . bi=a^, sowie (a^ ftg), (oa&i), («8 J4), b^ in .... b^= a^ existirt stets mit 
einer als i7ivari/int vorausgesetzten M^, welche im 2. Falle eine Kegelfldche sein muss. 

Die 1. Methode des §10 liefert in der Ebene {eie2){e2e[){e^e'^){e^e'^ ....)* und 
diese durch {e^e^e^f E^ in JE'3, E^ in E'^E^ E^ in E'^Ei E^ in ElE^E^E'^E^ E^ in 

E^^Ei E, in E^Ei also {E^Ei E,Ei E,Ei E,Ei ElE^J mit ^^ in E,, E^, in 

. .. . E^. Wenn also A > 1, so muss jS^ = ^1, E[ = JE', sein. Die Construction 
ist vollendet mit jener einer ebenen cubischen Transformation (at), (a^bi), (ojig), 
bs in • . . . 6i*^ = ag, 64 in . . . . 6'*^ = a^, ihrer Transposition und der Errichtung 
einer Mi. Fur die 2. Transformation erhalt man (E^Ef^), also falls nicht jE\, E^ 
unendlich nahe sind, nothwendig auch (E^E^). E^E^ in unendlicher Nahe 
bedeutet aber die Kegelflache. 

Fiir A = 1 ist eine 2. Varietat mit E[= Ei, El^ = E^ zulassig, wodurch man 
Aequivaleuz mit {E^Ei, E'^E^ E^E^fEi in E^ in JS;, E^ in JS'b in ^^ erhalt. 
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Diese Transformation ist leicht constriiirbar* und die zweimalige Kucktranepo- 
sition iuhrt zu jener, iiber welcher die M} zu errichten ist. 

Theorem LXXXIX. — Die dllgemeinste Farm von {a^h^y {<h^\) ^«w^ mittelst 
einer als invariant vorausgesetzten JfJ (af^^oj"^) conatruirt werden. 

Denn wie in LXXXVII kann man stets eine solche M^ fur hinreichend 
grosses n finden. Eine Gerade der Ebene wird dann von Oi aus in eine Mi (aj"^) 
projicirt, diese in eine Mi'^^{a:ib^bsb^) verwandelt und diese von a^ aus in eine 
Mi'^^{€i) herabprojicirt, welche ausser durch Cg, ei (Projectionen von 63, 64) auch 
durch weitere 2n — 2 Punkte einfach geht. Diese sind die Schnittpunkte der 
Ebene mit den durch ai gehenden einfachen Geradeh der M^. Denn Mi schnei- 
det die 2n — 2 Geraden durch a,, welche sich in die 2n — 2 Geraden durch ai 
verwandeln und daher fiir die Schnittpunkte dieser mit JfJ*+^ feste Projectionen 
liefern. Es entsteht eine Jonqui^res'sche Transformation mit {ab) und 2n — 2 
Coincidenzen einfacher Pundamentalpunkte (mit unbestimmter Directrixsubsti- 
tution) und zwei Verkettungen ^4 in . . . • eg, 63 in .... ^4, wo {esei){e^e^^) iiberdies 
gepaart sind. Wegen der Projectivitat unter den Ebenen durch aio^ folgt. 
dass die Directrixsubstitution fiir die Coincidenzen aus Cyclen der Ordnung 
A + 1 und etwa 1 oder 2 (c, e^') bestehen muss. Hieraus folgt, dass 2n — 2 
mod. (A+ 1) = 0, 1, 2 sein muss. Nimmt man nun umgekehrt eine solche 
Transformation in Ei , errichtet iiber {ab) eine Gerade fiir die beiden Punkte a^ a^ 
und construirt ifi*(ai''^aj~^) mit den Geraden aus ai iiber die 2n — 2 coinci- 
direnden Pundamentalpunkte, so liefern die Projectionen ^3^4, ^364 die weiteren 
Elemente fiir die Raumtransformation. 

Nur furn= 2 und die Voraussetzung von zwei Doppelebenen als Tangen- 
tialebenen der Mi durch aio^ kann A + 1 jeden Werth haben. 

Theorem LXXXX. — (ai&a), («2^i) *^* ^ ^i ^^^ Spitze nicht construirbar, in 
Ml mit v! — t^ = y , nur werni ^1 = ^3=1, i/n u' + u = y nur fiir A = 1 , m 
i^ + iu = y fiir Ai = , 1 , A, = 1 , m u^ — 6U = y unconstruirbar^ in vl -|- f w = y 
fwr Ai = A3 = 1 , 5. 

In Ml folgt aus ii + a;63 = — c, ftj + aiizz — c, 61=63] fiir tJ — ew=y, 
aus 61 — 862 = — y + Wi i| — e6i = — y + <ii>, 6i=63|fiir 'vl — u'=y bei ^1 = ^3= 1, 
2y = 0, 61 — 63 = — y + u, Os willkiirlich, J, — 03= — y + o, 64 — 03= — y, 

04—03=6), 26i-(-2a3= — y+o|far t^'+it^=y bei ^1=^3=1 wird 61—63= ~ , 

* Preisflchrif t H, J83. 
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62(1 +i) = — y + w + (*i— A:,):2, 63 + ^4 = — y (l+*') + ^» &s = — iag — y+o, 
a^ — y{\+i) — ttj — 4), 64 = ta8 — iy, Og willkiirlich | bei Aj = A, = 2 wird 
4iy = 0, 261 = 26j = 263 = 264 = 2a8 = 2a4 = — y (1 — i) + © (1 — i), so- 
dass zwei von den 6 Punkten zweimal zusammenfallen miiesten * | bei Aj = , 
A3 = 1 der gleiche Grund | fur t^' + m = y bei Aj = A3 = 1 aus h^ + aag = 64-1- bo^ 
= — y + w, a4 + e68 = «8+^*4 = y> 63 = 64|ebenso Ai = 0, A3= Ijbei Ai = A3 = 2, 
6i = 63 = (l-6)y:(e«-l) + (o(l-e):(l — £«), 6, + *4= a^V + co, a3 + a4 
= 2y + 6^o|bei Ai=0, A3=2, 63(1 — 6«) = y (1 — e), 64(1 —f') = 3y£*| bei 
Aj = A| = 3 erscbeinen drei Werthe fur 6 Punkte, ebenso Aj = 0, A2 = 3, ebenso 
Ai = A,= 4 und Ai = 0, 7^3=4|bei Ai=A2=5, 63 — 64= — 3y + €*y + (.), 
4y_ 2f*y = 0. • 

Die (A + 1). Wiederholung von (ai^i), (0363), 64 in • ... (13, 63 in • • • • 04 
besitzt eine Placbe von Doppelpunkten der Ordnung 2(A + 2)ci^*+'a3*+', welche 
also die Hemicykelflache von (a<; 6<)^ ist. Ebenso besitzt («! 61) (^ *») (^s ^4) *4 
in .... ag eine Hemicykelflache der Ordnung A + 3 oder A + 4, je nachdem A 
ungerade oder gerade. (aj 63) , (a, Jj) besitzt eine Hemicykelflache nur, wenn A + 1 
ungerade, diese ist dann 2(A +• 2). Ordnung. 

Theorem LXXXXL — Drd allgemeine Paare einer involutorischen Gollineaiion 
{centralen oder geschaarten) hOnnen atets ah a^a^^ ^4^4» <h^z ^w^^ Transformation 
(«! ^2), («3 61), 64 in ag, 63 m a^ genommen werden. 

Es ist nur LXXY auf die Punktepaare h^a^, h^ a^ anzuwenden. Ebenso : 

Theorem. LXXXXIL — Em allgemeiner Gyclus und zwei Doppelpunkte einer 
Gollineaiion Indexes 4 konnen stets ah {(h^sX^i^i) ^^^^ ^1^2 einer h^ in a^, 64 in a^, 
(oi 61), (oj 63) genommen loerden. Ueber derselhen Figur exiatirt auch {a^ 6,) , (0363), 
(^4^4)1 ^1 '^n h[ in Oj. 

Man wendet LXXV auf 63 in 03, 64 in a^ oder hi in 6(, 6j[ in a^ an. 

Theorem LXXXXIIL — Ein involutorischea Paar^ ein cyMischea Tripel und ein 
Doppelpunkt Ic^n/en stets als a^a^^a^ b^ a^ und 63 von (o^ 63) , (a, b^) , (ag 64) , 63 in ft, 
i/^ a4 genommen werden. Ueber dieser Figur existirt auch 64 i/n b'^ in a^^ {ctib^), 

Man wendet LXXV auf b^ in b^, b^ in 04 oder b^ in 64, 64 in a^ an. 

§12. — 2>fc Methods der invarianten ifj. Zi/?ef Typen sind unconstruirbar. 

Indem ich die Characteristik {a^bi^i), welche hier im B^ typisch ist, auf 
den letzten § verschiebe, wende ich mich zu n. 17-22 des §7. 

* Ich gebe der Kiirze wegen nur die Resultate der Parameterrechnung. 
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Theorem LXXXXIV. — Die Typen n. 17-22 hedtzen^ wenn aie existiren, nothr 
loendig ei/ne i/nvariante M^. 

Denn ein oo^, oo', oo* System von M^ ist in sich transformirt und der 
Periodicitat wegen gibt es wenigstens 5, 4, 3 getrennte invariante Jf|. Aber es 
lasst sich aus den 6, 6, 7 Punkten hochstens ein invariantes Ebenenpaar zusam- 
mensetzen (u. zw. fiir den Index 6 oder 18). 

Theorem LXXXXY. — Die stereographische Projection der M^ liefert Trans- 
formationen aquivdlent hezuglich mit Gollineation imd Fg, §25* und (Fio), B^^ und 
(r„), §llt und (Ps), 5h y^ (Pm) , (^so) wwrf (Pao). 

n. n.—{e^e[), (cgej^), {e^ei)^ (e^^ei), (^56^), 6^ in e« gibt durch {eie^e^Y E^Ei, 
E,Ei E,Ei E^Ei E^Eiy, E^ in E,, E'^ in E, und durch {E^E'^E^f, falls i= 1, 
*= 2, (J^i^B, ^4^3, E^E^f, E^ in E^ in E^, E^ in E^, E^ in E^ und durch 
{E^E^E^y E^ in E^, E^ in E^ in E^ in E^ in E^ in E^ in E^, falls aber 
JSi = ^i (i = 2, A; = 1), ist der Typus P« vorhanden. 

n. 18.— Fiir i = l,Jc=z2 resultirt ebenso E^ E^, E^ Ei E^ Ei^^^^ mit E^ in E^ 
in ^4, E;,^^ in .&, in .^^ reductibel durch {E^E'^^^ E^f auf .^i^j, E'^^^^ E'^, E^E'^^^ 
mit jEJ in E^ in ^^4 in jB; in E^ d. i. 1. c. §25. tn = 4. Fur i= 2, A; = 1 (Pio). 

n. 19.— Fur i=:l , A; = 2 resultirt ebenso E^E^, E^E^, E^E'^^\ E'^ in E^ in E^, 
E^^^^ in ^i^ in ^^ in ^j, durch {E^E'^^^ E'^^^f in ^B^i^», J?i JJ^, E'^^'^E^, E, in ^,, 
^J in E^ in J?^ in ^f> in jBi durch ( JS; J?i ^i(^>) in E^E^, E^Ei E^E^, E^ in E^ in 
^4 in E^^'^ in ^5 , ^^<i' in E^^^K also 5,8 . Fiir i = 2 , A; = 1 (Pig) . 

n. 20.— Fiiri=l, Je= 2 E^E^ E^E^ E^E^, E'^ in jB; in E^, E/in E^, E^m 
E^iX ^^s unconstruirbar. Fiir i = 2, A; = 1 (Pg) . 

n. 21.— Fiir i=l,Jc=2 E^Ei E^E^, E^ E'^^\ JSJ in E^ in E^, E^ in JE^, .EJ^^ 
in E^ in JE\, aquivalent B^^. Fiir i = 2, A;= 1 (Pu). 

n. 22.— Fiir i = 1 , A; = 2 (e^ 6, e^y und (J?4 ^s'^i)» (^4 E^ E'^y {E^ Ei, E^y geben 
(JB30) . Fiir i = 2 , A; = 1 direct (T^) . 

Wird von einem anderen als einem Doppelpunkte aus projicirt, so erhalt 
man Transformationen derselben Classen, weil der Uebergang vom einen Pro- 
jectionscentrum zum anderen in der Projection die Zusammensetzung mit einer 
(^ bedeutet. Damit dann aber die Transposition auf die genannten Typen im 

»Pr6is80hriftII. tib. 

tich bemerke, dass die qoadratischen ebenen Charaoteristiken of inh^ }/ in a, </ in . . . . </(**> = c 
duroh {a^bf/y in aa,yb, cfaf^ b' ina^^</ in .... in & iibergeht, woraus ftbr m>0 die Unconstrair- 
barkeit ersiohtlich ist. 
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wirklichen Falle moglich sei, werden allenfalls die Punkte e besondere Lagen 
haben mussen. 

Theorem LXXXXVL — Die Transf(yrmaii(mjen n. 17-22 haben^ tcenn sie 
existiren, denselben Index vne ihre Ghardcteristik. 

Denn es konnen nicht 3 Punkte alineirt sein, weil durch die Wiederholung 
fiir 17. homaloidale Raumcurven 6. 0. initjj\p^p^ alineirt und 5* ausserhalb der 
geraden Linie, fur n. 18 und 20. homaloidale M^ mit plplp^ alineirt und ^ 
ausserhalb, fur n. 19 und 21, 22 homaloidale ifj" mit ptptpti alineirt und q^ 
ausserhalb resultiren wiirden, was die Characteristik andern wurde. Es konnen 
aus demselben Grunde nicht 4 Punkte in einer Ebene sein. Also hat die Col- 
lineation 7^, T'^, T^\ T, T^\ T^ resp. 5, 6, 7, 6, 7, 7 unabhangige Doppelpunkte 
und ist die Identitat. 

Theorem LXXXXVIL — Die Typen n. 20 und 22 sind nicht construirbar. 

1. Beweis. Denn die nach LXXXXV existirende Af^ fuhrt nach LXXXXVI 
nothwendig auf eine unconstruirbare ebene Transformation, sei es dass man von 
einem Doppelpunkte oder einem gewohnlichen Punkte projicirt. 

2. Beweis. Die Anwendung von LXXV auf. n. 20 verlangt, dass die 
RaumcoUineation vom Index 4 einen Oyclus und ein involutorisches Paar in 
allgemeiner Lage haben miisste, was nie der Fall ist. Fiir n. 22 ist der analoge 
Beweis etwas umstandlicher. 

3. Beweis. n. 20 Parameter in My mit Spitze : &i+ ar&g= 1^+ xh^ = 63 + ^*^3 
= 64 + «4 = — c, 0:64+08= ^*i + ^4=^ liefern 64(1 — x*) = ( — 3 + a: — 2;x?)c, 
*8(1— aJ*) = (— 5+a:)c, &2(l_aj»)=(_l+5a;)c, \{l—rx») = (—i^x—AQ^)c, 

26(1— «*)= — 6a* + 8a;— 10 = — 2(1— x*), 8a;(l — a;) = 0, a;=0, 1. 

Inu^ — u^yi 63 — 03 = — y + G), 64 — 04 = — y + Ci), — 64 + 0, = ^, 
— 61+ 04 = y, woraus 61 = 63 . In yl+ u = y: dieselben Schlusse. In u''\-iu = y , 
dieselben Schlusse. u^ ± eu = y ist mit dem Index unvertraglich. 

n. 22. — In Jf^ mit Spitze, u'±u = y, Schlusse wie bei n. 20 auf 61 = 63. 
In u' + eu = y aus denselben Formeln 61 = 63. 
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§13. — Der Typus wit dem Index 6. 

1. Theorem LXXXXVIII. — Ein aUgememer Gyclua einer RaumcdlinecUionvom 
Index 6 kann steta dls OiO^a^bida^ einer Transformation (aiJ^), («j6g), {a^h^^ h^ 
in a^ beniUzt loerden, loelcJie d zvm Doppelpunkte hat* 

Man wendet LXXY auf b^ in a^^ d in d an. 

Theorem LXXXXIX. — Irgend erne Folge von 7 succeasiven Punkten in einer 
auch nicht periodischen RaumcolHneatian hann ah pa^a^a^aibipf einer Trans/or- 
maiion {a^ b^) , (oj 63) , (a, 64) , 6j i7i a^ beniUzt tcerden^ welche p in pi ijherfixhrt. 

Man wendet LXXV auf b^ in a^, p in p^ an. 

2. y* ist (Jia4, a^bi, a^b^, *4«i)^^ ^^ ^4» hat also auf der Geraden a^^b^ stets 
2 Doppelpunkte, 5i5, die Hessesche Covariante von a^b^oiy wo o in der Ebene 
b^b^a^ und wird durch {^iCt^^i^iY ^^ ^^^ Collineation Ai in J?4 in Ai in Ai, 
A^ in £] in ^^4 in jlj, A^ in A^ ubertragen. In der Ebene A^B^A^ sind ausser 
Aj noch 2 Doppelpunkte A3, A4 enthalten, von welchen einer, A3 etwa, mit Ag 
verbunden eine Gerade von 00^ Doppelpunkten bestimmen muss, und welcher 
in T* eine Jf? durch b^a^a^SiSf^Ss^ wo 8s unendlich nahe an S^ entepricht. 
Folglich : 

Tbesitzt 00^ involutorische Paure in einer Mi (TJ), welche b^a^a^ enthdlt und 
tti Oj in zwei Punkten hi h^ triffty b^ a^ und Si 3, ah involutorische Paare^ a, und einen 
Punkt d ah Doppelpwnkte enthdlt. Diese binare Vertheilung folgt aus den Eigen- 
schaften der Covariante Q der cubischen Form, welche A, A, auf den Ebenen 
Ai(-43^4, A^Bi, B1A2) ausschneidet, c? ist auch Doppelpunkt von T. Die Mi 
durch b^a^a^, welche a^a^ zweimal schneiden, werden alle unter einander trans- 
formirt. Die M^ durch biO^a^ und die Gerade aiOg werden unter einander und 
ebenso die Mi durch /g und die Gerade a^Og unter einander transformirt. Diese 
letzteren sind mit dem Index h transformirt und die beiden Eegeln mit ^1, h% als 
Spitzen sind invariant. Die Doppelgerade As A4 gibt in 7* eine M^ (^)i welche 
ebenfalls biO^a^ bi8% enthalt, invariant ist mit dem Index 3 und ^1^2 ^^^ Doppel- 
punkte, bio^a^ als periodisches Tripel hat. Die M} durch a^a^ und JTg schneiden 
P in 1 Punkte, werden also mit dem Index 2 transformirt, sodass die Eegeln 



*Nar der Priorit&t wegen mache ich auf die sich bietenden endlichen Gruppen cnbischer Trans- 
formationen fiber 5 and hoherer TranBformationen uber 6 Punkten aufmerksam, welche den Gruppen 
if« y Jlf 5 in IL Theil S5 meines Buches (Berlin, Mayer & Miiller 1895) analog sind.— Diese Gruppen 
werden in meiner Abhandlung Acta Math. 1897 behandelt werden. 
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mit den Spitzen 5i, ^2 ein involutorisches Paar bilden und invariant bleiben: eine 
Flache B^ durch d und eine 2. Flache S2. 

3. T^ ist (a8«4, «4^» Ji*4, &4*i)'«2 in a, und hat in Folge dessen (§19) oo« 
Doppelpunkte in einer M} durch die Geraden a^b^, ^4 Ji, ^164, (h^n welche auch 
a, enthalt. Daher : 

Theorem G. — T besitzt <»* periodische Tripel in einer J^, welche a^h^, 04 Ji, 
^1 ii» ^4 ^4 fl'^^z «ot(?i6 die X, tmd d enthaU vmd also R^ ist. Die 4 durch d gehenden 
invarianten JiQ aind die 3 KegeJn wit den Spitzen in d, hi^h% und flg. Die Pro- 
jectivitaten in den vcn R^ mit den 5i, h^-KegeJn geformten BiiacheJn sind vom Index 6 . 

Je zwei Kegelflachen mit den Spitzen in einem involutorischen Paare auf P 
bestimmen ein invariantes Biischel, dessen Basis nach §8. I n. nur M^ mit 
ti — u = y sein kann. Nun liefert die Parameterrechnung hieftir h^ — h^ 
= — y + «, h%—h=i—Y + ^y 63— 64 = — y+G), 64— a4= — y + G), a4— 6i = y, 
woraus h^^h^ — y + «, J8 = *2+y + "> \ = \+ 2y, 2& = 46,+ 2y = — 2y + « 
(nach §8) , 46, = — 4y + o, femer \ — a^ = — 4y, daher — 4y = — y, 3y = . 
Der Index ist also 3 und alle diese 00^ M} sind in i2, und unter ihnen ist die 
Schnittcurve des (2-Kegels und die Schnittcurve des Ebenenpaares a^b^a^+a^h^di 
mit 22) enthalten. Dieses Ebenenpaar ist thatsachlich als invariante M^ anzu- 
sehen, indem die Ebenen vertauscht werden. Die Indices dieser Biischel sind 
sammtlich 2. In jedem ist eine 2. invariante Ml enthalten, A^ und diese bilden 
ein Biischel mit dem Index 1, enthaltend S%, das Ebenenpaar und den ^KegeL 
Jede dieser M} schneidet sowohl den hy als den S^^Kegel in einer invarianten 
Ml u' + ctA = y. 

Parameter in w' + 6ii = y. 6|+6J3 = 6,+f&3=63H- 6&4=&44-e«4 = — y + w» 
a4+ e6i=y liefem 6i4-&4 = 2ey, e^Jj — 64 = — c^y + of, b^ = ^y — o, "^6 = — 2y 

+ Of* = — 2y + G) (nach §8), o) = und 63 = — ay + of = — ey, sodass 63 der 
Doppelpunkt von v! + €U = y wird, wie es sein muss. Ausserdem 61 = (6— 2)y, 
&, = (e»-l)y,J, = (l-5«)y. 

Der <2-Kegel schneidet die 8i', V^^g^l u^ -^^ ^^^ Spitzen, wo die Parameter- 
rechnung liefert : bi -f xJj = Jj+ x^s = *3+ aJ^ = — c, 04 + aJ, = c ; Jj — a^a^ 
= — c -f ex, J, -f aj'a4 = — c + ex — ex*, b^ — x*a4 = — ■\- ex — ex* + ex", 
a4(l + a!') = c(l + x — x» + «» — X*), Ji(l + x») = c(— 1 + x— x« +x» + x*), 
J,(l + x») = c(— l+x— X* — x« — x*),J,(l+x») = (— l + x + x» + x»— X*), 

64 (1 + x") = c (— 1 — X — x« + x« — X*), 2* (1 + X*) = e (— 4 + 2x — 2a^ 
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+ 2a» — 2x^) = — 2c (nach §8), also {t?— \){^— x + \)\ x= — b liefert 6, = 64, 
a; = + E gibt aber Index 6 und insbesondere 63+ J4 = 0, was ausdriickt, dass 
die Spitze des einfach zahlenden Kegels auf \ h^ enthalten ist, also entweder hx 
oder h^ sein muss. 

Fiir Mi mit Doppelpunkt (Schnittcurve von R^ mit <2-Kegel) wird: 
64= ifc a4:a;, 63=: ± 64:0:, 62= =t *8-«j Ji = ifc 6,:a:, a4 = 6ia5, woraus durch 
61 &, 63 *4 = =F ^ • ^y aj = =F ^ und 0*= 1, also wirklich der Index 3 folgt. Zusam- 
menfassend : 

Theorem 01. — Der Typus Index 6 hesilzt 1. eine Tripelflache iZg, 2. einen Kegel 
mit d, 3, einen mit 5i, 4. einen mit Sg, 5. ein Ebenenpcuir aJs invariante M}, sodass 
die BOschel aus 2. und 5., 1. v/nd 2., 1. wid 5., 1. und 3., 1. wnd 4., 2. oder 5. mi< 3. 
o<2er 4., 3 und! 4 re^rp. die Indices 1, 2, 2, 6, 6, 3, 3, 3, 3, 3 besitzen. 

§14. — Der Typus mit dem Index 10. 

1. Theorem- GIL — Einen allgemevnen Gyclus einer Raumcollineation vom Index 
5 nebst emem Doppelpunkte Icann man immer dls dibia^^a^a^ und 6i einer Trans- 
formaiion (aib^), (0,63), (0364), &i in b[ in a^ nehmen. 

Man wendet LXXV auf b^ in b[ und ftj' in a^ an. 

2. 7^ ist (Ojj &i ^a^b^i 64 621 *i *i)' *i ^^ ^4 » *s ^"^ ^4» ^^^ ^^^^ durch (ij a4 o^ 61)' 
transponirt auf A^ in A^ in -Bj in -Bg in B^ in ^4, J?,' in B{. Da P eben (4, ... 4)' 
ist, folgt: 

Theorem GUI. — Setzt man aher emem Gyclus und einem Doppelpwikte einer 
BaumcoUineaiion Index 5 eine typische involutorische Transformation 7. Ordnvng 
/est mid combinirt beide, so wird das BesuUai durch angemessene Transposition in 
den cubischen Typus Index 10 verwandelt.^ 

Die Ebenen aiO^b^, a^b^a^ werden vertauscht, das Ebenenpaar ist also eine 
invariante J<?, die Schnittgerade wird, wie T^ lehrt, mit dem Index 10 trans- 
formirt und hat einen Doppelpunkt in r ^=^ {a^a^] <h^i^i) und einen Doppel- 
punkt di. Die Geraden um i{ in aiO^bi werden in die Kegelschnitte um a^bia^ 
transformirt und bidi'\-a^bia^rdi ist eine invariante zerfallende Mf und mit 
OjOg eine invariante Jf/. 

*Wird zur Transposition von T* die involutorische Transformation (61&i 1 a,a, , a,a, , 6161)' 
63 in &4 in &, beniitzt, so wird a^ in a, in bi in b^ in &a in a^ , bi in bi das Resultat, dies ist die 2. 
Wiederholung der gemass CI ohnehin unter den 6 PonlEten bestehenden ColUneation. 

7 
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Die mit T* aquivalente Collineation hat eine invariante M^ durch B^ und 
einen invarianten Kegel, dessen Spitze der 2. Doppelpunkt Z>| in dieser M^ ist ; 
diese ubertragen sich in die Gerade o^ a, und einen fiir T invarianten Kegel, 
dessen Spitze in a auf aia, sei, D^ aber nach di. Die Mf durch a^bia^bi mit OjO, 
als Bisekante werden unter einander und jene, welche aia^ma beriihrt, wird in 
sich transformirt und enthalt noch einen 2. Doppelpunkt dg. di hestimmt ein 
Netz von M^ mit Bervhrung in dj, daher auch d^ ein Netz mit Beruhrung in d^. 
Die invarianten M} dee 1. sind dae Ebenenpaar, der a-Kegel und eine Flache A^, 
dea 2. der d^-Kegel, der a-Kegel und A^ . Die beiden Kegel haben als Schnitt eine 
M} mit Spitze, der d-Kegel und A^ eine Jf? mit Geraden b[d^'j das erstere wird 
auch durch die hier folgenden Parameter 1^ + b^ = bewiesen. 

Parameter auf J^*mit Spitze. 6i+ a:62 = 6j+a&8 = &8+ xb^=:b^+ xa^=i — c, 
rf^ 4- xb[ = c, J{ + xb^ = c liefern a4 (1 — «•) = c (1 — a: — x* + a^ — a* + a*), 
6; (1 — »«) = c (1 + a; — a» + x' — X* — X*), b^{l — x^) = c{— 1 + x — a? + x" 
+ x*— X*), ai(l— x*)=c( — lH-x—x'— x« + x* -ha:*), «2 (!—«•) =c(—H-a; + a* 
— x' — X* + x*^), a^{l — x^) = c {— 1 — X + a? + s(? — x^ + x*), woraus (x — 1) 
(x* — 1) = 0, also Index 10 in if/ und die Parameter folgen. 

Parameter auf Mi mit Doppelpunkt. i^ : &, = ig : 63 = 63:6^ = 6^: a^=: db 1 : x, 
a4 = x6{, 6i = xbi liefern x* = 1 , was wegen b^ in 61 in a^ unmoglich ist. 

Die stereographische Projection von Jg aus d^ liefert eine Transformation 4. 
Ordnung Q4, welche die Projectionen von a^a^ und M^ vertauscht, jene aus (2i 
ebenfalls Q^, welche die Projectionen des Bbenenpaares vertauscht, und auch 
die Projectionen von b'l d^ und M} unter einander vertauscht. Analog die Pro- 
jectionen des (T-Kegels. 

§15. — Der Typua mit dem Index 18. 

1. Die Anwendung von LXXV lehrt, das aib^a^a^a^ einen Cyclus einer 
Raumcollineation bildet, in welcher &{' in b[ ein Paar ist, welches also nur noch 
passend gewahlt werden muss. Andererseits besteht die Collineation (auch 
wegen LXXV) a^a^a^aibib^^ mit b[ in 6(. Lasst man also b{^ variiren, so hat man 
jedesmal 1 Punkt b[ und 4 Punkte 61 im Entsprechen und die Doppelpunkte 
dieser Verwandtschaft (1, 4) sind die Punkte 6{, welche den Typus liefern. Ich 
werde diese Verwandtschaft im Rr genauer studiren. 

2. T^ ist (6^ b[\ b^a^, 61a,, 6203)' b^ in 61', 6^ in a^, b^ in 64 also nach Theorem 
XLIII aquivalent n. 5 des §7. Daher : 
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Theorem CIV. — Der Typm Index 18 hann conatruirt toerden, indem man iiber 
der Figur von {cli Jj), {a%h^^ \ in a,,, &, m b^ in a^ den involviorischen Typus 16. 
Ordnung conatruirt und mit jener Transformation zuaammenaetzt tmd hemach eine 
angemessene Tranapoaition amoendet. 

Man beachte, dass in Theorem LXXIX bewiesen worden, dass es von 
(oi Jj) 5g nur eine Varietat gibt. Da ferner Qi^ die M} alle in sich transformirt, 
so ist die Yerwandlimg der Mi im Typus dieselbe wie in (a^ b{) B^ ; also, mit d^ 
den zur Characteristik associirten Punkt bezeichnend : 

Theorem GV. — Der Typua mit dem Index 18 beaitzt zwei invariants Jfjf mit 
Spitze und evne M^ mit ii + bu = y, deren Doppelpunkt — ye vnd^ ist. 

Die Jf?, welche a^ \ 6{ h^ a^ enthalt und a^ a, als Bisekante hat, beruhrt % a, 
in T, sodass r die Spitze eines invarianten Kegels ist und enthalt noch d^. Die 
2. invariante Mi des Buschels ( Jf? + a^ Og) ist -4, und sie schneidet den e^-Kegel 
in einer Mivl + €M = y, wahrend V^egel und T-Kegel sich in M^ mit Spitze 
schneiden. 

Parameter auf Jf J mit Spitze. 64+ xa^^ = JiH- xh^ = 62+ xh^ = Jg + ^64 = — c , 
6{ + a:6i= 61" + a:6{ = a4 + a:6i' = c liefern a4(l + a') = c(l — a; + x* + cc* — a* 
+ a:'^ — ««), 61(1 +«') = c(— 1 +« — a^ + aj^ + jB* — aJ^ + a;«), 63(1 + x') 
= c(— 1 + aj — a» — a:» + a* — X* — aj«), 63(1 + x^)=:c(— 1 + x + x»— cc* + x* 
+ x«^ — X*), 64(1 +ic^) = c(- 1 -x + x»-x» — x^ + x» — X*), 2*(1+^') 
= c (— 4 + 2x — 2x« + 2x* + 2x*^ — 2x«) = — 2c (1 + x^) (nach §8), also x' — x* 
+ x* — x' + x— l = (x — l)(x* + x' + 1) und ig + 64 = 0, was bedeutet, dass 
die einfach zahlende Kegelspitze auf h^ h^ ist. 

Parameter auf t^' + £t^ = y. Die analogen Congruenzen liefern a4(l + f) 
= — y + 6) — 4fy, woraus 6(e — €*)y=G) und 6i=(4+f)y — 66),6j = ( — 46* 
+ a) y — ew, 6j = 5ey — eco, J4 = (a — 4) y — cjc, 6{ = (2 — Zb) y + e*w, 
6{' = (2€* — 3€)y — 6). 

§16. — Der Typua mit dem Index 14. 

1. Die Anwendung von LXXV liefert auch hier zwei CoUineationen : a^ in 
64 in h[ in 63 in 6, in 61 in 03, und 04 in 64 in 04, &{ ^^ ^s ii^ ^a ii^ ^s ^^ ^i* ^^^^ 
erste ist, der 4 Punkte nicht complan sind, vom Index 4, die 2. aperiodisch. Aus 
ihnen wird folgen a, in 63 in h^ in i| in Og in 64, h[ in i^, welche sich namentlich 
zur Construction eignet. 
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2. T* ist {c^blj c^bl, a^b[, *i«2» <h^i b^b^ybi in a^. Die Characteristik 
iflt aquimultipel nach meiner Definition in Cr. J., Bd. CXIV imd besitzt 4 uneig- 
entlicbe Doppelpunkte, ist daher zufolge einem fiir den R^ analogen Theorem zu 
dem Theoreme 1. c. aquivalent zum coUinearen Cyclus, Also : 

Theorem GVI. — Der Typus Index 18 harm conetruirt werden^ indem man iiber 
einem allgemeinen Gyclus einer RaumcoUineatian Index 7 einen involubyrischen 
Typus der 16. Ordnung amstruirt, diesen mit der Gollineaiion zusammensetzt und 
nachher erne angemessene Transposition anwendet. 

Von den 4 eigentlichen Doppelpunkten ist di der 8. Basispunkt des invari- 
anten Jfjf-Netzes, d^d^d^ sind Spitzen invarianter M^^ und die d^^ d^^ (24-Eegel 
gehen resp. auch durch d^y d^, d^ und beriibren daselbst den d^-, d^-y cZ^-KegeL 
Andere invariante iQ als diese Kegel existiren nicht. Die Projectivitaten in 
den M^ sind vom Index 14. 

Parameter auf M^ mit Spitze : Og ( 1 + a^) = c (1 + a + of— 7?— x^ + x/^ — a*) , 
a^{l + x'') = c (1 — x — x^ + a^— x^— x^— x^), b^{l + x')= c {— 1 + x — a? 
— 7?— x^— a'^+ ««), \{l+x^) = c(— 1+ X + a»+a»+ x' — t^— »•), h{l+x^) 
= c(— 1— jc — x« — a»+aj*+a:^— »«), 6^(1+ a:^) = c(— 1— x + a?+ x»— a:*+ a;* 
+ «•), b[{\ + x^)—c{l —x — V?+7? — X^ — Ql?—X^). 

§17. — Ableitwng der Q-pimTdigen Typen avs der Kummer^schen Flache. 

Herr Reye und nacb ihm W. Stabl baben fur die Untersucbung der Stralen- 
congruenzen 2. 0. und CI. eine (1, 2) deutige Verwandtschaft untersucbt, welcbe 
den Ebenen des Raumes Rl die Mi durcb 6 feste Punkte pi . . . . pQin R^, den 
Punkten einer hiebei entstebenden Kummer'scben Flache K^ in iJj ^i^ Punkte 
der Kemflache 4>4 von -B,, den 16 Doppelpunkten von K^ die 15 Gteraden^p^^^k 
und die JH? {pi • • • . p^) und den 16 Doppelebenen die 6 Punkte pt und die 10 
Ebenenpaare {piPuPu PmPnPo) entsprecben macht. 

Diese (1, 2) deutige Transformation bietet sich nun bier ganz von selbst dar. 
Wenn uber 6 Punkten eine Characteristik construirt ist, sei es dass sie alle 6 
Punkte absorbirt, sei es nur 4 oder 5 Punkte und die anderen 2 oder 1 zu invo- 
lutoriscben oder Doppelpunkten bat, so transformirt sie die co^ Ml durcb 
Pi*»* .p^ unter einander, also auch die Punktepaare, in denen sie sich schneiden, 
und wird also durch die Reye'sche Abbildung in eine CoUineation des R'^ liber- 
tragen, welcbe, da in iJ, die ^^ reproducirt war, K^ in sich transformiren wird. 
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Da durch die eindeutige Correspondenz in ^4 die Raumtransformation be- 
stimmt ist : 

Theorem GVIL — Die ReciprohaltranafcTmationen aovne die von ihnen gebil- 
deten endlichen Oruppen iiber 6 Pankten konnen durch 2'detUige Abbildimg aus den 
GollinecUionjen und CoUinecUionsgruppen geuoonnen werden^ welche eine Kummer^ache 
FlSche in sich trans/ormiren. 

Den Punkten i>i, • • . .i>6 entsprechen 6 Ebenen P^, . • . . P^ durch einen 
Doppelpunkt und das von ihnen an ihreih Kegel gebildete Sextupel ist projectiv 
dem von Pi, • • • ^p^ auf Mi {pi, ... • p^) gebildeten Sextupel. Da nun in der 
hier folgenden Note bewiesen wird, dass die Gruppen an Ki nur von diesem 
Sextupel abhangen, so folgt, was auch schon aus dem Theorem LXXV einzeln 
gefolgert wurde : 

Theorem GVIIL-r-Die ExieteTiz einer Oruppe am {ui; 6<)' Hher 6 Punkten 
hdngt nur von dem auf der Ml durch sie gebildeten Wurfe ah.* 

Es konnen nun 6 convergente Ebenen von JE^ als Pi genommen werden und 
um die einer Collineation von K^ entsprechende Transformation in R^ zu bestim- 
men, ist die Verwandlung der Pi durch die Collineation zu verfolgen. Hier 
gelten nun die den Theoremen aus Acta Math. XIX, p. 166 analogen Theo- 
reme: 

Theorem GIX. — Wenn die Golli/neaiion eine Ebene P v/ngedndert Idsstf ist evne 
der birationalen Trans/ormaiionen in R^ aquivalent einer mit 5 Punkten. 

Jede Gollvneation gibt in R^ 2 TrariBformationen^ von welchen die eine die 
Zusammensetzung der anderen mit dem involutorischen Typus 7. Ordnung Q^ ist. 

Theorem GX, — Alle Trans/ormationen, welche aus einer Gollineation an K^ 
dv/rch Variation des Sextupels Pi , . . . . P5 erhalten werden^ sind aquivalent. Unter 
ihnen kann man stets auch den Typus erhalten. 

Nun sind die in der cit. Note erhaltenen CoUineationen diese : 

1. (aa,)(U,)(cci)(bbi)(a,a3)(b,b3)(c,C3Xb3i)8). 2. (aia,)(asb)(cb)(ab3)(biM(c8b,) 
(Ci)(c,)(b0(b»). 3. (ab3ba3)(aia,bib3)(cbibCi)(c3Cst)3b8). 4. (a0(a2)(a3c)(bb)(a C3) 
(bi b3)(b8 bg) (ci)(c,)(bi b^) . 6. (a a^ c^ C3)(a3 a^ c Ci)(b b^bi b3)(bi bgb b,) . 6. {ai){a^ 03 b c b a^) 
(bib3ab,bO(b3C3CiC3b2). 7. (b3)(ab3Ci)(a2cb)(aia3b)(bibib3)(b3C2C8). 8. (aiKa^Kci Cj) 
(^ bs C3 b,)(a3 b c b)(b3 bi b^ bg) . 9. (a b, b a, a^ bi bj ai)(b Ci C3 b, b, Cg c bi) . 10. (cg^a bi b3) 
(aia3a,bcb)(b3CiC3bib,b3). 

*Ioh bezeichne als projectiveii Wurf von m Punkten im binaren Gebiete den invarianten Character 
der ffi Punkte gegen binare lineare Transformation. 
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Theorem CXI. — Den CoUineatianen 2. 4. 6. 7. 8. 10. entsprechen GoUmecUionen 
und Tranafiyrmai^Kmen^ welche durch Zusammensetztmg dieser mit Q^ entatehen. 

Denn es bleibt bei diesen ein Punkt fest, dessen Ebenen als P genommen 
werden konnen, sodass Pi, .... P^ unter einander transformirt werden, weshalb 
eine Transformation in R^ keine Fundamentalpunkte besitzen kann. 

Theorem GXIL — Die in OXI genannten Tranaformationen mid resp. dquivd- 
lent {(h^9){'^ih)(fh^i){^i^B) '^itdid^, {<h^i){'^^2){^3^i){^i^s) ^*' ^^» d^^ Typu8 
mit dem Index 10, dem Typus des Index 6, {a^h^, ((hh)} (^*4)» (^4*0 ^*< involvr 
torischem Paare^ emer GoUineation. 

Diese Resultate werden durch wirklicbe Uebertragung oder auch durch 
Aufstellung der sammtlichen (a< ; biY gewonnen, welche sich gemass LXXV fiber 
den 6 Punkten unter Hinsicht auf OVIII aufstellen lassen. 

Theorem GXIIL — Die Gollmeation 1. liefert {UibiY mit involutoriachem Paare 
wrvd einen Typus der Ordnwig 5. 

Denn (ai6<)' i^i^ ist die einzige Transformation der Ordnung 3, welche gar 
keine Bedingung der 6 Punkte erfordert und dem entspricht nur die Collinea- 
tion 1. Die Zusammensetzung mit Q^ gibt eine Transformation der Art des §4, 
welche sich spater als typisch erwiesen wird. 

Theorem GXIV. — Die Gcllineation 3. lie/ert (ai6a)(«, Ji), b^ in a4, 64 in a, tmd 
eine Q^, welche aelbat typisch iat. 

Denn nur diese Transformation des Index 4 bedarf nach LXXV und 
LXXXXI die gegenwartige Figur und die Zusammensetzung mit Q^ kann 
direct darauf unruckgefuhrt werden. 

Theorem GXV, — Die Gollineation 5. lie/ert (oi 6i)(aj Jg) , J3 in a^, \vn a^ und 
eine Q5, welche aelbat typiach iat. 

Aus demselben Grunde wie OXIV. 

Theorem GXVI — Die Gollinedtion 9. lie/ert einen Typua der 5. Ordnung vom 
Index 8. 

Von diesem Typus wird in einer spateren Arbeit die Rede sein. — Es ware 
auch moglich, die Resultate der §§13-16 aus den Eigenschaften der vor Th. CXI 
hier aufgeschriebeneu CoUineationen abzuleiten. So interessant es ist, muss ich 
es dem Leser uberlassen. 

§18. — Eine neue 1, 2-detjUige Trana/ormation im JR,. 
AUe M^ p=l durch 7 Punkte jdj, . . . . i?7 gehen durch einen 8. Punkt Og. 
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An diese oo« Curven kniipft sich eine grosse Reibe von Transformationen, indem 
man nach meinem Verfahren fur die Ebfene* auf jeder M} oder unter je zwei M} 
gleichen Moduls eine eindeutig zu bestimmende eindeutige Correspondenz ein- 
richtet. Die einfachste derselben ist eine involutorische Transformation, welche 
die in §7. angegebene Characteristik verwirklicht. 

Theorem GXVIL — Wird auf jeder Mi die Gcrreapondenz v! + u=y mit a^ ah 
DoppelpunTd bestimmty so entsteht (8 , . . . . 8)^* mitpi, . . . . pi als 8 fojohefa Funda- 
mentalpimkten und- JMJf (i><i>?+i • • • •pi^^) ah Fundamentalfldchen. 

Da die Mi{j^ , .. . p^) jede M} in Paaren dieser vl + u = y schneiden, 
so folgt : 

Theorem OXVIIL—Die (8.8)^* trans/armirt die co^ Mi{pl . . . . p^) unter 
evnander u. zw.jede in sich. 

Wenn n die Ordnung des Ortes der Doppelpunktstripel der t^' + t^ = y und 
X die Vielfachheit in Pi ist, so folgt, weil der Ort invariant durch (8, .... 8)^'* ist 
16. 71 — 7.4.x = w, also n = 2aj und die Schnittpunktezahl mit einer M^ liefert 
4w — 7aj = 3, also a; = 3, n = 6. Auf Mi mit Doppelpunkt d fallen 2 Dop- 
pelpunkte von w' + w = y nach d. Daber : 

Theorem GXIX. — Der Ort der Doppelpwnkte von (8, . . . ., 8^^ ist evne 
M} {p^ . .. • pi), welche die 28 Qeraden pipj, (i, A; = 1 .... 7) ein/ach und die 
Kegehpitzencurve des Netzes Mi{pi . .. • p^) ah einfajche Curve enthdU, /)«. 

Sind nun qiq^, q^q^, q^q^ drei willkurliche Punktepaare der Involution 
(8 , . . . . , 8)^^, so mogen die Mi{p\ .... j^) durcb sie den Ebenen eines Baumes 
R\ linear derart entsprechend gemacbt werden, dass 5 derselben 5 Ebenen 
zugewiesen werden. Dann entspricht jedem Punktepaare ppl von B^ ein Punkt 
von R'^ und umgekebrt. Ich behaupte nun : 

Theorem, GXX. — In der Transformation^ toelche 4. 0. in R^ und 16. O.inR'^ 
ist und den Ebenen von R^ die -W^ (i^i • • • • i^'ji^iftO's^sS's) entsprechen Idsst, 
entspricht der D^ eine Fldche Zj, der 12. 0., voelche einen 9 fachen Punkt -4, 
an den drei andere in drei verschiedenen Richtvngen unendlich nahe geruckt sind, 
und in diesen Richtungen drei 6 /ache Oerade durch A besitzt. 

Die Z)e wird von einer Mi^ des Systemes in 12 freien Punkten getroflfen. 
Die Mi resp. durch qiqi, qzq^, qsqs entsprechen Punkten -4', A", A"^ da die 
System-JMi* sie nicht in freien Punkten treffen. Die iibrigen Mi treffen D^ in 
drei Punkten und da sie Geraden durch den dem p^ entsprechenden Punkt A 

•Acta Math., Bd. XIX. 213. B. 
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liefern, ist A 9.fach. Die Ebenen der 3 6-fachea Geraden AA'^ AA\ AA!^* 
entsprechen den Punktepaaren qiqi^ q%q%y Qz^z* 

Den ebenen Schnitten von D^ entsprechen Curven 24. 0., langs welchen Zy^i 
von Flachen 16. 0. benihrt wird, welche den Ebenen selbst entsprechen, den 
Pi* •• • Pi Flachen 4. 0. 

§19. — Ahleitung der 1-punhtigen Typen aus einer Fldche 12. Ordnung. 

Wird liber i>i....i>7 eine Characteristik einer (a<; 6<)' oder eines aus 
solchen zusammengesetzten Fundamentalsystemes construirt, so wird dieselbe die 
Mi{p\... . p\)y aber auch die Mi{p^. .. . p^) je unter einander transformiren. 
Nun bilden sich die Jf? als Quadrikegel durch AA^^ AA^, AA'" ab, da sie von den 
JfJ* in (16.2 — 7.4): 2 Punktepaaren getroffen werden und oo^ M^ enthalten. 
Eine M^ des oo^ Systemes wird durch die Characteristik in eine Mi^ welche nicht 
qiq[ enthalt, verwandelt, und dieser entspricht im R^ eine J^ der Ordnung 
(4.16 — 7.2.4.):2=4, welche da die M^ die drei Fundamental M^ in je einem 
Punktepaare der Involution triflft, die Geraden AiA'i^ A^AIl^ AiA{" doppelt und 
folglich A dreifach enthalt. Die Punkte qiqi waren durch die Characteristik in 
Punkte [g'OC^i] ubertragen, welchen durch die 2, 1 deutige Transformation 3 
Punkte Qi Q^ Qz entsprechen, und diese sind den qo^ Ml gemeinsam. 

Nun haben die supponirten (a^; i«)^ oder ihre Zusammensetzungen die 
Eigenschaft, D^ in sich zu transformiren, also wird die Transformation in B^ die 
Zi2 in sich transformiren. 

Theorem GXXL — Dwrch die Transpoeition des §18 werden die RedproTcal- 
tranaformatitmen uber P\ • • • • Pi in bircUionale Trans/ormcUionen dee R^ ubertragen^ 
toelche i. A. 4. Ordnwig sind und in heiden Systemen A zv/m dreifo/chen Fundamen- 
talpwakte, AA\ A -4", AA!^' zu doppelten Fv/indamentalgerdden und ausserdem in 
jedem Systewe drei einfojche FwfidamentalpimJde Q[^ Q^, Q'^ resp, Q^, §,, Q^ hahen. 

Man sieht auch leicht, dass die Schnittcurven 4. 0. die Doppelgeraden zu 
Bisecanten haben, einfach durch die Q gehen und also die M^ in je einem Punkte 
schneiden. 

Theorem GXXII. — Wenn qiqi so genommen werden, dass von den Paaren 
[?«] [Si] ^^^* ^*^ einem der qi q[ zusammenfaUt, so erschemt m R'^ eine hirationale 
Transformaiion 3. 0., welche erne der Doppelgeraden als doppelte, die heiden anderen 
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als ein/ache Fundamentalgerdden besitzt mid zwei PunJcte R als einfdche FundO' 
wentalpunJcte. 

Denn ist [g^J [gQ mit qi q{ identisch, so sondert sich ein obiger Umformung 
von Ml die Ebene AA" A^'^ ab und es bleiben nur Q'^Q^. Die Characteristik 
wird die Verkettung der Qf mit den Q mit Hilfe der Cyclen der Pmikte qiql 
bestimmen. 

Theorem GXXIIL — Wenn zwei der Paare [j»][g(] mit zweien der qiql zusaw" 
menfallen^ so erscheint in R^ eine hirationale Transformation 2. 0., welche zwei der 
Doppelgeraden als einfache Fv/ndamentdlgerade vmd einen ein/achen Fv/ndamerdaJr 
punkt Q besitzt. 

Es wird von der Art der Coincidenz von [g'i][g<'] und q^qi abhangen, wie 
sich die Fundamentalgeradenpaare der beiden Systeme auf die drei Geraden 
A A', A A!', A A^'f vertheilen. 

Theorem GXXIV. — Wenn die 3 Paare qi qi durch die Transformation uber 
P\ • • • • Pi nur witer einander vertauscht werden, liefert die Transposition des §18 
eine Oollineation, welche Z^^ in sich transformirt. 

In diesem Falle werden eben die M} des oo^-Systemes unter einander ver- 
tauscht. Es ist nun aber gewiss in jedem Falle, wo eine einzige Transformation 
und nicht eine Gruppe fiber Pi* •• • p^ vorliegt, moglich, drei Punktepaare qiq[ 
auf diese Art zu wahlen, mfisste man sie auch alle 3 unendlich nahe annehmen. 
Daher : 

Theorem GXXV. — Die Auffi/ndv/ng der Typea mit 7 {und sogar mit 6, 5) 
PwfiMen ist identisch mit dem Probleme der Gollineationen einer Fldche Z^ der in 
GXX hestimmten Art (oder ihrer Degenerationen) in sich. 

In der That ist durch die Correspondenz in D^ auch die Transformation 
fiber jPi . . . . _P7 voUkommen bestimmt, insofern man (8 , • . . . 8)^ als bekannt 
betrachtet. Denn da die Mi die adjungirten Flachen von D^ sind, so muss nach 
Zeuthen (Math. Ann. IV) und Nother (Math. Ann. VIII) die Correspondenz die 
Schnitte von D^ mit diesen M} unter einander verwandeln. Jeder solche Schnitt 
bestimmt die M} vollkommen, also bestimmt die Correspondenz die Verwand- 
lung der Ml und auch der M}; dann aber auf jedem Paare von M} vermoge der 
Schnitte mit D^ die eindeutigen Correspondenzen u. zw. 2, 4, 6, je nachdem alle 
M^ willkfirlich, harmonisch oder aquianharmonisch sind. 

Anmerkimg. Fur die Typen n° 17, 18, 19 gibt es noch eine andere, ganz 
8 
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directe Construction. Ebenso wie ich in der Preisschrift II §25* Netze von Q^ 
eingefiihrt habe, konnen lineare oo^-Systeme von (a< ; h^^ verwendet werden, von 
denen die Fundamentalsyeteme fest und der einem fasten Punkte p entsprech- 
ende Punkt pi variabel im i2g ist. Dann besteht zwischen pf und dem n. Trans- 
formirten y*^ eine {Ny 1) deutige Verwandtschaft und wenn {<iih^{(h^^{^^i) 
supponirt ist und hi als p genommen wird, kann man die Punkte j/ verlangen, 
welche^"^ nach a^ bringen, ein Problem, das sich im R^ auf quadratische Gleich- 
ungen reduciren lasst, falls w<3. 

§20, — Der Typvs n. 16 vnd die vhrigen Trarwformaliorien mit 4 Goinciderizen. 

I. (oj&i), i = 1 , . . . . 4 ist immer involutorisch ; die 8 Doppelpunkte bilden 
mit Of eine desmische Configuration. Die Involution im R^^ der M} a\ hat einen 
Doppel'-Bg und einen Doppet-Bg, im -Bj, der Jf^ durch die Kan ten aiaj, einer 
Doppel--R5 und R^, im R^ der Jf? durch a^ zwei Doppel-iJg. 

II. (aj Ji)(a, J,)(a8 ^4){fl^ ^s) ist periodisch, wenn das Ebenenbiischel um a^ a, 
es ist und der Index ist das Doppelte von dessen Index. Ist der Index 2, 
so entstehen zwei Og von Doppelpunkten durch a^a^ beriihrend an a^a^a^^ a^OiO^, 
Die Stralen iiber aio^j a^a^ sind mit dem Index der Transformation verwandelt. 

III. {(hh){<h^i){^^i){^ih) ist periodisch, wenn die Ebenenbiischel um a^a^, 
a^a^^ es sind und der Index ist das doppelte kleinste Multiplum ihrer Indices. Ist 
der Index 2 (oder gibt es einen freien Doppelpunkt), so gibt es eine Mi erfiillt 
von Doppelpunkten, welche durch die Geraden aiO^y ^i^if^^s) o^a^ geht und 
ausserdem einen Doppel--B4 im Raume R^ der M^ durch a, . Jeder Stral iiber 
Oj a,, Oja^ ist dann in sich transformirt.f 

IV. {<hh^{(h^^[<^z^^{P'A^%) ist stets periodisch vom Index 6. Auf einem 
Strale durch a^ gibt es 2 Doppelpunkte djrfg, welche mit a^... .a^ eine des- 
mische Configuration bestimmen, deren iibrige zwei Tripel cyclische Tripel der 
Transformation sind. Die invarianten Mi sind : 4 Kegeln, deren Spitzen di oder 
di sind und deren Beriihrungsebenen an dia^ auf a^a^a^ die Geraden dii, di^ 
schneiden; 2J<?, welche die Geraden a^ii, dii^ enthalten und, die eine durch d^^ 



•Of. Or. J., Bd. CXIV, p. 50. 

tEsentsteht so der einf achate Fall einer allgemeinen Classe von Transformationen, welche eine 
lineare Siralenoongruenz mit periodischen Projectivitaten in sich verwandeln. 
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die andere durch (4> gehen. (cZ, i^, ig sind Doppelpunkt und inv. Paar in (0,63), 
(as**), («4*») der Ebene).* 

V. {aib^){a^b^){a^b^)(a^b^) {Typus rf 16) ist periodisch vom Index 4, sobald 
es einen einzigen freien Doppelpunkt d gibt, und hat 00^ Doppelpunkte in dem 
Strale aus d iiber a^a^^ a^a^ und zwei M^ durch die Geraden aiO,, Oz^hj^^n ^i^ 
sind invariant. Es gibt dann eine invariante desmische Configuration, von 
deren Tetraedem eines aiO^a^a^ ist, eines in 2 Doppelpunkte und ein involutor- 
isches Paar getheilt wird und eines ein cyclisches Quadrupel bildet. 

Der Index hangt i. A. von der Transformation der Stralen iiber aiO^, a^a^, 
unter einander ab und ist das Doppelte des Indexes derselben. Durch sie ist V 
vollkommen bestimmt. 

Theorem GXXVI. — Jede Transformaiion mit 4 Goincidenzen ist durch 
ai* . • .a^ und eine invariante M} vollkommen bestimmt. Hiebei ist Ml nur bei I 
durchavs willkurlich. 

Mit Ml ist die Verwandlung der Schnitt-C, in aj^aia^ in die Beriihrungs- 
ebene in bi gegeben und da die Erzeugenden durch a^ in jene durch \ verwandelt 
werden miissen, so ist fiir die quadratische Transformation zwischen i^ und 
<^k^i^m mindestens ein Punktepaar gegeben, in II, III, IV, V zwei, aber so, dass 
die 4 Bedingungen abhangig und erfuUbar sind. 
Calais, 1895. 

* Auch in II and III gibt es invariante Tetraederpaare, welche mit a^ a, a, a^ eine desmisohe Con- 
figuration bilden. 
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1. About five years ago I worked out a theory of the reflection and refrac- 
tion of light at the surface of a magnetized transparent medium* by means of a 
suggestion of Professor Rowland, which consisted in introducing Hall's effect 
into the general equations of the electro-magnetic field. I did not, however, at 
the time attempt to apply the results to the phenomenon of reflection from a 
magnetized metal^ for being aware that metallic reflection could not be explained 
upon the electro-magnetic theory by taking into consideration the conductivity 
of the metal, and that no satisfactory theories of metallic reflection existed 

*Phil. Trans. 1891, A, p. 871 ; Physical Optics, Chap. XX. 
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except those in which the ether is regarded as an elastic medium, I was uncer- 
tain how to proceed. I subsequently determined to try what could be done by ' 
transforming the expressions for the intensities of the reflected waves in the same 
manner as Cauchy and Eisenlohr transformed FresneFs sine and tangent 
formulas f and I found that the agreement between the theoretical results thus 
obtained and the experiments of Kerrf was perfect as far as qualitative results 
were concerned, and in one case the theory showed the existence of a phe- 
nomenon which Kerr had failed to detect, but which was shortly afterwards 
discovered by KundtJ upon repeating Kerr's experiments. The agreement as 
regards quantitative results was not, however, in all cases, so close as might be 
desired. 

But irrespective of the question of metallic reflection, the theory was 
not entirely satisfactory, since it required the tangential component of the 
electro-motive force to be discontinuous at the surface of separation of a mag- 
netized and an unmagnetized medium. I was fully aware of this objection at the 
time, and endeavored to explain the diflSculty by suggesting that possibly the 
transition from one medium to the other was not abrupt, but that a thin inter- 
facial lay^r might exist through which there was a rapid but continuous change 
in the value of the tangential component of the electro-motive force. I must 
however confess that this explanation savors of a device for evading rather than 
accounting for a difficulty. 

2. Mr. Larmorjl has recently attempted to resuscitate a modification of 
Maxwell's theory,§ which was proposed in 1879 by Professor Fitz Gterald.^l 
Fitz Gerald's theory contains a serious defect owing to the boundary condi- 
tions being too numerous ; and I accordingly awaited the publication of Mr. 
Larmor's papers with much interest, in the hope that he had succeeded in over- 
coming the difficulties to which I have alluded. But in this I was disappointed, 
for the papers in question, instead of containing a careful mathematical investi- 
gation of a phenomenon whose interest is equal to the difficulty of satisfactorily 

•Proo. Camb. Phil. Soo., toI. VIII, p. 68. 

tPhU. Mag., May 1877 ; Ibid. March 1878. 

I PhU. Mag., Oct. 1884; and see Physical Optics, Ch. XX. 

I^rit. Assoc. Rep. 1808, p. 885 ; Phil. Trans. 1894, A, Pt. II, p. 779. 

f Electricity and Magnetism, Chap. XXI. 

H Phil. Trans. 1880, p. 691. 
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accounting for it, consisted for the most part of vague and obscure generalities, 
which are calculated to envelop the subject in a cloud of mystery rather than to 
enlighten the understanding. The superficial reader may possibly be impressed 
with their apparent profundity, but when examined they turn out to be a dry 
husk without a kernel. 

3. The object of the present communication is two-fold. In the first place 
I shall subject Mr. Larmor's theory to a searching examination for the purpose 
of exposing its imperfections, and shall show that instead of being an improve- 
ment on its predecessors it is open to a variety of additional objections and 
defects. In the second place I shall show that by means of a slight modification 
of the fundamental hypothesis, the theory of Rowland and myself may be placed 
on a perfectly satisfactory basis, and that the difficulty with regard to the dis- 
continuity of the tangential component of the electro-motive force at an interface 
may be removed. 

The Theory of Fitz Gerald and Larmor. 

4. In MaxwelUs general theory of the electro-magnetic field, the electric 
displacement and the magnetic force are connected by the equations 

whilst the electro-kinetic energy T and the electro-static energy W per unit of 
volume are given by the equations 

T=^{a' + ^ + y^), (2) 

W=^{f + g' + h*). (3) 

Fitz Gerald introduces a new vector "^^ whose time variation is the magnetic 
force, so that if f , >7, f be its components, 

l = a, ^ = ^, ^ = y, (4) 

whence it follows from (1) that 

so that the electric displacement is proportional to the curl of ||l. 
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The electro-kinetic energy is therefore proportional to the square of the 
time variation of Jl, whilst the electro-static energy depends upon its space varia- 
tions. Under these circumstances the quantity T — W is a function of ^, >7, f 
and their differential coeflBcients, and Fitz Gerald proceeds to apply the Calculus 
of Variations and the Principle of Least Action to obtain the equations of motion 
and the boundary conditions. 

To account for magnetic action upon light, Fitz Grerald, following Maxwell, 
assumes that the kinetic energy of the medium contains an additional teem 
depending upon the displacement of certain supposed vortices, which is of the 
form 

and tto, j3o» yo denote the components of the external magnetic force. 

Fitz Gerald found that the introduction of this additional term into the 
kinetic energy created a difficulty with regard to the boundary conditions, which 
Larmor proposes to deal with in the following manner. The components $, >?, f 
of the vector ||l satisfy the solenoidal condition dl^jdx + dyj/dy + d^/dz = ; 
consequently their variations are not independent but are subject to the above 
condition. Larmor therefore introduces into the equation of Least Action the 
additional term 

^(f + f + K), 

\dx dy dz / 

where ^ is an undetermined function of x, ^, 2;. He thus obtains the following 
equations of motion : 

^ de ~ K\dz\dz dxJ dy\dx dy J\ 

with two similar ones. From these equations it follows that v*^ = . 
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6. Larmor has not attempted to examine the physical meaning of these 
equations or to enquire how far they agree with those furnished by other 
theories ; and this is what I shall now do. 

From (4) and (6) it follows that (8) may be expressed in the form 

With the exception of the additional term dX/dx, the above equation, which 
determines the time variation of the magnetic induction, is of the same form as 
equation (10) of my paper in the Phil. Trans. 1891, as can be seen by recol- 
lecting that for an isotropic medium £*= 0^*= (jiK)"^. 

If we eliminate % we shall obtain three equations of the form 

These are the equations which determine the electric displacement, and they are 
of the same form as equations (12) of my paper referred to above, from which it 
follows that, 80 far as the propagation of light is concerned, both theories lead to 
the same results. The value of the magnetic force is, however, not the same 
unless ^ = 0; and Larmor has shown that X cannot be zero, but is the poten- 
tial of a surface distribution upon interfaces. 

6. There is now a further point to be considered. The introduction of an 
additional term into the kinetic energy must necessarily produce an alteration 
in some of Maxwell's general equations of the electro-magnetic field. We must 
therefore enquire, which of the various sets of equations are modified ? What 
are the additional terms introduced? Can any experimental evidence be brought 
forward in support of the existence of the additional terms whose presence is a 
necessary consequence of the theory? But upon all these interesting and 
important questions Mr. Larmor preserves an impenetrable silence, and not a 
single hint is given with regard to their solution. 

To examine these questions, we must first recall to mind Maxwell's general 
equations of the electro-magnetic field. They consist of the following four 
sets: 



/ 



p=- 


dF <^ 
dt dx 


p= 


W/^, 


a = 


dH dG 

dy dz 


w= 


dc dh 
dy dz ' 


where (i is the magnetic permeability. 
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(11) 

(12) 
(13) 

(14) 



Equation (14) cannot be altered, since it is assumed in the theory. Equa- 
tion (13) is a mere analytical artifice which amounts to introducing a quantity, 
called by Maxwell the vector potential, whose curl is the magnetic induction. 
The vector potential is essentially an indeterminate quantity, for if the magnetic 
induction is given, and F^ <?, Hhe any particular values which satisfy (13), the 
complete values are F+d^/dx, etc., where ^ is some function of (sc, y, z, t). 
The indeterminateness of the vector potential is taken account of in (11) by the 
introduction of the quantity 'J', and the ambiguity involved in its employment 
may be got rid of by its elimination. 

Equation (12) is implicitly assumed in the expression for the electro-static 
energy of the medium, which is supposed to be of the form given by Maxwell. 
The additional term introduced into the energy for the purpose of explaining 
electro-optical effects is kinetic and not static. 

7. Under these circumstances equation (11) is the only one capable of 
modification. We shall therefore assume that 

P=-^-p^+l>^-^+L. (16) 

etc., where pi = 327i*(7ao, etc. This hypothesis is equivalent to the introduction 
of Hall's effect into the general equations of E. M. F., together with additional 
terms L, M, N. 

From (13) and (15) we obtain 

Comparing this with (9) it follows that 

_4 ^^ = ^ ^ (n) 

dx dy dz ' ^ ^ 
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Let <l> be a solution of Laplace's equation, and let 

-4n;i = * + x^+y^+.^. (18) 



then 



r d^ d^ 

dy ^ dz 

M= —— — 
da dx ' 

„ d^ <?* 



(19) 



dN dM d /.. d^ , dxp , d^\ ,„.. 

Since the right-hand side of (18) is a solution of Laplace^s equation, v*'^ = 
as ought to be the case ; whence the requirements of the theory are satisfied by 
introducing Hall's effect together with the additional terms X, M, iV whose values 
are given by (19). There does not, however, appear to be any evidence, experi- 
mental or otherwise, which would justify the introduction of these additional 
terms into the general equations of B. M. F., and unless this question can be 
satisfactorily answered, the theory is open to objections from which its prede- 
cessors are free. 

8. In order to examine the boundary conditions, Larmor takes the axis of z 
perpendicular to the surface of separation which is supposed to be plane, and he 
obtains a result which by virtue of (4) and (5) is equivalent to the condition that 

-(;i+167t«(7yo^)5^ (22) 
should be continuous. 

When the direction of propagation of a plane wave of light lies in the plane 
(a»), the continuity of the normal component of electric displacement necessi- 
tates the continuity of ^ ; we are therefore forced for the sake of consistency to 
suppose that a is continuous. Accordingly both the tangential components of the 
magnetic force must be continuous, which requires that 5^ and hri should be con- 
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tinuous, and it therefore follows that the coeflBcients of these quantities must be 
continuous. 

Now, according to Maxwell's theory of the electro-magnetic field, 

P = Anf/K, Q=4nglK, 

whence recollecting that in an unmagnetized medium C^= 0, and denoting the 
values of quantities in the latter medium by accented letters, the continuity of 
the coefficients of S^ , Sri lead to the two boundary conditions 






(23) 



in other words, tfie tangential components of the electro-motive force are discon- 
tinuous. 

With regard to the last boundary condition, it follows from Maxwell's theory 
that the normal component of the magnetic induction must be continuous; 
whence /t^S^ = f^'^^', so that we obtain from (22) 

In an unmagnetized medium A.' = 0, whence at the surface of separation 

;i = — 167«*(7yo df/dt, (24) 

so that A, is the potential of a surface distribution of electricity in the interface 
whose surface value is determined by (24). 

9. Larmor, in summing up the results of his theory on p. 349 of the British 
Association Report for 1893, says: **It appears therefore that we have here a 
consistent scheme of equations of reflection and refraction without the necessity 
of condoning any dynamical difficulties in the process, the result being in all 
respects implicitly involved in the expression for the energy function of the 
medium." And again, on p. 359, he says: ''But against this procedure" (i.e. 
my own theory) ''there stands the pure assumption as regards the discontinuity 
of electric force at an interface. The correct boundary conditions would be 
derived from the modification of Fitz Gerald's procedure, which has been 
explained above." And in an exceedingly verbose paper in the Philosophical 
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Transactions for 1894 he returns to the subject (p. 780) and says: "I have else- 
where tried to show that, on a consensus of various reasons, this term, originally 
given by Maxwell, must be taken as the correct representation of the magneto- 
optic effect." But the preceding analysis shows that there is no justification for 
the favorable view with which this theory is regarded by its advocate, for when 
it is stripped of the verbiage in which it is enveloped and subjected to a searching 
examination, the theory is not only found to be open to the same objections as 
the one proposed by Rowland and myself — viz. discontinuity of the tangential 
component of the E. M. F. at an interface — but possesses the further defect of 
requiring the introduction of certain additional terms into the general equations 
of E. M. F. for which there is no apparent justification whatever. 

We may further enquire, what is the physical meaning of equations (23)? 
But to this question Mr. Larmor vouchsafes no reply. The equations are a mere 
aggregation of symbols, to which no meaning other than an analytical one can 
apparently be attached. 

Modification of my Former Theory. 

10. The theory of magnetic action which was developed in my paper in the 
Phil. Trans, may be placed on a satisfactory basis by a modification of the funda- 
mental hypothesis. 

According to Maxwell's general theory of the electro-magnetic field, the two 
equations which involve the electro-motive force are 

F=—F—d^/dx, (1) 

P= \nflK, (2) 

the first of which is the analytical expression for the theorem that the electro- 
motive force round a closed circuit is equal to the rate of decrease of the number 
of lines of magnetic induction passing through the circuit, whilst the second 
asserts that when electro-motive force acts upon a dielectric it produces an elec- 
tric displacement which is proportional to the B. M. F. Now the hypothesis 
adopted by Rowland was that when light is propagated through a transparent 
medium which is under the influence of a magnetic field, the latter produces an 
effect analogous to Hall's effect, which may be represented mathematically by 
introducing the additional terms — 'p^ +jp«^, etc*, into equation (1). We may, 
however, in the absence of any experimental evidence to the contrary, assume 
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that the eflFect of the magnetic field may be equally well represented by intro- 
ducing the term p^ — pji into equation (2), and if this be done it will be found 
that the difficulty with regard to the discontinuity of the E. M. F. at an interface 
is removed, and that all the equations furnish a consistent scheme in which none 
of the fundamental principles of dynamics are violated. 

11. For the sake of generality we shall suppose that the medium is a doubly 
refracting one, in which case the relations between electro-motive force and 
electric displacement will be given by the equations 

P= 4nf/K^ +psg —pJ^i ) 

Q = 4ng/K, +pji-pj, V (3) 

B = ^nh/K^+pJ—p^yJ 

where ^= Ga^, etc., oq, i^o* yo being the components of the external magnetic 
force and G a constant. 

All the other equations are the same as Maxwell's (with the exception that 
we do not suppose that F, G, ^satisfies the solenoidal condition), and are there- 
fore 

P=—F—d4/dx, etc., (4) 

^ dH dG .^ .«v 

where ^i is the magnetic permeability. 

Let /^JTi = ^-^ (iK^ = Br\ (iK, = 0^», (7) 

Ci = A^^ + ^^ + G'^, (8 ) 

ax ay dz ^ ^ 

d d t d , d /^x 

^=i>.^+l^^+i>.^. (9) 



From 


(4) 


and 


(6) 


we 


obtain 
da 
dt 


_dQ 

~ dz 


dB 
dy 



Substituting the values of Q and B from (3), we obtain 

^ = 4n,(B.|.-0.«)-f. (10) 
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This is the equation which connects the magnetic induction with the electric 
displacement, and it is identical with equation (10) of my paper in the Phil. 
Trans. 

Difierentiating (6) with respect to the time, and substituting the values of 
da/dti etc., from (10), we obtain three equations of the form 

^ _ ^»-»/-_ <^ , J_ d /dg _dh\ , . 

dfi-^V/ dx ^ 47t(i d(^\dz dyJ' ^^ 

which are exactly the same as equations (12) in the Phil. Trans. 

So far as the propagation of light is concerned, the modified theory leads to 
exactly the same results as the original one. 



7%e Bowndary Conditions. 

12. Let the plane jc = be the surface of separation, and let the plane 2 = 
contain the direction of propagation. Then, as shown in my paper in the Phil. 
Trans., the continuity of /, the normal component of the electric displacement, 
involves the continuity of y, which is one of the tangential components of the 
magnetic force. 

The continuity of a, the normal component of the magnetic induction, 
involves the continuity of JJ; for since none of the quantities are functions of «, 
a^dH/dy from (5). For the same reason it follows from (4) that B, which is 
one of the tangential components of the electro-motive force, must also be con- 
tinuous, and from the last of (3) this leads to the condition 

47th/ K^ + P2f—Pi9 = 47thyiP, ^ (1 2) 

where the accented letters refer to the unmagnetized medium. 

The mathematical form of this equation is exactly the same as equation (17) 
of my paper in the Phil. Trans. ; accordingly the modified hypothesis shows that 
the continuity of the normal component of the magnetic induction leads to the 
continuity of one of the tangential components of the E. M. F. 

The two remaining boundary conditions must necessarily be continuity of 
the other tangential components of magnetic force and electro-motive force. The 
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latter condition is represented by the equation 

4.nglK^ +Pih—pJ= ^Ttg^/K', (13) 

which is the same as (19) of my paper in the Phil. Trans. 

We therefore see that the above modification of the original theory leads to 
a thoroughly consistent scheme of equations, which furnish equivalent results 
both as regards the representation of the phenomena in the interior of the 
medium and also as regards the boundary conditions. At the same time the 
modified theory is free from the defect of violating Newton's third Law of 
Motion, since the tangential components of the electro-motive force and the 
magnetic force are both continuous at an interface. 

13. The only remaining point to be considered is the deduction of the fore- 
going results by means of the Principle of Least Action. Mr. Larmor has argued 
quite correctly that if the value of the energy function is known, the equations 
of motion and the boundary conditions must necessarily be capable of being 
deduced therefrom by the Principle of Least Action ; but the fallacy of his 
argument— a fallacy which pervades the whole of his paper in the Philosophical 
Transactions for 1894, as well as his Report to the British Association in 1893 — 
is that he seems to imagine that if some form of the energy function is postu- 
lated, which is capable of furnishing the correct equations of motion and also a 
sufficient number of equations for determining all the unknown quantities, this 
function must necessarily be the correct one. The fallacy of this line of reason- 
ing is at once apparent from the fact that if some particular form of the energy 
function is postulated which furnishes sufficient equations to determine all the 
unknown quantities, but at the same time leads to results which violate any of 
the fundamental principles of dynamics, the theory is dynamically unsound, and 
the results represent some impossible form of motion. To write down certain 
mathematical expressions and to perform certain mathematical operations do 
not constitute a satisfactory theory, unless it can be shown that all the results 
lead to a consistent scheme in which none of the fundamental principles of 
dynamics are violated. 

Let Tand CT denote Maxwell's expressions for the electro-kinetic and elec- 
tro-static energies, so that 

y=|^ (a' + /?' + /), (14) 

U=2ym {A*r + 5»^ + CW) , (16) 
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also let 

^'=i\{p^-I>A/+ {p,h-pj)g + {P2/-Pi9)h\, (16) 

and consider the variation of the energy function 

^fdtf{T— U— U^)dr = 0, (17) 

where ck denotes an element of volume. 
We have at once 

hfdtfu'&t = \fdtf\{p^ — pji)hf-{pa—pji)hf+ }dr 

=f^f\(p^—p^) ^f+ (-Pi* —Psf) ^9 + {pJ—p\g) ^M ^ 

+ an integral depending on the limits of the time. 

Introducing the quantities ^, rj, ^, where the time variations of these quan- 
tities are the magnetic force, and recollecting that from (6) 



^=f-§ •«'"•• w 



we obtain 



j/<«/j7'*=^/*/j(^-^)(f -^) + ....}* 

= -^fdtfU''{p,i-p,/)-<n(pJ-p,g)\ ii+....]dS 

where dSi^ an element of the boundary and I, m, n its direction cosines. 

Working out the variation of the term T — U in the same way, we shall 
find that the equations which hold good in the interior of the medium are 

^ = 4^(i.f-<7.*)-f, W 

whilst the surface integral term is 

J^jU 4^it4 {nB^g — m G^h) + n {pji — p^f) — m {ptf— Pig) \ S^ + . . . .'jdS, 
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which, by virtue of (3) and (7), may be written 

fdtf[{nQ—mB) 8^ + {lB — nP)h + {mP — lQ)h)^ dS. (21) 

Equation (20) is identical with (10), so that the proposed energy function 
leads to the equations which must hold good in the interior of the medium. With 
regard to the surface integral, we shall suppose as before that the plane jc = is 
the surface of separation; accordingly tn = n = 0, ?=1, and the boundary 
conditions require that the expression 

Rhn-Qh^ 

should be continuous. The continuity of the tangential component of the mag- 
netic force at an interface requires that hvi and h^ should be continuous, and this 
leads to the condition that R and Q must be continuous. In other words, the 
tangential components of the electro-motive force must be continuous. 

It is unnecessary to introduce the term %{dj^/dx-\' dyj/dy + d^/dz) into the 
equation of Least Action, since the foregoing analysis shows that % =: . 

14. We must now consider the meaning of the additional term W. 

Prom the particular manner in which this term has been introduced, it 
follows that the energy, which is supposed to be due to magnetic action, is 
electro-static and not electro-kinetic, and from (3) it follows that 

U+U^ = i{P/+Qg + Eh), 

m 

so that the electro-static energy produced by electro-motive force may still be 
regarded as equal to half the product of the force into the electric displace- 
ment ; but the E. M. F. contains certain additional terms which depend upon the 
superimposed magnetic force. There seems to be some ground for supposing 
that the additional term in the energy ought to be statical rather than kinetic, 
owing to the fact that the motion consists of oscillations of about a state of strain 
produced by magnetic force, and this would necessarily lead to a statical term in 
the potential energy which arises from the statical eflFects of magnetic force. 

15. If in the expression for W we substitute the values of /, g, h in terms 
of the magnetic force, we obtain 

10 
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Integrating the last term by parts, it will be found that the volume integral 
vanishes and we get 

- /(?/+ mg + rJi){p^a + p^ + p^) dS. 

The volume integral part is of the same form as one of the expressions sug- 
gested by Mr. Larmor,* and it is worthy of note that by integrating with respect 
to the time this expression can be converted into the one proposed by Fitz 
Gerald. So far as the internal equations are concerned, it is immaterial which 
of the three expressions we employ, but the preceding analysis shows that the 
expression for Z7' employed in the present paper is the only one yet proposed 
which leads to a '' consistent scheme without the necessity of condoning any 
dynamical difficulties in the process." 

Flbdbobouqh Hall, Holtpobt, Berks, Nov. 80, 1895. 

*Brit AB800. Rep. 1898, p. 847. 



On the Boots of BesseU and P-Functions. 

By Edward B. VanVlbok, 



In the following article I shall confine my attention to the consideration of 
Bessel- and P-functions which are symmetrical in their properties with respect 
to the real axis of the complex variable. My first purpose is to give a proof of 
the theorem that between two successive positive or negative real roots of the ' 
Bessel function J^ there lies one and only one root of «7;,+i. It is well known 
that at least one root of t/j^ + i is included in the interval, and it has been sup- 
posed that there is only one. But so far as I am aware, no proof of the latter 
point has been given, and I am confirmed in the impression by the following 
statement of Grey and Matthews in their recent "Treatise on Bessel Functions" 
(1895): "It seems probable that between every pair of successive real roots of 
Jn {x) there is exactly one real root of eT^+i {x). It does not appear that this has 
been strictly proved ; there must in any case be an odd number of roots in the 
interval." 

In section II a similar theorem is proved for contiguous (" benachbarte ver- 
wandte") Riemann P-functions. When two branches of such functions have a 
common group of substitutions, the roots of the one will alternate with those of 
the other in each of the three intervals between their singular points 0, 1, oo. 
It is also pointed out that this theorem includes the foregoing theorem concern- 
ing Bessel functions as a limiting case. In a modified form it is extended in 
section III to contiguous P-functions with any number of branch-points. For a 
P-function with but three branch-points there are further formed in section II 
series of contiguous functions which may be used like the functions of Sturm to 
determine the number of its real roots between two given limits. 



1. Between tvx) successive positive or negative roots of the equation eTj^ = there 
lies one and only one root o/eT^^.! = 0. By n is here understood a real number. 
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When it is not an integer, the demonstration rests upon the relation 

T 7 4-7 T — 2sin(n + l)^ .. 

In this case J^ and J^^ are independent solutions of the differential equation 

whose singular points are 0* and oo. Prom this it follows, by application of a 
theorem of Sturm to be cited later, that any two consecutive positive or con- 
secutive negative roots of the equation Jn=0 are separated by one root of e7_^=0 
and only one 

The same may be also proved in a very simple manner from the formula 

For this shows that "* is of constant sign for all positive or all negative 

values of aj. Therefore ~=^ either continually increases or continually decreases 

as X passes from to oo. It follows that x passes alternately through the zeros 
and infinities of this quotient; that is, the real roots of J^ and J_n succeed each 
other alternately. 

Let now any real root of «7^ be substituted in (1). It then becomes 

T T _ 2 sin (n + 1)7C 
•^^^^•^-'^ ^ • 

This shows that J^+i and J^^ both change sign an even number of times or both 
an odd number of times between two consecutive roots of Jn* But it has just 
been demonstrated that JL^ has one and only one root in the interval, and hence 
changes but once. Therefore between two consecutive real roots of J^ there 
lies an odd number of roots ofJ^j^i. The substitution of a real root of Jn+i will 
prove in like manner that between two consecutive roots of Jn^i there lies an 
odd number of roots of eT",^. These two results can be reconciled only when the 
roots of Jn and Jn^i alternate between a5 = and aj = oo, which was to be 
proved. 
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2. When n is an integer, the above proof fails. For •/„ and eTL.^ are no 
longer independent integrals of the equation (2), but «7_,, = ( — l)Vn; likewise 
e7L(«4.i) = ( — 1 )'*■*' ^«/»+i. At the same time sin (n +1) tc = 0, and both members 
of (1) therefore vanish identically. To provide for this exceptional case we will 
introduce the Bessel functions of the second kind, Y^ and F^+i, in place of J^^ 
and t/L (» + d . The relation 

X 

has then only to be substituted for (1) and the proof is as before. Our theorem 
is therefore true for all real values of n. 

II. 

/O Qo 1 \ /O 00 1 \ 

3. Two functions P[ a /? 7 ^ ] ^^^ -^i [ <^i /^i /i ^ ) ^^^ said to 

\a' /»' / / \a( ^[ ri J 

be related when the differences of corresponding exponents, a — ai , a' — a( , 
etc., are integers, positive or negative. Place 

yl = a' — a, |i4 = /3' — /?, v=^y — y, 

and denote by Xj, (ii, Vi the corresponding exponent-differences of Pi. Since the 
sum of the six exponents of either function is unity, it follows that 2|yli — Jl| 
— that is, \Xi — X I + I jt^i — i^ I + 1 *'i — ^1 — 18 an even number. If it is equal to 2, 
the two functions are said to be contiguous. 

Taking now two related P-functions, and employing the usual notation 
P*, P*', Pj', Pi' for the four fundamental branches which correspond to the 
exponents a, a', aj, a{, we have according to Riemann the relation 

in which a denotes the smaller of the two numbers a + af and a' + ai, ^ the 
smaller of the two numbers y + yi and y+yi, and R{x) is a polynomial.* 

The degree of the polynomial is — LJ_ L — i . We shall here confine our- 

selves to the consideration of contiguous functions, and the polynomial is there- 
fore to be replaced by a constant. 

•See Riemaun's collected works, p. 73-4. 
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In place of the four particular branches used in the last equation, four 
others, more general in character, may be introduced. The two branches of P 
may be selected arbitrarily and written in the form 

y=zc,P- + c,P-\ y=z(^P^ + c^P^\ 
where Ci , c,, Cg and C4 are constants. For the branches of Pi we will take 

yi and yi will then have the same group of substitutions as y and y respectively. 
Between the four branches there exists the obvious relation 

yyi — m = (^1^4 — c, cs){p^ pi^ -p-' pv), 

whence yyi — yyi = Cx^{ 1 — xf . (6) 

4. This equation is obviously analogous to (1). When the exponents and 
the constants c are real, the functions y, yi, y, yi are symmetrical in their prop- 
erties with respect to the real axis of x. The equation may then be used to 
investigate the relative position of the roots of y and yy. First we observe that 
y and y , as branches of the same P-function, are solutions of a common linear 
differential equation of the second order with the singular points 0, 1, oo. Sturm, 
in his classic memoir in the first volume of Liouville's Journal, p. 106, has proved 
that the real roots of any two symmetrical solutions of a linear differential equa- 
tion of the second order with real coefficients will, under certain specified restric- 
tions, alternate with one another. These restrictions, stated in the language of 
the Theory of Functions of a complex variable, confine the application of the 
theorem to an interval of the real axis included between consecutive singular 
points of the differential equation. To apply it to the case before us, the x-axis 
is divided into three intervals ooO, 1, 1 », in each of which a pair of consecu- 
tive roots of y will be separated by a single root of y. Let now a root of y be 
substituted in (6). We have 

— yyi= Gx-{l — x)y. 

In this the right-hand member has a constant sign throughout each interval. 
Hence between two consecutive roots of y in each interval, y and y^ must change 
sign either both an even number of times or both an odd number of times. But 
y changes sign once and only once. It follows that an odd numberof roots of y^ 
lie between the two roots of y. Since the same is obviously true when y^ and y 
are interchanged, we have the theorem : 
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The real roots of tioo contiguous P'/unclions which are symmetrical in their 
properties with respect to the real axis of the complex variable^ and which have the 
same group of substitutions, will alternate with ea/ch other in each interval of the 
X'Oads included hettjoeen their singular points 0, 1 and oo, 

5. With the aid of this theorem we can derive a series of Sturm functions 
for the determination of the number of real roots of y between two limits a 
and h. The only restriction upon a and h is that no singular points shall be 
included between them. Let first some function y^ be selected which is related 
to y and has no roots between a and h . It will be proved later that such a 
selection is always possible. Between the two functions, y, y„, any contin- 
uous succession of contiguous functions, yi, y^* ®tc*> ^^^ next to be inserted. 
Then in the series y , yi, ± ^2? =*= yg* • • • • =t y«, the signs can be so fixed that 
it shall have, between a and &, all the properties of Sturm functions. These are 
as follows : 

(1). When X is placed equal to a root of any of these functions except the 
first and last, the two contiguous functions have opposite signs. 

(2). When x traverses the interval from a to & and passes through a root 

of y, the sign of -^ changes always from — to + or always from + to — . 

(3). yn does not change sign between a and b. 

The last of these properties has been ensured by our selection of y^. The 
second follows from the fact that the roots of y and yi alternate in the interval 
between a and b . The first can be effected by the proper determination of the 
signs placed before the successive functions of the series. For this purpose let 
us consider the relations 

i/i yi-i—Vi yi^i—GiX-i^i—xfi, 1 .gv 

yi+iy< — yi+i^i = G^^^7^^^{i—xy'^\\ 

The constant G in either of these equations, if not already known, can be deter- 
mined by various methods ; for example, by expanding each member of the 
equation into a series arranged according to powers of x and comparing the 
leading coeflScients of the two series. The right-hand members may therefore be 
regarded as known. Let us now place x equal to some root of y^. We have 
then 

_2^= ^<_a:=«-«+i(l_x)^*-^'i+i. (7) 
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Here the right-hand member does not change sign between a and h. If it is 
positive, y^^i and y,^.! have opposite signs whenever x passes through a root of 
yi ; if negative, they have the same sign. In the first case, to secure the desired 
property for the series, it is only necessary to use the same sign before 3^^ 4.1 as 
before y<_i ; in the second case, the opposite sign. 

The signs can also be determined without the direct use of equations (6), if 
the recurring relation between three consecutive functions 

yi+i = ^yi— ^yi-i (8) 

is known. The existence of this relation was proved by Riemann, and may be 
deduced from the equations (6). It is obvious that n^ is equal to the right-hand 
member of (7), and may therefore be employed to discriminate in regard to the 
signs. 

It remains finally to prove that there are functions y„ which are related to 
y and have no roots between a and J. This may be easily inferred from Professor 
Klein's investigation, **Ueber die Nullstellen der hypergeometrischen Reihe" in 
the 37*** volume of the Mathematische Annalen. The expression there given for 
the number of roots of a P-function in an interval between two singular points 

whose exponent-differences are ^i and v is E( ^T^ } "^ ^' ^{p) 

denotes the largest positive integer contained in p^ and is zero when p is 
negative ; e is either zero or unity. If, then, the sum of two exponent- 
differences is greater than the third, there is at most a single root in the interval 
between the two corresponding singular points. Prom the same article it is also 
clear that this root, if there be one, can be removed by increasing the two expo- 
nent-differences each by unity (i. e. by the "lateral attachment" of a half plane 
to the triangle which he employs in his investigation). Now the exponent-differ 
ences may be so selected for y^ as to meet these conditions for that interval 
which includes a and h. For the differences of corresponding exponent-differ- 
ences of yn aiid y (viz. X^ — ?., (in — (i, Vn — v) are integers. Since the expo- 
nent-sum 2 (a) for both functions is unity, the sum of these three differences 
must be an even integer. Subject to this restriction >ln, ft„, *'» are at our dis- 
posal. They may accord'mgly be chosen in the manner just specified, and in an 
infinite number of ways. 
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6. The existence of our Sturm functions to determine the number of roots 
of our P-function between a and h has thus been established. When y^ has 
been selected, it is immaterial what chain of intermediate functions is used to 
connect it with y. As was pointed out in my article in the 16*** volume of this 
journal, the exponentrdifferences of two contiguous functions may be related to 
each other in any one of three ways. Either first, two corresponding exponent- 
diflferences may be the same in both functions, and the third pair differ by 2 ; or 
secondly, two exponent-difierences of the one function may exceed the corres- 
ponding two of the other by a unit, the third pair being equal ; or lastly, one 
exponent-difference may be a unit greater and a second a unit smaller than the 
corresponding exponent-differences of the other function, the third pair again 
being equal. Corresponding to these three possibilities there are three types 
of regular series of contiguous functions; either a single exponent-difference 
increases (or decreases) regularly by two units from function to function ; or 
secondly, two exponent-differences increase each by a unit ; or lastly, one expo- 
nent-difference increases while a second decreases each by a unit. 

A particular case of the series here discussed is found in an article by 
Hurwitz in the 38^^ volume of the Mathematische Annalen, and was used by him 
to determine the number of roots of the hypergeometric series between and 1 . 
The series there employed was i^(a, i^, y, sc), 

^(a+l,i3-f 1, y+l,a;) ± J^(a + n, /? -f n, y -f n, x), 

n being sufficiently large to ensure that the last function has no roots between 

and 1. This series is of the 2^ type above mentioned. The signs placed 
before the functions Hurwitz determined by the recurring relation (8). 

7. In concluding this section it may be mentioned that the results of section 

1 are included as a limiting case under those given here. J^ and e7L„ are the 

/ 00 a 
limits of the two fundamental branches P„ and P-n of P ( + n /3i y^ x 

\—n ^3 y, 

when under proper restrictions a, /3i, /3,, yi and y, become infinite and disap- 
pear from the differential equation.* The point at infinity then becomes an 
essential singularity, and the only remaining parameters of the function are the 

*See Craig's Linear Differential Equations, p. 198. 
11 
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exponents ± n which belong to the origin. Accordingly J^ and J^^u also e7_« 
and e7L(n4.i), are to be considered as corresponding branches of two contiguous 
Bessel functions. Therefore the relation (4) passes over into (1), and the theorem 
concerning the alternation of the roots of e7^ and J^j^i is thus seen to be a limit- 
ing case of the theorem given in §4. 

III. 

8. Riemann's P-function with three singular points satisfies the differential 
equation 

d7?^\ X ^ x—\ Jdx^K X ^ x-l^^^ }x{x-l) ^' 

The general form of a regular linear differential equation of the second 
order with any number of singular points is 

<^y » y/^ l — oc< — aA dy I <=> i=i 

da? f^\ x — Ci J dX'\ X — e^ t • • • • "r ^ — ^^ 



This differs from the preceding by having n — 2 constants ^j, . . . . ^n-»j which 
are independent of the singular points and their exponents. These constants 
are called by Klein ^^ accessory parameters'^ By a generalized P-function we 
will understand a solution of this differential equation, and we will denote it 

in the customary manner by P ai .... a^ a„ J-i . . . . -4n~2» ^ )• ^^^ 

\ai ai a^ / 

P'functions shall by definition be related when the grov/ps of substitutions for any 
two corresponding branches are Uie same and are due to circuits of the variable x 
around common branch-points e^ . • • . Cr. Corresponding exponents in the two 
functions therefore differ by integers. But this, though necessary, is by no 
means a suflBcient condition as before in the case of functions with but three 
branch-points. The group of the function depends upon its accessory parame- 
ters as well as upon its exponents, and the former must therefore be properly 
determined in both functions. But unless the total number of singular points 
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is greater than r , the number of parameters is not sufficiently large to permit of 
a common group. To increase the number of parameters, I used in the article 
already mentioned certain accessory singular points* which were designated by 
pi; Pi) ^te* "^he exponents of each of these points are fixed, having the values 
2 and 0, and consequently a circuit of a around one or more of these points will 
not give rise to a substitution of the group. On the other hand, the location of 
these points for each function is arbitrary, thus placing the required additional 
constants at our disposal. The least number of such points is in general r — 2. 
The complete symbols for two related functions are therefore 

. . . e^ Qo 

^ S Pi) Pl7 • • • • Pr-»» ^It • • • • A*-!? ^ 

and / ^1 . . . . Cy oo 

^1 ai vi gi p{, pj(, . . . . pr-», .^i, . . . . ^;_2, X 

the differences of corresponding exponents being integers. 

The possibility of such a determination of the accessory points and parame- 
ters in the two functions that they will have a common group is here assumed and 
may be inferred from the fact that the number of parameters in the function is 
equal to the number of conditions imposed by this requirement. A rigorous 
demonstration was given in the article last cited for the case where one and 
hence both functions are defined by equations which permit of algebraic inte- 
grals. A strict proof is still needed for the general case. 

9. Riemann's relation between related P-functions may be extended so as 
to apply to the functions under consideration. His proof of the relation presup- 
posed only the existence of a common group of substitutions for the two func- 
tions, due to circuits of x around common branch-points. The same reasoning, 
extended to the case of more than three branch-points, will give 

P- Pi^— P^' P{^ = {x — e,y . . . . {x — BrY B{x), 

in which R {x) is a polynomial. It will be noticed that the accessory points do 
not enter into the right-hand member of this equation. Two related functions 

* These points were there designated as ganzzaJUige Punkte (p. 17). In his lectures of 1898-4 Klein 
has since called them Nebenpunktef which I have here translated into accessory points* 
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will again be said to be contiguous when the sum of the absolute values of the 
differences of the corresponding-exponent-differences, 2 1 ^i — Jli | , is equal to 2 . 

For contiguous functions the polynomial, being of degree ' ' ^ — 1 , 

reduces to a constant. If now y^y^yi^yi be defined as in §3, but in terms of 
these new functions, we have 

yyi—yyi— G{x—e^^ . . . . {x — e^y . (9) 

10. This last equation can now be employed to investigate the relative posi- 
tion of the roots of two corresponding branches of any two contiguous functions, 
y and ^i, the properties of which are symmetrical with respect to the real axis 
of the variable x. The branch-points e, the exponents, and accessory parame- 
ters are then real, while the accessory points are either real or symmetrically 
located with respect to the axis. If neither function has an accessory point in 
the interval eis^^i between two of their common branch-points, the alternation of 
the roots of y with those of yi throughout the whole interval may be argued as 
before with the help of the above-mentioned theorem of Sturm, Should, how- 
ever, either function have accessory points between Ci and e^^^^ we can go no 
further than to infer the alternation of the roots of y and y for the interval 
between Si and the nearest accessory point of either function. 

To bridge the entire interval between e< and 644.1, it is necessary to use in 
place of Sturm's theorem the well-known relation between two solutions of the 
equation y" + py^ -f gf = , viz. : 

For the case before us 

1 — a — a' , , 1 — V — 1/ 1 1 

p— -—- — h ... . -f- 



X — 61 X — Cf X Pi X — Pr— 2 

whence follows 

Here it is evident that for values of x close to the two extremities of the interval 
^<^i+i» tlic right-hand member will have unlike or like signs according as there 
is an odd or an even number of accessory points between €i and ei^i. In the 
first case we find, by supposing y to vanish in the equation, that two roots of y 
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are separated by an even number of roots of y ; in the second case, they are 
separated by an odd number of roots of y. 

We return now to equation (9) and substitute in this also a root of y. The 
equation then shows that y and yi have each an odd number of roots or each an 
even number of roots between the two roots of y. Combining this result with 
that of the last paragraph we obtain our final theorem : 

Given two hranches of condguoua generalized P-functiona which have a common 
group of aubstiiutiona due to circuita of the variable aroimd common branch-pointa 
Ciy .... e^] if the two fwnctiona are aymmetrical with reaped to the real axia of the 
variable^ two consecutive reed roots of either function in the interval hetween c, and 
e< 4. 1 wiU he separated by an even or an odd number of roots of the contiguous funo- 
tion, according as the two roota of the function include between them an odd or an 
even number of ita accessory points. 



Ueber Collineationsgruppen an Kummer^schen Fldchen. 

Von S, Kantor. 



Das Problem der Collineationsgruppen im B^ ist bekanntlich nicht gelost. 
Jedoch geht, wenn auch nicht aus den Vorbereitungen einer systematischen 
Losung, welche C. Jordan veroffentlicht hat, immerhin aus den gelegentlich 
bemerkten Gruppen hervor, dass das Problem in enger Beziehung zu den Plachen 
4. 0. steht. Da jeder Beitrag zu dieser Theorie willkommen sein muss, haupt- 
sachlich aber, weil ich in §17 vorstehender Abhandlung darauf Bezug nehmen 
muss, will ich hier jene Gruppen, welche eine Kummersche Flache -ff^ repro- 
duciren konnen, voUstandig angeben. Dies ist bisher nicht geschehen. Herr 
Klein hat in Math. Ann., II. Bd. : "Ueber Liniencomplexe 2. Grades" nur die- 
jenige Gruppe von 16 CoUineationen gegeben, welche bei der allgemeinsten 
Kummer'schen Flache auftritt. 

I. 

. Als einfachste Bezeichnung der 16 Punkte und ausserst verallgemeine- 
rungs^hig m5chte sich folgende empfehlen. Zwei Beihen ^1*8*3*4, hiTc^J(^h4^ 
mod. 4 werden als Indices von Elementen ih beniitzt. Dann bilden die 16 Sex- 
tupel von Punkten, fur welche weder i noch h gleich denen eines festen unter den 
16 Elementen, noch das i + ^ congruent mod. 4 dem i + h des festen Blementes 
ist, dieselbe Vertheilung in Bezug auf die 16 Punkte, wie die 16 Kegelschnitte 
in Bezug auf die 16 Doppelpunkte auf K^* Nimmt man statt hih^h^h^ die 4 

*Fur diese BezeichnuDg gibt es eine einfaohe geometrische Interpretation in der Ebene : 
Theorem. Bildet man in Bezug auf drei Punkte X^X^X^ die Configuration der 16 Punkte 
Xizzi/Oi (i = 1| 2, 8) , 80 ist jeder Punkt mit 6 anderen auf keiner der 13 Qeraden ; diese 6 Punkte sind 
in einem Kegelschnitte und diese 16 Kegelschnitte sind stets die Projection der 16 Kegelschnitte einer 
Kummer'schen Flache von einem freien Punkte aus. 
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Buchstaben a, b, c, b, so entsteht die Bezeichnung von Schroter (Cr. J., Bd. C, 
p. 231), an die ich mich nun halten will. 

Theorem L — Die 16 Sextupel der Kummer'schen Flache K^ aind unter emander 
prqjectiv.—Denn die Kleinsche Gruppe ist transitiv und fiihrt auch jeden Kegel- 
schnitt in jeden anderen fiber.* 

Theorem IL — Wenn eine weitere GoUineation P von K^ in sich existirl, so giht 
€8 atets auch eine toeiteret welche einen Kegehclinitt in sich vherfuhrt — Denn fiihrt 
P den a in /9 iiber, so erhaJt man durch Zusammensetzung mit jener Involution, 
welche ^ in a uberfiihrt, a in a und es konnen nicht 6 Punkte in a fest bleiben, 
weil damit alle 16 Punkte fest bleiben miissten. 

Theorem III. — Wenn K^^ IC^ projective Sextupel hahen^ eo sind sie collinear in 
einander uberfuhrhar, — Man bedient sich dazu eines Weber' schen Tetraeders jeder 
-ff^.f Da zwei Kegelschnitte in den Seitenebenen von K^ zwei Kegelschnitten in 
denen von K'^ projectiv sind, sodass die beiden gemeinsamen Punkte denen in R^ 
entsprechen, so gibt es eine CoUineation, welche die 12 Punkte und, da in dem 
durch das Tetraeder und die Schrotersche Ml bestimmten Biischel nur eine K^ 
verkommt, auch K^ in jKJ iiberfuhrt. 

Gorollar. Die absoluten Invarianten der K^ stimmen also mit denen der 
Sextik iiberein. Hiemit vereinigt sich die Darstellung der K^ durch hyperellip- 
tische Integrale. 

Theorem IV. — Wenn eine GoUineation an K^ a in ^ uberfuhrt^ so ist sie durch 
die projective Beziehung der beiden Sextupel vdUTcommen bestimmt. — Denn durch die 
Identitat in a ist keine andere RaumcoUineation als die Identitat bestimmt. 

Gorollar I. — Wenn die GoUineation a in a iiberfuhrt, so ist sie durch die 
projective Beziehung der beiden Sextupel bestimmt 

Gorollar IL Es gibt so viel CoUineationen an jK^, welche a in ^ uber- 
fuhren, als Projectivitaten unter den 6 Punkten eines Sextupels von K^ wirklich 
existiren. Hieraus sofort : 

Theorem F. — Wenn die Sextik der K^ eine Gruppe von h Projectivitaten gestattet 
80 gestattet K^r = 16 . Aj Raumcollineationen in sich. 



« Das Theorem folgt auch aus dem Satze von W. Stahl, Or. J., Bd. 98, 28. 

tCr. J., Bd. S6. Diese Tetraeder haben Doppelebenen zu Seiten, aber nicht Doppelpuakte zn Ecken, 
Oder dual. 

tCr. J., Bd.C, p.256. 
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11. 

Die 15 Involutionen, welche stets ezistiren, sind: 

1. (aaO(WO(cci)(bbO(«80.)(t.ts)(£i(£s)(»>,bs) • 

2. (aa,)(bb8)(cc,)(bb8)(aia,)(bab,)(c,c,)(bib,) . 

3. (aa8)(bbg)(cc,)(t>t)8)(flifl8)(Wt.)(ciC8)(b,b,) • 

4. (ab)(a,b0(a,b3)(o,b3)(cb)(c,b,)(c,b,)(c,t),) . 
6. (ac)(aic,)(a,c,)(fl,cs)(bb) (bib,) (b,b,) (b,b,) . 

6. (ab)(aibO(a,b,)(fl,b,)(bc) (b,c,) (b,c,) (b,c,). 

7. (ab,)(aab)(bcO(bic)(a,b3)(a,b,)(c,b,)(c3b,) . 

8. (ob,)(ba,)(cb,)(bc,)(oib3)(a,b:)(c,b,)(c,b,). 

9. (ab«)(a,b)(cb,)(c,b)(aib,)(agb,)(cib,)(cgbi) . 
10..(acO(aiC)(bbO(bib)(a,C3)(a,c,)(b,b,)(bsb,). 
U. (abOCaib)(bCi)(b,c)(a,b3)(a,b,)(b,c,)(b,c,) . 

1 2. (ac,)(aic,)(bb,)(b,b3)(ca,)(cia,)(b,b)(b,b,) . 

13. (ab,)(a,b,)(bc,)(bic,)(cbg)(c,b,)(ba,)(bia,). 

14. (ac,)(aic,)(bb,)(b,b,)(ca,)(cia,)(bxb,)(bb,) . 

15. (ab,)(bc,)(cb,)(ba,)(aib,)(biC3)(c,b,)(bia,). 

Die Sextik (aiacttt bcb) kann sechs verschiedene Falle bieten, insofem Projec- 
tivitaten in Betracht kommen.* 

I. AiOj,, a,i, cb sind 3 Paare einer Involution. r= 32. Die 16 neuen Col- 
lineationen sind : 

1. (ai««)(a8t)(cb)(ab,)(b,bg)(c,b3)(c0(c8)(b0(b,) . 

2. (abjbflg)(aiasb,b,)(cbibc,)(c,c,bgb,). 

3. (ab,ba,)(a8a,b,b,)(cb,bc,)(csbib,c,) . 

4. (ab)(fl,b,)(cb,)(cic,)(c,b)(bib,)(a,)(a,)(b,)(b,). 

5. (aa,)(oib,)(a8bi)(b,b)(c,b,)(c,b,)(c)(b)(c3)(bs). 

6. (flbjagb)(aiC,a,c)(bc,b,c)(bib8b,bi) . 

, 7. (ac3ajc)(aibga8bi)(bjC3b,Ci)(b,bbb,). 

8. (aa,bbg)(aib3bia,)(cc,bbi)(c,bjc,b,) . 

9. (aaibb,)(08b3a,b,)(cc,bb,)(cib,c,bi) . 

10. (a,b0(a,b8)(cc,)(cib,)(c,bx)(bb3)(a)(b)(a,)(b,). 

11. (ab,b,c,)(a,c,b8b)(o,cbib8)(a,bibCg). 

*Cf. mein Buoh: "Theorie der endlicben Oruppen Ton eindentigen Transformationen in der 
Ebene " (Berlin, Mayer ft MOller, ISiW). 
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1 2. (ac2bsbi)(ait),b,c)(a2bbiC,)(a8Cibl)2) . 

1 3. (at)ib3C,)(aicb2t)8)(a,C3bib)(<^8^«*Ci) • 

14. (aCib,t)2)(ait)b2C8)(a2b,bic)(a8C,bbi). 

1 5. (at)a8t)8)(aiCia8C8)(b8fc8bibi)(b8C8bc) . 

1 6. (aca8C8)(aibia8b2)(cib8C8bi)(b8b8*fe) • 

Die CoUineationen 1. 4. 5. 10. sind Perspectivitaten, deren Centren und 
Ebenen dasselbe Tetraeder bilden. Es sind 4 Weber'sche Tetraeder je auf eine 
Ebene znsammengesunken und K^ ist tetraedroidal. Umgekehrt : 

Theorem VL — let K^ dnfach tetraednroidal^ eo gestattet sie 2. IQ Gollineationen 
in aich, 

II. (ai)(a3)(a8c)(bb) bestimmen eine Involution in a. r = 4 . 16. Ausser 32 
CoUineationen der Art II treten auf: 

1- (ai)(a8)(c0(c«)(a8c)(ac8)(bib8)(bb)(b8b8)(bib2) . 
2. (b0(b8)(b0(b8)(ac)(aia8)(a8C8)(cb8)(ciC,)(bb8) . 
3- (b)(»>)(t^s)(b8)(ao8)(aicO(a2C,)(cc8)(b,b8)(b8bO . 

*• (^)W(<^8)(<^)(<^i^«)(<^«<^i)(^i*i)(^«*i)(^M(*^^8) ^°^ 12 CoUineationen der Art 
5. (ac2C8ai)(a8a8Cic)(bbib8b8)(b8b8bbi). 

Die CoUineationen 1.-4. sind windschiefe Involutionen und es sind resp. 
ajOj, CiCgj bibj, bibj; bb, b8b8; ac8, a^c die Axen. K^ ist auf zweifache Art Tetrae- 
droid, entsprechend den 8 Weber'schen Tetraedem 

di d} b| bg di (t| bi b} 

Ci c, bi bj bi b, Ci c, 

(t As b bs tt ^8 ^ ^8 

c C8 b b8 b bg c Cj. 

III. (ai)(a8a8bcb) bestimmen eine Projectivitat Index 6 in a. r = 5. 16. Die 
CoUineationen sind die 16 gewohnlichen und 4. 16 von der Art 

{ai){a^a^ bcb)(bib8ab8bi) (b8C8CiC8b8) . 

* 

Die Gruppe ist ** unzerlegbar '* und sehr beachtenswert. 

IV. (aia8b)(a8Cb) bestimmen eine Projectivitat Index 3 in a. r = 6. 16. Die 
CoUineationen sind 16 gewohnUche, 3. 16 aus I. und 2. 16 der Art 

(aia3b)(a8Cb)(bib8bi)(b8C8C,)(ciab8)(b8). 
12 
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Theorem VII. — K^ mit 6. 16 GolUnecUianen ist dreifdch tetraedroidal vmd die 
drei Knotentetraeder bUden eine desrnische Configuration. — Denn jedes der 3 Tetrae- 
der muss durch die Perspectivitaten eines anderen Tetraeders in das 3. Tetraeder 
iibertragen werden. Die 1 2 Weber' schen Tetraeder sind die beiden Quadrupel 
aus II. und 

as c b, bi 

a Cg bj bg 

a^ Ci b bs 

ai Ca bs b. 

Theorem YIII — Nimmt man in einer desmischen Configuration auf eHm/er der 
Linien h {Configv/rationsgeraden) einen Pv/nkt ah a, so bestimmen sich die sammtr 
lichen vhrigen 16 Punktedadwch ^ doss man in den Seitenflxichen der Tetraeder 
voUstdndige Vierecke construirt wehhe die Seiten dreiecJce der Tetraeder zu Dvagonal- 
dreiecTcen hahen. 

V. (ai)(a3)(ag bet)) bestimmen eine Projectivitat Index 4 in a. r=24. 16. 
Ausser 16 gewohnlichen CoUineationen, 6. 16 aus I., 3. 16 aus XL, 8. 16 aus IV. 
sind 6. 16 der folgenden Art vorhanden: 

1- («i)(«2)(«3*rt)(ab8Csb8)(bjbibib,)(ciC,) . 

2. (aiab2ba|a3bib8)(l>CiC8bgb8C8Cbi). 

3. (aia8b8b8a2abib)(bc8C8bib8CiCb2) . 

4. (aia,)(a,b8Cb8)(ab3Cb)(bib8b8bi)(ci)(c8). 

5. (aibiC8bi)(aa3)a«b8Cib8)(c)(c8)(bbb8b8), 6 



Die den 6 Involutionen I. entsprechenden 6 Quadrupel Weberscher Tetraeder 
welche auf Ebenenquadrupel zusammensinken, sind hier 



ai ttg bi bg 


ai a, bi ba 


as c ba bi 


aac biba 


b b baba 


b b bjbi 


Ci cs bi bg 


bi ba Ci Ca 


a Ca bi ba 


a Csbabi 


bi bi bs ba 


ba ba bs ba 


a as b bs 


a as b ba 


aa Ci b ba 


aa Cx bs b 


a c aa Ca 


aa Ca a, c. 


c C8 b bj 


b bs c Ca 


ai Ca bs b 


ai Ca b bs 


tti Ci as Cs 


di Cj a c. 



Indem man sie aus denen von IV zusammensetzt, sieht man : 

Theorem IX. — Die JE^ mit 24. 16 Collineationen ist 6'fiich Tetraedroid und die 
6 Knotentetraeder hilden eine harmmiiache Configv/raMon 244. 
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Durch diese 244 ist aber die K^ bestimmt. Namlich es gilt : 

Theorem X, — Zm jeder 244 gehOren drei Q-fach tetrdedroidale K^. In defi 

4 Seitenflachen einea Tetraeders werden die 4 Punkte erhalten ah die Ecken von 

Vierecken, in deren 6 Seiten die Ehene von den SeitenflSchen der zu ihm nicht des- 

mischen Tetraeder geachnitten vnrd. 

VL (aia2a8bcb) bestimmen ein cyclisches Sextupel. r = 9. 16. Ausser den 

CoUineationen in IV gibt es noch 16 aus I. und 2. 16 der Art : 

(aia,a8bcb)(b8CiC8bibgbO(^*ib8)(c2)- 

K^ ist vierfach tetraedroidal. 

In jedem dieser 6 Falle gestattet K^ die gleiche Anzahl von Correlationen 
in sich wie von CoUineationen. Cf. mein allgemeines Theorem Cr. J., Bd. CXVI. 
Calais (Reims) 1895. 



Note on Linear Differential Equations with Constant 

Coe^cients. 

Bt p. Franklin. 



1. In order to solve the differential equation 

we may put y = ve*", v being an undetermined function of a, as does M. Picard 
in his Trait6 d' Analyse, vol. Ill, p. 392. The result of this substitution in the 
first member of the equation is 

6"[/(a)«+/' (a) ^ + ....+/<'"(a)g +....], (2) 

and hence, if a is a j>fold root of the algebraic equation f{z) = , it is plain that 
the given differential equation will be satisfied by putting 

v=Co+G,x+ .... + G^^iX^-\ (3) 

where the (7's are arbitrary constants. 

2. The solutions thus obtained, and corresponding to the various roots 
«!, ttg, • • • • ttn of the equation /(z) = 0, appear to constitute a complete system 
of solutions of the differential' equation, since they comprise m particular solu- 
tions of the type a' e" ; but in order to prove that the system is really complete, 
it is necessary to show that there can exist no linear relation of the form 

Pi6-»* + P,c-»»+ +p„c^ = o, (4) 

where the P's are polynomials in a;. M. Picard proves this in a manner suffi- 
ciently elementary, but somewhat artificial and involving considerable detail. 
The impossibility of the relation (4) may, however, be shown instantaneously and 
without any calculation. 
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3. We have only to observe that if t; be a polynomial of the degree p — 1 , 

80 that t?, -=— , . . . • are polynomials of descending degrees, the expression (2) 

does not vanish unless /(a) =/' (a) = .... •=f^p-'^^ (a) = , i. e. unless a is a 
p-fold root of /{z) = 0. Hence, in order that y = Pe^ be a solution of a differ- 
ential equation (linear and with constant coefficients), P being a polynomial of 
degree 2> — 1 > it is necessary as well as sufficient that a be a ^fold root of the 
auxiliary algebraic equation of that differential equation. Now y=P,e*»* 
+ ....+ Pfi^"* is evidently a solution of a certain differential equation whose 
auxiliary algebraic equation does not possess the root ai ; but, by what has just 
been said, y = P^eT^' cannot be a solution of this last-named equation, and 
therefore cannot be identical with — (P,e^" +....+ P«e*^), so that the rela- 
tion (4) cannot exist. Q. e. d. 



On Certain Partial Differential Equations connected 
with the Theory of Surfaces.^ 

By Thomas Cbaig. 



Let u and v denote the parameters of the lines of curvature of a surface, p^ 
and ps the principal radii of curvature of the surface at the point (w, v), pi being 
the principal radius corresponding to the line v = const, (the w-line), and pg cor- 
responding to w= const, (the v-line). Denote further by J^j, R^ the radii of 
geodesic curvature of the lines u = const, and v = const, respectively ; let a, ^ , y 
be the direction cosines of the normal to the surface and write 



3*a5 jx_v^ ^x r^ -KT K^ d^x 



L=-^aii. M=2''Si = 0, ^=2aS. W 



We have now 



_ E G 

1 _ — 1 dE \ _ —\ da 



(2) 



JJa 2E>^G dv ' El 2Ga^E du 

We have further the following three equations connecting all of the preceding 
quantities 



fl du i?! Vpi p,/ 



(3) 



'^EG _ d^ s^ 4. A -^ (A\ 

pif^ '~ du Bi ^ dv Et ' ^^ 



Equations (3) can also be written 

d_ ^/E_ ^AE VjG| 
a© pi ^ * p8 



d_ >^_ _^ VE <" ^^^ 

du Pi jRi * pi ■ 



* " Sor une suite d'6quationB lin6airea auz d6riv6es partielles proveoant de la th6orie des surfaces." 
Comptee Rendua, Oct. 20, 1896, p. 684. In this note the letter e has been printed throughout for E. 



/ 
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Differentiating the first of (3) for v, and the second for v and eliminating — and — 
respectively, we have 

dudv ^ \^ ^ E, ^ B, Jdu p, Bi dv p, ~ ' ^ ' 

that is, — and — are particular integrals of the differential equations 
pi p8 

The differential equation satisfied by the coordinates {x^y^z) of the point (ti, t;) 
of the surface is 

From equations (5) we derive in the same way as above the following : 

^-^•°«^-^-^"-=°- (-' 

These are equivalent to (8) and (9) (that is, have the sanae invariants, or are 
derived from (8) and (9) by substitutions of the form ^^=X^') and have 

— — and ^^ respectively as particular integrals. 
Pi Pa 

The invariants of (^,i) are 

those of (jBj,) are 

z «. a* .^„»/G,^EU , _v:^ ,,., 



Form now the Laplace's series, 
.... (JBLa), .... (-E-a) , (J&. 
.... (^-o), .... (JE-ii), (^-i«), (^o«)» (-Bi«)» (^w) • • • • • (^«) 



. . . . (JE-a), .... (-E-a) , (J&-n)» (^oi)» (^u)i (^a) • • • • i (^n) . • . . ) /jgx 

.... J 
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It is easy to see by calculation of the invariants that these two series of equa- 
tions are equivalent, viz. the invariants of (^jk-i, g) and {E^^ i) are the same, or, 
what comes to the same thing, the equations in the lower line are transformed 
into those in the upper line by substitutions of the form z = /l2', denoting by z the 
unknown function and by ^ a function of (w, v). In (JE^b^i^,) replace ^-1,8 by 

"p- ^A-i, 8) ^^ ^®^ equation in ^*-i, ^ will be (JE5k, 1), that is, ^u--\, • = 4>w- This 
is for Te positive. For the negative values of h we write for ^^y^ the quantity 

^^ 4>-*2 and 80 transform (^_w) into (JE_(jfc_i) 1). 

We find readily the following relations for the invariants : 



hfi — A<-i^i — 






Jcn — A:<_i 2 — 



RiRt 
'sTEa 



<-l 



g^iog(|5A{r%-»....;i._,,). 



*-i 



A_a — A_(,_i).i— ^^ — g^ log (;^ JK-u'XitS .... *-(*-«. s) . 



^ 






jBi-Bg 



(16) 



(17) 



Dropping the letter k and using only h (i. e. A_i=^), these are 

Also , _, _ v:gg a» w/^^Ai-iAi-» A ^ 

A_(.+,,,-,A_^_-g^-^^log(^j^A_„A_„....A_«;. 

Before considering the general case, we shall examine the case where equa- 
tions (8) and (9) become identical. For this we must have 



(18) 
(180 
(19) 
(19') 



l^^^^=o, 



a , V-E^n 



(20) 
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From these we find readily 

E=U^V^, G-U,V^, (21) 

the IT 8 being functions of u alone and the F's functions of v alone. We have 
now for the linear element 

de'=U,V,(^-^du' + ^<M), (22) 

**•' ^*y <fe* = ^ ( Udi^ + VM") . (23) 

At 

In this case then the lines of curvature form an isometric system. The differ- 
ential equation satisfied by — and — is now readily seen to take the form 

a> 8 log a,* 3» _ 8iog;i* a^.-^ (24) 

dvdv dv du du dv ^ 

and that satisfied by the coordinates a:, y, 2 of a point on the surface is 

d'e a log a* de _^ aiog;i^ de _q .^^. 

dvdv . dv du du dv ' 

This is the adjoint equation to (24), since >l is of the form j^ \ tt / \ » ^^ ^^7 

(/j [u) K, (t?j 

simply ?7,F2, for now ^ ^ = . 

In the case then when the lines of curvature of a surface form an isometric 
system, and the linear element has the form 

GP=U^ (u) V, {v){ Udu* + Vd/v") , 

the partial differential equation satisfied by the reciprocals of the principal radii of 
curvature is adjoint to that satisfied by the cartesian coordinates of a point of the 
sunrface. 

The common value of the invariants of both equations is 

A = ;fc = ?Joga|aiog^*^ ^ |i^) (26) 

du dv u^iyi) yt{'^) 

It is not my purpose here to examine the general system of equations implied 
in (15), but we may look for a moment at the first of the Laplace's equations 
derived from (24) ; this is 

_a^ _a_iog^*A 8^1 d log ;i* 3^ ajog^ aiog^ _^ ,2^. 

dudv dv du du dv du dv 

13 
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The invariants are 



But 
therefore 



du dv dvdv 

dvdv ' 



(28) 



3Mog^ _ 
dudv 



0, 



and consequently hi = ki = h = k. 

The same thing will clearly be true of all the following equations of the positive 
end of Laplace's series, and from the known properties of this series in the case 
when the leading equation has equal invariants we shall have all the invariants 
of the negative end of the series equal and equal to the single invariant of the 
leading equation. All the equations of Laplace's series are therefore equivalent 
in this case, a fact which is indeed almost evident a j)riori. An extended study 
of equations (8) and (9) and the corresponding Laplace's series (15) will be 
undertaken in another paper. 



CONTENTS. 



Paqk. 
Theorie der periodischen cubisclien Transformationen im Raume ^3. Von S. Kantor, 1 

Theories of the Action of Magnetism on Light. By A. B. Basset, . . . .60 
On the Roots of Bessel- and P-P'nnctions. By Edward B. Van Vleck, . . .75 
Ueber Collineationsgruppen an Knnimerschen Flachen. Von S. Kantor, . . .86 
Note on Linear Dilferential Equations with Constant Coefficients. By F. Franklin, . 92 
On Certain Partial Differential Equations connected with the Theory of Surfaces. By 

Thomas Craio, ^^^ 



The subscription price of the Journal is $5.00 a volume; single numbers $1.50. 
Subscriptions from countries included in the Postal Union may be sent by international 
money order, payable to Nicholas Murt^ay. 

It is requested that all scientific communications be addressed to the Editor of the 
American Journal of Mathematics, and all business or financial communications to The 
Johns Hopkins Pre6S,'Baltimore, Md., U. S. A. 



PRESS OF THE FBIEDENWALD CO., BALTIMORK. 



AMEEICAN 



Journal of Mathematics 



Edited B>^,THOMAS CRAIG 
WjTff^ THB^ Co^t^PERA'^OX OF SIMON NEWCOMB 



y 



/ 



Published under the Auspices of the Johns Hopkins University 



llftaYiidzMi^ i/.ey-j^o^ ou ^Aerronei'OJi^ 



Volume XIX, Number 2 



BALTIMORE: THE JOHNS HOPKINS PRESS 



LEMCKE & BUECHNEU, New York 
G. E. 8TECHERT, New York 

D. VAN NOSTRA ND CO., New York 

E. STEIGEU & CO., New York 

KEGAN PAUL, TRENCH. TRChNER & CO., London 



April, 1897 



G ATI T H I E R- V 1 LLA US, Paris 
A. HERMANN, Paris 
MAYER & MClLER, Berlin 
KARL J. TRCrXER, Stramhurg 
I LRICO HOEPLI, Milan 



THE JOHNS HOPKIISTS PRESS, 

BALTIMORE. 

I. AMERICAN JOURNAL OF MATHEMATICS. 

I Edited by Thomas Craig, with the co-operation of Simon Newcomb. Quarterly, 4to. 

' Volume XIX in progiess. $5 per volume. 

n. AMERICAN CHEMICAL JOURNAL. 

I. Remsen, Editor. Ten noa. a year. 8vo. Volume XIX in progress. $4 per volume. 

III. AMERICAN JOURNAL OF PHILOLOGY. 

B. Ij. GliiDEiiSLEEVE, Editor. Quarterly. 8vo. Volume XVII in progress. $3 per volume. 

IV. STUDIES FROM THE BIOLOGICAL LABORATORY. 

Svo. Volmne V complete. $5 pei- volume. 

V. STUDIES IN HISTORY AND POLITICS. 

H. B. Adams, Editor. Monthly. Svo. VoJnme XV in progress. $3 per volume. 

VI. JOHNS HOPKINS UNIVERSITY CIRCULARS. 

Containing reports of scientilic and literary work in progress in Baltimore. 4to. Volume 
XVI in progress. $1 per year. 

VII. JOHNS HOPKINS HOSPITAL REPORTS. 

Volume Vr in progress. $5 per year. 

VIII. JOHNS HOPKINS HOSPITAL BULLETIN. 

Monthly. Volume VIII in progress. $1 p^r year. 

IX. CONTRIBUTIONS TO ASSYRIOLOGY, ETC. 

Volume III in progress. 

X. MEMOIRS FROM THE BIOLOGICAL LABORATORY. 

VV. p. BuooKS, Editor. Volume III complete. $7.50 per volume. 

XL ANNUAL REPORT. 

Presented by the President to the Board of Trustees, reviewing the operations of the Univer- 
sity during the past academic year. 

XII. ANNUAL REGISTER. 

Giving the list of oflBcers and students, and stiting the regulations, etc., of the University, 
Pnhlished at the close of the academic year. 

The University Circulars, Annual Report^ and Anmial Register will be sent by mail for one 
dollar })er annum. 

Communications in respect to exchanges and remittances may be sent to The Johns Hopkins 
Press, Baltimore, Maryland. 



SYLVESTER. 



J814— J897 

Professor Sylvester, who died in London on Monday, March 16, 1897, 
was the principal founder of the American Journal of Mathematics. He was 
its editor from its foundation in 1877 until he left the United States in Decem- 
ber, 1883; in this editorial service he had the assistance of successive associate 
editors. During the first ten years of the existence of the Journal he con- 
tributed to its pages upwards of fifty papers, the greater number of these being 
contained in the first seven volumes. It is undoubtedly owing to his interest 
and enthusiasm that the Journal has attained its position in the scientific world. 

James Joseph Sylvester was bom in London, September 3, 1814. He was 
educated at two private schools in London and at the Royal Institution, 
Liverpool, whence he proceeded to St. John's College, Cambridge. He was 
Second Wrangler in 1837, and received the degrees of B. A. and M. A. from 
Dublin University in 1841 and from the University of Cambridge in 1872; he 
became a student of the Inner Temple, July 29, 1846, and was called to the Bar, 
November 22, I860. He was for some time Professor of Natural Philosophy 
at University College, London, and Professor of Mathematics at the University 
of Virginia from 1840 to 1841. Afler his return to England he was for ten 
years engaged with a firm of actuaries. In 1866 he was appointed Professor of 
Mathematics at the Royal Military Academy, Woolwich, which position he held 
up to 1870. 

Afler an interval of a little more than five years, he was invited, at the 
opening of the Johns Hopkins University, in 1876, to become its Professor of 
Mathematics, which position he held until December, 1883, when he was elected 
Savilian Professor of Geometry at Oxford, succeeding Professor Henry Smith. 

He was elected a Fellow of the Royal Society in 1839, received a Royal 
Medal in 1860, and the Copley Medal in 1880. He was a Corresponding Member 
of the Institute of France, of the Imperial Academy of Science of St. Peters- 
burg, of the Royal Academy of Science of Berlin, of the Lincei of Rome, of the 
Istituto Lombardo, and of the SociStS Philomatique. He was a Fellow of New 
College, Oxford ; Foreign Associate of the United States National Academy of 
Sciences ; Foreign Member of the Royal Academy of Sciences, Gottingen, of the 
Royal Academy of Sciences, Naples, and of the American Academy of Arts and 
Sciences, Boston. In 1890 the " Decoration d'OfScier de la Legion d'Honneur " 
was conferred upon him by the President of the French Bepublia He received 
honorary degrees from the Universities of Oxford, Cambridge, Dublin and 
Edinburgh. 
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2. The forms of magic squares most familiarly known have been symmet>- 
rical, though not pandiagonal. It is not to be presumed that symmetrical 
squares should have been known so long, possessing the property, for the 
square of 7, that two centrally opposite numbers shall have 50 for their sum, 
and in general, for the square of 2n + 1 , that two centrally opposite numbers shall 
have {2n + lf+ 1 for their sum, without some one noticing that any n numbers, 
plus their opposites, plus the central number, making 2n + 1 in all, must form 
a symmetrical group having the same sum as that of any row or column. 
Granting that this observation must have been made, unknown to the present 
writer, it would yet appear that this property of summing symmetrical groups 
has been slighted beyond measure and without cause. In A, for example, there 
are 28 ways of summing 175 by rows, columns, and diagonals, while by refer- 
ence to the symmetric groups hundreds upon hundreds of other ways may be 
exhibited. If dealing with trifles like magic squares is worthy of an Euler or a 
Cay ley ; if in short it is legitimate, it is because amusement has value. Any 
one who writes a symmetrical square indelibly upon some substance permitting 
instant removal of temporary marks can excite much interest by marking the 
numbers composing a symmetrical group, and subsequently exhibiting in like 
manner many other such groups, all having the same sum. It will be assumed 
in this paper that symmetry is essential in every case. 

3. Pandiagonal squares, not S3anmetrical, have also been known for centu- 
ries. It is a property of pandiagonal squares, long known and easily recognized, 
that a row or column on one of the four sides can be transposed to the opposite 
side without destroying the magic and pandiagonal attributes of the square. As 
the operation may be repeated indefinitely, any number of rows or columns 
taken together can be transposed with the same freedom. By reason of these 
remarkable properties pandiagonal squares have received from some writers, 
beginning with La Hire, the name '* perfect," and from others, beginning with 
Lucas, the name ** diabolic." It is therefore possible to bring any given number 
in such a square, by not more than two transpositions, into the middle or any 
other given position. The square A, for example, is only one of 49 commutative 
forms, and of each of these forms there are 8 varieties, because any square what- 
ever may be turned upside down or sideways, or reflected in a mirror, without 
losing its identity. The other 48 forms are not symmetrical, but any one of 
them may be regarded as ** capable of symmetry," requiring only such transpo- 
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sitions as shall bring the middle number to the middle place. In most cases 
pandiagonal squares are not capable of symmetry. 

4. A special property of pandiagonal squares has been variously stated by 
analysts. The following description will probably be found as simple as the 
matter permits of. Choose two numbers in the square, certain combinations 
excepted, and note their relative location, observing how many places up or 
down, how many to the right or left, the second number stands from the first, 
and call this measurement the **step" between the two. It is forbidden to 
choose two numbers which, when divided severally by the root of the square, 
that is, the number of places on its side, say r, shall have either the same inte- 
gral quotient or the same remainder; provided, as regards the division, that 
when there is no remainder the quotient must be reduced by 1, leaving r as the 
remainder. Repeat the **step" by passing from the second number to a third, 
and so on until stopped by meeting the first number in the way. The cycle of 
numbers thus found will have the ** magic " sum. Thus, in A, 6 + 38 + 22 + 13 
+ 46+30 + 21 = 175. This property may be called **step summation." 

5. To produce a knight's path square which shall also be both symmetrical and 
pandiagonal, the root r being any odd number not divisible by 3 or 5, say 2n + 1 , 
we may begin in the middle, with the middle number, and write n numbers 
succeeding, following the knight's path downward and to the right. When we 
have set down the n*^ number from the middle, that is, having made n steps, this 
number being the first one reached which is divisible by r [in A, 28] , we must 
make a cross step before setting down the next number. This cross step may 
either be two places to our left and one down, or two to our right and one up, 
the general direction being at right angles to that of the previous steps, the 
knight's step always preserving its original character or "bend," viz. in any 
direction which it may take, two places forward and one to the left. [In A, the 
second of the two cross steps indicated is chosen ; otherwise 29 would appear 
where 20 is.] Proceeding now again in the original direction, until further pro- 
gress is obstructed [in A, 35 is such a stopping place, since the next step leads to 
the place occupied by 29], we find that a second cross step is necessary, similar 
to the one chosen for the first, and so on till the last number is written, when the 
cross step leads to the place where 1 must be written, after which the process is 
to be continued till the square is completed. [There is therefore a second 
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square having the properties of A, which the reader will, on laying out the 49 
spaces, have no trouble in filling up off-hand.] In this manner we may produce 
two squares, possessed of this combination of properties, for each odd root not 
divisible by 3 or 5. Or, we may begin by placing 1 in the uppermost row, just 
to the left of the middle column, if the form of cross step ** to our left '* is chosen, 
and write the numbers directly in their order, making a cross step when 
obstructed, till the square is completed ; or again, by placing 1 in the lowest row, 
just to the right of the middle column, and using the other form of cross step 
throughout. [See A.] A square of any size, however large, may be filled out 
in this way for the mere trouble of writing the numbers in their natural order. 
The rule has been given in both forms, starting from the middle and from 1 
respectively, the former method giving more insight into the principles involved, 
the latter being derived from the former with a little assistance from algebra. 
Again, we may start from 1 in any position and produce either square in a non- 
symmetrical form, requiring one or two transpositions, as already explained, to 
bring the middle number to the middle. 

6. What is here presented as a ''knight's path square," meaning a square 
containing the numbers in their natural order arranged along a path consisting 
throughout of knight's steps having the same bend, is but a special case, one of 
a class of squares having similar properties, a class which may be referred to as 
** uniform step squares." The square B, wherein r = 11, is a second illustration. 
In A, the uniform step was ** two places forward, one to the left," or left-bend 
knight's step. In B it is three places forward, whatever the direction may be, 

B. 

90 54 7. 81 34 119 72 25 110 63 16 

85 38 112 76 29 103 56 20 94 47 11 

69 33 107 60 13 98 51 4 78 42 116 

64 17 91 55 8 82 35 120 73 26 100 

48 1 86 39 113 77 30 104 57 21 95 

43 117 70 23 108 61 14 99 52 5 79 

27 101 65 18 92 45 9 83 36 121 74 

22 96 49 2 87 40 114 67 31 106 58 

6 80 44 118 71 24 109 62 15 89 53 

111 75 28 102 66 19 93 46 10 84 37 

106 59 12 97 50 3 88 41 115 68 32 
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then two to the left. The regular step, say from 61 in the middle to 62, or 
from 1 to 2, is three places down and two to our right, as we look at the square, 
our ** right" being **left'' to any one looking downward from the starting point. 
The cross step, say from 66 to 67, or from 11 to 12, is three places to the right 
and two up. A second square having the same properties may be produced by 
taking the opposite cross step, three places to the left and two down. If we 
count X places to the right and y places up, the regular step in B is defined by 
a; = 2, y = — 3, and the cross step (let us say the cross step to our right) by 
a;= 3, y = 2; and the cross step (to our left) for the other square would be 
defined bya;= — 3, y= — 2. The general rule, when r is prime and greater 
than 5, for producing a ** uniform step square " is, first to take for the regular 
step x:=aj y = — b, and for the cross step either x=by y =: a^ or x=z — J, 
y = — a, where b is any number from 2 to n inclusive, and a is any number 
above and less than &, provided that a* + b* is prime to r. Here, as before, n 
is such that r = 2n + 1 . (Otherwise we may, subject to the same rare excep- 
tions, define the choice of steps as from the middle place to any place in the 
south-southeast eighth of the square, using the points of the compass as in a 
map ; any place, that is to say, included between the middle column and the 
diagonal, below and to the right of the middle place. This space may at pleasure 
be transferred to any other desired eighth of the square by turning the square 
around or using a real or imaginary looking-glass, so that the restriction of 
movement from the middle to a small fraction of the whole space does not impair 
the generality of the method. The same remark holds concerning the use of 
steps having only the left bend, which in the mirror would of course appear as 
having the opposite bend, such variations not affecting the identity of the 
square,) Having chosen the steps, we must now proceed exactly as explained 
for the knight's path square in the preceding paragraph, except that another 
place must be found for 1, if it be desired to begin with 1 instead of with the 
middle number. For the knight's step, a= 1 , &= 2, and the place of beginning 
(with cross step to our right) is [see A] in the first row, counting from the 
bottom, and in the first column to the right of the middle column. When the 
cross step is to our left, the place of beginning is in all cases symmetrically, that 
is, centrally, opposite to the place of beginning when the cross step is to our 
right, so that it is unnecessary to discuss both cases. The latter case, '* to our 
right," is presupposed in what follows. For all steps in which a = 1 , the place 
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of beginning is in the first row, counting upward from the bottom ; if a = 3 , the 
second row ; if a = 6, the third row, and so on. If a = 2, it is in the first row 
above the middle ; if a= 4, the second, and so on. For all steps in which &= 2, 
the place of beginning is in the first column from the middle, counting to the 
right; if & = 4, the second, and so on. If & = 3, the place of beginning is in the 
second column, counting from the left; if 6 = 6, the third, and so on. Kjiowing 
these things, it is usually possible to begin the writing of the square by putting 
1 in any designated place not in line with the middle place. For example, let 
it be demanded, in a square of 13 on a side, that 1 be placed in the fourth 
column, and in the second row from the top. Here & = 6 , a = 3 , and the cross 
step is to our left. Or, let the assigned place be in the first column, and in the 
second row from the top. This requires that the direction of the steps be 
changed. We may treat the first column as if it were the top row, and, thus 
giving the square an imaginary turn of 90°, we shall regard the row next to the 
top as if it were the column next to that on the right. The problem now is to 
place 1 in the top row and in the second column counting from the right. For 
the directions thus altered, we have & = 3, a= 1, cross step to the left. In 
reality, the regular step will be three places to the right, one upward, and the 
cross step will be three places down, one to the right. 

7. For ** uniform step squares," regarded more generally, in which the step 
is defined by coordinates x and y , without restricting the direction of the step, 
we have for the cross steps the coordinates a/==^y, y=±a;, the upper sign 
referring to what has been spoken of as "the cross step to our right." Taking 
the middle place as the origin of coordinates, the location of the first multiple of 
r which is reached in order, after taking n steps from the middle number, is 
7M5, ny, or rather the remainder of these after division by r ; that of the number 
next higher, after making the cross step, is nx^y, ny±.x, and that of 1, readily 
deduced from these, 7i*^=^±ny, y'= qp^^c, both expressions being likewise 
subject to reduction by any multiple of r, because as a coordinate r = 0. Thus, 
as before, if aj = a = 1 and y = — & = — 2, the location of 1 is a/' = qp 2n ==h 1 , 
^^'==^71; that is, column di 1 , row =Fn , as in the preceding paragraph. From 
these two general formulas for the location of 1 , namely, a/' = d= wy , y = ^f nx, 
we learn that to produce a square after assigning 1 to column a/', row y", 
measured from the middle of the square, we have merely to add as many times 
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r respectively to a/' and y" as shall make them each divisible by n, thus deriving 
X and y at once. Thus, if r = 2n + 1 = 13, a/' = n — 1 = 6, y = — 3, the 
step for this location of 1 will be shown by a = (y + 3r)/(q= n) = =f 6, 
y = (x" 4- r)/(±: n) = db 3 , as in paragraph 6 . Since the signs of x and y when 
determined in this way depend on that of the cross step, two squares can 
always— subject to certain exceptions which will be noted — be developed from 
any location not in line with the middle which may be assigned to 1, one by the 
direct step, the other by the same step backwards taken with the opposite cross 
step. No step is available for producing a pair of ** uniform step squares," in 
which the numbers follow the steps in their natural order, including of course 
under this name the class of knight's path squares first described, unless r is 
prime to both x and y , and also prime to both the sum and the difference of the 
natural numbers indicated by those letters, as well as to the sum of their squares. 

8. Some attention may for a moment be drawn to those failing cases wherein 
r is not prime to a* + IP. It is not practically necessary to speak of composite 
values of r, the lowest of which, under the restrictions stated, is 49. Let us 
glance at the successive prime numbers 7, 11, 13, 17, 19, 23. For every value 
of r, if there were no failing cases, there would be i(r — l)(r — 3) steps, each 
producing two squares with opposite cross steps. There are 3 such steps for 
r = 7 , namely, a = l, — &=2or 3;a=2, — & = 3. There is likewise no 
failing case for r=ll, the steps being 10 in number, namely, a = l, 

— &=2, 3,4, or 6;a=2, —6=3,4, or 5;a = 3, — 6 = 4 or 5, a=4, 

— 6=6. For r = 13, the failing cases area=l, — 6=5; a= 2, — 6=3; 
a = 4, — 6 = 6; leaving 12 available steps. For r = 17 , the failing cases are 
a=l, — 6 = 4;a = 2, — 6 = 8;a=3, — 6 = 5;a = 6, — 6 = 7; leaving 
24 available steps. For r = 19 and r = 23 there are respectively 36 and 65 
available steps without failing cases. 

9. The most important novel element in the knight's path method, and in 
the more general uniform step method of which the knight's path method is a 
special case, consists in the exhibition of uniform steps by which the numbers 
are written down throughout in order, perhaps starting offhand with 1 in a place 
arbitrarily assigned. If for any purpose it be desired to follow the same series 
of steps while employing a series of numbers not in their natural order, it is 
possible to do so, and still to produce a square both symmetrical and pandiago- 
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nal, the path pursued, however, being no longer evident after completion of the 
process. The way of doing this will be shown most readily by an example, in 
which r = 7 , the same process being obviously applicable when r has other 
prime values. Let the numbers from 1 to 7 be arranged in any order, subject 
to certain conditions. The middle number, 4, must not be changed. The two 
numbers next to it on either side must have 8, that is, 3 + 6 , the same as before, 
for their sum. The two numbers next adjacent must have the same sum, 
and so on. Thus we may perhaps reach some such order as this : 3, 7, 2, 4, 6, 
1, 5. Call this series /Sq. Form another series, /Si, by adding 7 to each term 
of ;%; then another, 8%y by adding 14 to each term of S^, and so on till 7 
series, ending with /%, have been written down. Now rearrange the letters 
A%, Sij . • . . S^y retaining 8^ in the middle, in any order, provided the sum of the 
subscripts of any two equidistant from 8^ shall remain 6 as before, and suppose 
the result is S^, Sq, S^, S^y /Si, aS^, Si. If for these letters we substitute the 
numbers which they represent, we shall have as the result the numbers from 1 
to 49 arranged thus: 38, 42, 37, 39, 41, 36, 40, 3, 7, 2, 4, 6, 1, 5, 31, 35, 30, 32, 
34, 29, 33, 24, 28, 23, 25, 27, 22, 26, 17, 21, 16, 18, 20, 15, 19, 45, 49, 44, 46, 
48, 43, 47, 10, 14, 9, 11, 13, 8, 12. If of the three possible steps for r = 7 we 
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choose the knight's path, and of the two cross steps choose the one to our right, 
we shall follow the order of the steps shown in A, but by using the numbers in 
their new order we shall produce the square C, which is both symmetrical and 
pandiagonal, but in which the knight's path is not obtrusive to the eye. Some 
other uniform step, however, less known than the knight's path, should be chosen 
if complete disguise is desired. 

10. It is not diflBcult to prove that the method of uniform steps, for which 
one of the steps which may be chosen is the knight's step, must produce squares 
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both symmetrical and pandiagonal, provided the numbers are written in what 
may be called ** symmetrical order," that is to say, either in their natural order, 
or rearranged symmetrically in r series of r numbers each as prescribed in the 
foregoing paragraph. Any square so formed must be symmetrical, because the 
middle number of the middle series is the middle number of all and is set in the 
middle place of the square ; the two numbers next it either way have the 
uniform sum r* + 1 , one of them being located by a step forward, the other by 
a step backward, so as to occupy places symmetrically opposite each other ; the 
next pair of numbers are similarly opposite each other, and so on by pairs 
throughout. 

11. Any square so formed must be pandiagonal, because it satisfies La 
Hire's requirement for what he called ''perfect" squares. He divided the 
numbers into r series of r numbers each, without reference to symmetry, regard 
for which appears always to have been slighted, and nearly always unthought 
of, by writers on pandiagonal squares. His system of dividing the numbers into 
series, which has been fruitful in the hands of subsequent writers, was to regard 
every number as the sum of two constituents, say an elementary number p such 
as 1, 2, . • . . (r — 1), r, and a base number q such as 0, r, 2r, . . . . (r — l)r. 
The elementary numbers, after being arranged in any order, may be designated 
in their new order as ^i, p^, .... Pr, and the base numbers, similarly 
arranged in any order, as ^foi fti g^s • • • • ?r-i« -A.ny one of the original 
numbers, from 1 to r*, is known now as the sum of its two constituents, say 
?k + Pm« La Hire observed that if a square were first formed of g^'s, each q being 
repeated r times, in such a manner that the same q did not appear twice in the 
same line, that is, the same row, column, or diagonal, whole or broken, the 
square would be pandiagonal ; and that if another square were similarly formed 
of ^'s, each p being repeated r times, but arranged in some difierent order from 
that followed in the q square, this also would be pandiagonal ; and that the two 
squares might be superimposed, the constituents falling together being added so 
as to produce a " perfect " square. It is enough for us if the same series (see 
paragraph 9) is not represented twice in the same line, and that two numbers of 
the same rank in different series do not appear together in the same line. 

12. That the same series is not represented twice in the same row is plain, 
because each series of r numbers is located by r steps of uniform character, each 

15 
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measuring h places down, a places to the right, and h is taken prime to r. It is 
not represented twice in the same column, similarly, because a is prime to r. 
And it is not represented twice in the same diagonal, because each step leads to 
the {b + aY^ diagonal whose direction is downward to the left and to the (6 — a)^ 
diagonal whose direction is downward to the right, and both & + a and h — a are 
prime to r. Again, two numbers of the same rank in different series cannot 
appear in line together unless the two leading numbers of those series are in line 
together, for the several series march in, so to speak, parallel order with equal 
steps. We must therefore examine the steps by which the leading numbers of 
the several series follow one upon the other, steps which from the nature of the 
whole network must be uniform. It is sufficient to consider only the cross step 
to our right, the same reasoning sufficing for the case in which the other cross 
step is chosen. The regular step from 1 to 2, assuming for brevity that the 
numbers are in their natural order, is y = — &, a; = a. The step backward, 
therefore, from 1 to r, is y = 6, a? = — a. The cross step from r to r + 1 is 
y:=i a, as = &. The step from 1 to r + 1 is therefore y = & + a, aj = & — a. 
Since these numbers and their sums and differences are prime to r, no two of 
the leading terms l,r + l, 2r+l,...., can be in line together ; and it fol- 
lows, as stated, that no two numbers of the same rank in different series can be 
in line together, so that any square produced by the method of uniform steps is 
pandiagonal. 

13. The method must obviously produce a square whenever the step chosen 
is such as not to interfere with itself, so to speak, an interference which must 
happen whenever a succession, less than r in number, of cross steps, each 
defined by y^a, a; = &, leads to a place which is likewise to be reached 
from the same starting point by a succession of less than r regular steps, each 
defined byy = — &, a; = a. Let us suppose such a place to be reached by jp 
regular steps, and by q cross steps. Its location, taking the starting point as the 
origin, is y = — ph^=i qa, and x=:jpa = qb, each expression when greater than 
r being reducible by the subtraction of the arithmetical value of r or some mul- 
tiple of it. Thus, assigning due values toy and k, we have Jr — pb = ga, and 
qb = pa + Jcr. From these by multiplying we derive Jbr — pb^^^pa^ + kar, 
whence a* + 6* = iwr, where m = {Jb — ka)fp, and p is less than r. Inter- 
ference is therefore avoided (see paragraph 8) when a* + V is prime to r. Sup- 
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pose, for an example of interference, r=13,a= 1,6 = 5. Here m = 2, and 
the simplest values suitable are jp = 5,5'=l,y=2,Az=0; the first cross step 
clashes with the fifth direct. Again, suppose an attempt made to write a knight's 
path square with r= 25, a = l, b = 2. Here m =1/5 , according with jp = 10 , 
9=5, y=l, Aj = 0; the fifth cross step clashes with the tenth direct. When 
r is prime it is sufficient to assume 5 = 1, Aj = . 

14. In addition to uniform step squares, other forms may be produced which 
shall be both symmetrical and pandiagonal, proceeding as before by a regular 
step for the first series of r numbers, arranged symmetrically as in paragraph 9 
if not in their natural order, but using a different cross step. If for brevity we 
call the first of the first series 1 and the last of the same series r, the rule, when 
r is prime and > 3, may be laid down that the cross step from'r to r + 1 , the 
first of the next series, may be taken to any place not in line with 1 and not 
already occupied by a number of the first series. To prove this it is only neces- 
sary to show that the step*s 1, 2, 3, • • • • and l,r + l,2r + l,.... cannot lead 
to a common place of meeting before their return to the place of beginning 
where 1 is located. If one series of steps be denoted by a, y, the first place will 
be located by a, y; the second by 2x, 2y; the third by 3a: , 3y ; and so on to 
rxy ry, which is the same as 0, 0, the place of beginning. Let us suppose a 
second series of steps, each denoted by 2a;, 2y ; these will reach the same places, 
r in number, though in different order, namely, 2a;, 2y ; 4a:, 4y ; . . . . (r — l)a;, 
(r — l)y; (r +l)a;, (r + l)y, that is, a;, y; then 3aj, 3y ; . .. . ra;, ry, as before; 
and this must hold good whether 2x or 2y , if greater than r, is counted in full 
or reduced by r, since multiples of r will not afifect locations on the square. In 
the same way we shall see that a step from 1 to any one of the places in ques- 
tion, repeated r times, must reach each other of the same places and no other 
place. The like is true of the other series of steps, leading successively to the 
series of places of 1 , r + 1 , 2r + 1 , . . • . Since r + 1 was assigned to a place 
not occupied by any one of the numbers 1 , 2, • . • • r, the two paths are there- 
fore wholly distinct. The work may either be begun with the middle number in 
the middle place, or a square ** capable of symmetry" may be produced by begin- 
ning with 1 in any position. No discussion is here contemplated concerning 
the formation of squares of this irregular sort when r is not prime. It will be 
remarked that this variation of the method must be used when r = 5 , whenever 
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a square both symmetrical and pandiagonal is desired, since in this case r cannot 
be prime to a* + 6*, so that uniformity of step throughout is not possible. 

15. The reasoning of the preceding paragraph may also manifestly be 
applied to cases where the cross step is uniform with the direct step. It is to 
be remarked that it is not possible to take a cross step which shall have a differ- 
ent *' bend " while uniform with the direct step in other respects, because such a 
step would lead to a place for r + 1 in line with the place of 1 , which is for- 
bidden. The direct step being x^ina^ y= — &, the position of r, measured 
backward from 1, i8x= — a, y ^=b. The cross step with the other bend from 
r to r + 1 being a; = =f J, y = zfca, the position of r + 1 , measured from 1 , is 
found to be a; = — (a =h &) , y = di (a db 6) , showing that r + 1 and 1 are in 
line diagonally with each other. This explains, for example, why no attempt 
has here been made to produce a knight's path square with a cross step having a 
different bend from that of the direct step. It is almost unnecessary to observe 
that if r +1 were in line with 1 the line could not have the magic sum ir (r*+l), 
since its sum would be l+r+l+ 2r + l +....+ (r — l)r+l = ir(r*— r + 2). 
When a different cross step is used, as in paragraph 14, it is not impossible to 
produce squares both symmetrical and pandiagonal for odd values of r, such as 
1 5 or 25 , which do not permit the off-hand formation of uniform step squares. 

Part IL — The Figure^fEight Method. 

16. Symmetry, when the root r is even, is less useful a quality than when 
the root is odd, as there is no middle place from which to measure distances. 
The pandiagonal quality is still essential, when r is divisible by 4. It is not 
feasible for other even values of r. Let us assume without further repetition 
that r is divisible by 4 . Pandiagonal squares of the best form for such values of 
r — let us call them ** complete " squares — possess the following combined prop- 
erties : first, they possess all their properties without diminution however much 
the rows and columns may be transposed (see paragraph 3), differing in this 
respect from symmetrical pandiagonal squares for odd values of r ; second, they 
possess additional magic summations by blocks of four, any small square of four 
being chosen as a block, and enough blocks being chosen, overlapping or other- 
wise, to make up r numbers in all ; third, each number is complementary to the 
one distant from it i r places in the same diagonal. The second property pro- 
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D. 

1 63 3 61 12 54 10 56 

16 50 14 52 5 59 7 57 

17 47 19 45 28 38 26 40 
32 34 30 36 21 43 23 41 
63 11 55 9 64 2 62 4 
60 6 68 8 49 16 61 13 
37 27 39 26 48 18 46 20 
44 22 42 24 33 31 36 29 

duces a fourth, that of alternate equivalent couplets. For example, the square 
D is one in which r = 8 ; in which every block of four has the sum 130, so that 
any two blocks have the magic sum 260 ; and in which every number and 
its diagonal fourth have the sum 65. The sum of any two overlapping blocks 
being equal, it follows that all alternate couplets have equal sums. Thus 
1+16 = 3 + 14, 50 + 47 = 52 + 46, 63 + 3 =47 +19, and so on throughout 
without exception, both vertically and horizontally. A fifth property is an easy 
consequence of the fourth. The alternate couplets being equivalent, the four 
comers of any rectangle whatever, having an even number of places on each 
side, constitute a block again possessed of half the magic sum, so that any \ r 
such blocks, however diflFerent in size or shape, whether apart or overlapping, 
will have the magic sum. The magic and pandiagonal properties themselves 
follow necessarily in these squares from the third and fourth : as regards the 
whole and broken diagonals, directly from the third, or perhaps rather from a 
sixth property which is a corollary of the third, namely, that any selected i r 
numbers in the square added, to the i r numbers complementary to them in the 
same diagonals respectively, distant each from its complement ^r places, will 
have the magic sum. Of each row or column, one-half is composed of the com- 
plements of couplets which are alternate with and equivalent to the couplets 
composing the other half, so that the row or column again has the magic sum. 
What is obviously to be desired is a simple method of producing squares pos- 
sessed of the second and third properties, from which all the others are thus seen 
to follow. The problem is in fact to distribute ^r* non-complementary numbers 
in i r adjacent rows or columns, forming one-half of the square, so as to exhibit 
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the second or "blocks of four" property throughout the whole square when it is 
completed by adding the complementary numbers. 

17. The square D was devised by what may be called the figure-of-eight 
method, because the order in which the rows are first written bears some resem- 
blance to the figure 8 laid on one side, the usual sign for infinity. The upper 
half of the square was first filled as indicated below. By following the 

1 2 3 4 12 11 10 9 

16 15 14 13 5 6 7 8 

17 18 19 20 28 27 26 25 

32 31 30 29 21 22 23 24 

order of the numbers from 1 to 32, the reason for using the phrase in question 
will readily be seen. The numbers in every alternate column, second, fourth, 
etc., were then replaced by their complements, and this supplied the upper half 
of D, the lower half being added by writing in the complements as indicated in 
the last paragraph. The rule therefore for producing '* complete " squares is to 
write the first \t numbers in the first row, then drop to the second row, return- 
ing backwards along the first row and dropping to the second so as to complete 
both rows in what we may call the figure-of-eight manner. The next two rows 
must come next in the same way, and so on till half the square is filled, when 
every alternate column is to be replaced by the complementary numbers, after 
which the rest of the square is to be completed by writing down the complement 
of each number in the same diagonal, \ r places lower down. The numbers may 
be arranged in their natural order, or in an appropriate artificial order, as will 
be seen later, but no other variation is proposed. 

18. Let us see what happens upon taking the odd numbers first, as seen 
below. If we replace the first, third, fifth, and seventh columns by writing in 

1 3 5 7 23 21 19 17 

31 29 27 25 9 11 13 15 

33 35 37 39 55 53 51 49 
63 61 59 57 41 43 45 47 
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lieu of them the complements of the numbers composing them, and supply the 
lower half, we obtain the *' complete" square B. We might begin also by 

E. 

64 3 60 7 42 21 46 17 

34 29 38 26 66 11 52 15 

32 35 28 39 10 63 14 49 

2 61 6 57 24 43 20 47 

23 44 19 48 1 62 5 58 

9 54 13 50 31 36 27 40 

55 12 51 16 33 30 37 26 

41 22 45 18 63 4 69 8 

writing the even numbers, but the result would be the same square, upside down, 
written backwards, and transposed. It is also to be remarked generally that 
it makes no real diflFerence which set of columns is selected for replacement, 
whether the first, third, etc., or the second, fourth, etc. If, for example, the other 
set of columns had been replaced in this case by the complementary numbers, the 
resulting square would have been what E becomes after such transpositions as 
are required to bring 1 to the upper corner on the left hand. The reader 
will find on trial that the numbers may also be taken at intervals of 4 , viz. 
1,5, 9, • • • • 61, followed by 2, 6, 10, • . . . 62. Illustrations of like results for 
larger squares, as where r=12, r = 16, etc., may be multiplied to any extent. 

19. Since other ways of arranging the numbers in order are doubtless avail- 
able, while certainly the numbers cannot be arranged at random, it becomes 
necessary to examine the principle underlying this method, so as to ascertain 
the limits within which the order of the numbers can be changed. Let the first 
r numbers in the required artificial order be ai, a^, • • • • a,.; the second r numbers 
6i, bfi, . . . • &r, and so on. Let the sum of any vertical couplet of the first and 
second row, as first arranged, be Si] of the second and third row, s^, and so on. 
This is then the first arrangement : 
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The relations which are required for our purpose are: ««. + 6r+i-« = *i> 
&aj + ^r+i-sr = *»> . . . . ?a. + m^+i_a.= s^ and also, as will be shown immedi- 
ately, vn^r^m — iflT = hr-^-m — «« = ^ another constant sum, positive or negative. 
Also, no two of the numbers in this scheme, representing the first arrangement of 
the upper half of the proposed square, can be complementary, that is, their sum 
must not be r* + 1. Let us represent r* + 1 by p. It is immaterial whether the 
alternate columns be replaced by the complementary numbers before or after the 
lower half of the square is filled out complementarily ; for the moment, we may 
assume the lower half filled first. The two expressions here given for t correspond 
to those preceding them, to this extent, that if we denote by s^^ the constant sum of 
numbers in the row beginning with m^ and those respectively below them in the 
first complementary row, viz. p — J^^, • . . . , we shall have m^r+x + p — &» = «m » 
so that t represents s^ — p . The foregoing relations are sufficient, because when 
they exist any two adjacent vertical couplets must have the same sum, say h^ 
and when one of these two couplets is replaced by its complementary couplet, 
the sum of which is 2p — A, the block of four thus formed has the required 
sum 2p. Since any two adjacent rows have constant sums, each row and the 
second, or fourth, etc., row from it must have constant differences, so that l^ — a. 
= wia; — 6a is constant for values of x from ^r + 1 to r inclusive ; or let us say 

that l^T^a ^ir + x^^ Wl|,.^a, ^ir + B = fl'j * COUStaUt. ThCU, gr = < + tta. Ct^r + B 

= < + i* — **r+»* From this, if we take t — gr = t^ , we have this special rela- 
tion, a^r +» = «^ + «•> iir + « = % + 6,. For the next two rows, similarly, c^r^» 
= tijj + c,, rf|r+aj = Wjg + dg., and so on for every pair of rows. Conversely, if 
the rows are thus arranged, the final relation first stated, containing <, and 
involving the first complementary row, will follow. We may therefore choose 
J r numbers, Oi, Oj, • • • • a^,., and by adding Ui to each derive successively a^r+i 
to ar ; then J^ = ^ — a,., h^^^ s — ct^^i, • • • • ; then Cj = Oi + ^, ^ = ^'a +i^f 
• • • • C|,. = a|,. +jp; then c^r+i = Ci + i^g, . . . . ; then (^= h^+p and so on. For 
ei we must introduce another constant, say g, such that ^i = Oi + 5 ; and for e^r+i 
another, say u^ ; and so on. Thus, if a represent any one of the original J r 
numbers chosen, the others will follow as in the schedule marked F, h being 
derived by subtracting the proper a from s. The choice of the original numbers, 
«i to a^,., is restricted by the requirement that they, with all the numbers derived 
from them by the assignment of s and of the differences p^ q^ • • • • ^ Ui^v^y • •• • ^ 
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F. 
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whether such differences be positive or negative, making \ r* numbers in all, shall 
be non-complementary throughout. 

20. The simplest illustration is derived, of course, from the 
case r = 4. The three available sets of values corresponding to 
the three pandiagonal squares of 4, all of which are necessarily 
"complete," are shown in the margin. Other values of ai, etc., 
reproduce the same squares. It would involve much study to 
determine the number of possible complete squares of 8 and assign the values 
corresponding. In the simple case D, where the numbers are taken in natural 
order, we have «=2r + l = 17, 'Wi=t^ = ^r=4, ^=2r = 16; and in 
general, for the natural order in all cases where r = 4w , we have w^ = ti^ 
= .... = 2w, ^ = g=....= 2r, «=2r + l. An obvious variation is ob- 
tained by changing the order of the numbers a^, o^, • • • • a^ri while retaining the 
same values of «, t^, etc., and this sort of variation is available for every com- 
plete square, however obtained. The result is to interchange the columns in 
like order, prior to the complementary substitution. In any complete square 
the odd-numbered columns, first, third, etc., of the left half may therefore be 
interchanged in any order, provided those of the right half are interchanged in 
like order, and the like is true of the even-numbered columns among themselves. 
By turning the square, columns become rows, so that the like is true of rows. 
It is easy to show algebraically that for squares turned partly around, or written 
backwards, or both, the numbers in their new relative positions are subject to 
the same rules of formation. For example, if the square D be so turned that 
the top row reads 44, 37, 60, .... , we can have ai = 44 , Og = 66 — 37 = 28 , 
08= 60, a4= 12, » = 66, tii= — 10,jp = — 2, 1/, = — 6. 

16 
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21. No square can be '^ complete " which cannot be analyzed according to 
this method of formation, as shown in F. Each block of four, which must have 
the sum 2p, is composed of two pairs of numbers, or couplets, whose sums 
respectively are, let us say, a and ^ . If the second couplet is assumed to have 
been derived from an earlier one by complementary substitution, the sum of the 
earlier couplet is 2p — ^ = a, so that any two adjacent couplets must, prior to 
the substitution, have had the same sum a. This, together with the stated prop- 
erties of the complete square, is all that was presupposed in paragraph 19. 

22. There are many ways more or less formal, of arranging the order of 
the numbers in applying the general method, besides those simplest ways men- 
tioned in paragraphs 17 and 18. It will often be convenient to begin by select- 
ing 2r numbers in arithmetical progression such that if to each be added p^ 
positive or negative, for r = 8 ; ^ and q separately, for r = 12 ; three such con- 
stants, for r = 16, and so on ; the numbers so found, including the original 2r 
numbers, making i r' in all, shall all be different and non-complementary. The 
2r numbers so taken may then be arranged in r pairs having a uniform sum «, 
the largest being paired with the smallest, and so on. Then, taking only one 
number from a pair, it is necessary to choose ir numbers for a^a^, etc., such 
that the other ir shall severally differ from them respectively by a constant 
difference t^^. As an illustration, let r = 12, and let us choose the first 24 for 
our 2r numbers, in pairs, having a =26, viz. 1-24, 2-23, 3-22, 4-21 , 5-20, 
6-19, 7-18, 8-17, 9-16, 10-15, 11-14, 12-13. We may elect to take 
for the first six a's 1 , 2, 3, 7, 8 , 9, since by adding 12 to each, say t^ = 12, we 
reach the other six pairs as required, giving the other six a's. If now for the 
utmost simplicity we choose pz= qz=: 24,tf| = t^3=12, the numbers throughout 
assume this order, when arranged in figures-of-eight : 

1 2 3 7 8 9 12 11 10 6 5 4 

24 23 22 18 17 16 13 14 15 19 20 21 

25 26 27 31 32 33 36 35 34 30 29 28 

48 47 46 42 41 40 37 38 39 43 44 45 

49 50 51 55 56 57 60 59 58 54 53 52 
72 71 70 66 65 64 61 62 63 67 68 69 
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Part III. — Previous Approaches to these Methods. 

23. The annexed squares G and H were produced some four centuries ago 
G. H. H. 

22 47 16 41 10 35 4 38 14 32 1 26 44 20 %yi t5 ^^ a x6 fiS x 

5 23 48 17 42 11 29 5 23 48 17 42 11 29 s xy (iv! v^ (i^ la xB 

30 6 24 49 18 36 12 21 39 8 33 2 27 46 xa %B vi J^ ^ x^ (is 

13 31 7 25 43 19 37 30 6 24 49 18 36 12 ;i 6 x8 fid t>7 ^6 t/? 

38 14 32 1 26 44 20 46 15 40 9 34 3 28 (iQ i€ (i 6 Tifi y xyj 

21 39 8 33 2 27 45 13 31 7 25 43 19 37 ^y ;Ux f xf (ly td X^ 

46 15 40 9 34 3 28 22 47 16 41 10 35 4 xfi (i^ i6 (la t ^8 

by Moschopulus of Constantinople.* His original Greek form of H is given here as 
a matter of interest. For the printer's convenience the cursive digamma repre- 
senting 6 is replaced by 6 . It will be seen that G is symmetrical and that H is 
pandiagonal and '' capable of symmetry." Only a single author, so far as the 
writer's knowledge extends,t has noticed that certain pandiagonal squares are 
capable of symmetry ; and it is most remarkable, for example, that the possi- 
bility of producing from H a square both pandiagonal and symmetrical by 
removing the two upper rows to the bottom should have escaped, if indeed it has 
escaped, the attention of the many acute computers, including a number of 
excellent mathematicians, who have dealt with this subject. The author referred 
to is the Rev. A. H. Frost, J who rediscovered the second rule of Moschopulus, 
unaware of its history, and indeed reproduced H in a varied form, and announced 
that squares derived by that rule could be made symmetrical. His object, how- 
ever, was to produce pandiagonal squares, and in speaking of symmetry he 
referred only to the location of complementary numbers in opposite places.|| 

*See Gunther, ^^ Yermischte IJntersuchungen,'' Leipzig, 1876, for many historical details concerning 
magic squares, including a reprint of the essay of Moschopulus. The squares G and H had already been 
reprinted, in our notation, with an account of the methods of Moschopulus, by Mollweide. 

t This saving clause, which for convenience will be suppressed in what follows, will kindly be under- 
stood and supplied by the reader concerning every other historical statement herein contained. It is 
needed, for very many have written on this subject in all sorts of odd ways and places. 

I Quarterly Journal, XV, 48, dated by author February, 1877. 

II See paragraph 2, ante. A previous paper by Mr. Frost will be mentioned later. 
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24. The second rule of Moschopulus, illustrated by H, is merely that special 
case of the method of paragraph 14 wherein the direct step is the knight's, two 
places down and one to the right, and the cross step four places down. Another 
rule involving a cross step in our sense, that is, for example, when r = 7 , the 
step from 7 to 8 and not the step from 1 to 8, was given by Mr. Frost in an 
earlier paper,* in which, with the knight's step down as the direct step, he pre- 
scribed one place up for what is here called the cross step, and remarked that 
squares so produced are capable of symmetry. Cross steps were treated freely 
by the late President Barnard of Columbia College.f who prescribed analytic 
tests by which to learn whether any given cross step is permissible in connection 
with any given direct step. The simple criterion of paragraph 14 could not 
have occurred to him ; and in fact in his discussion of cross steps he had always 
in view the transition from 1 to 8 — using the same example — rather than that 
from 7 to 8. It is perhaps owing to so many writers having followed La Hire 
in attending to the relation between 1 and 8, and to so few having followed 
Moschopulus in attending to that between 7 and 8, that the idea of a cross step 
uniform with the direct step has not heretofore been brought forward. Like 
other writers, Barnard appears not to have thought of the possibility of pro- 
ducing odd squares both symmetrical and pandiagonal. 

25. Apart from Frost, the only writer known to have produced, even 
casually, in isolated cases, odd squares at once symmetrical and pandiagonal is 
Frolow,;|; who showed that the symmetrical square G becomes pandiagonal if its 
rows be written in the order 6, 3, 7, 4, 1, 5, 2, making a new square which we 
see to be the same as H with the two upper rows written below the others ; and 
that a single square formed just like G for each other prime value of r above 3 
becomes likewise pandiagonal by a similar commutation of rows. Like Frost, 
Frolow failed to extend the notion of symmetry beyond the bare remark that 
two complementary numbers lie opposite each other throughout. 

26. The property of **step summation" explained in paragraph 4 was 
described fully by Barnard as pertaining to all ** perfect," here called pandiag- 

• Quarterly Journal, VII, 97, dated by author August, 1864. 

f Johnson ^8 Cyclopedia, first edition, article ^' Magic Squares"; an able and comprehensiye treatise. 
The preface of this volume bears date August, 1876 ; the title, 1877. 
r' Le Probl^me d'Euler," St Petersburg, 1884. 
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onal, squares. From his subsequently referring to the later part of his treatise 
as original, it may be presumed that this point was drawn from some earlier 
author. It was independently discovered and published in 1877 by Frost, and 
again published by him later in the article *' Magic Squares" of the Encyclo- 
paBdia Britannica. Unaware of its earlier discovery, he gave it the name of 
'•nasical summation," from the village of Nasik in India, where he resided when 
first engaged upon this subject. 

27. No uniform step square, whether by the knight's step or any other, 
appears to have been produced heretofore having the pandiagonal property. A 
symmetrical knight's path square was devised by Euler, for the case r = 6. It 
may be found in the Encyclopsedia Britannica. 

28. The proof in paragraph 14 of the independence of two paths is identical 
in principle with that suggested by Frost for the independence of the various 
"normal paths" existing within a square of given dimension. The criterion of 
paragraph 14, thus proved, may also be drawn from the analytic data of Bar- 
nard's treatise, which would have aided materially any one to whom it had 
occurred to experiment with uniform steps, though it gives no hint towards origi- 
nating that idea.^ 

29. The "blocks of four" property, for r>4, seems due to Benjamin 
Franklin, whose square of 16 is reprinted by Giinther. It is not pandiagonal, 
nor does it follow any uniform law, but it is so ingeniously put together that 
every "block of four" without exception has the uniform sum 514. Three 
errors, obviously typographical, require correction. 

30. The " blocks of four " property is to be found in an incomplete form in 
many known pandiagonal squares, that is to say, it holds good for many blocks 
of the square, but not universally. In one at least, namely, the " magic square 

of squares " set forth by Barnard, both properties are universal, but the square 

■ 

*Thi8 idea, in point of fact, occurred to the writer when he was examining, on page 209 of Giinther's 
treatise, a square of 18 produced by the second rule of Moschopulus. He had, while unacquainted with 
the papers of Barnard and Frost, been working up aU possible symmetrical pandiagonal squares of 5 by 
diophantine methods. A chance observation that the published square of 18 was what is here called 
^^ capable of symmetry " led to an investigation of this method of Moschopulus, and to its extension as 
now shown. 



120 McClintock : On the Most Perfect Forma of Magic Squares^ etc. 

fails in what is here stated as the first property of a complete square, that any 
row or column or any number of rows or columns may be transposed without 
changing in any manner the properties of the square. The special square 
referred to is not arranged complementarily in the manner defined here to be 
essential. 

31. But one complete square appears to have been published heretofore, and 
that unconsciously, the existence of the "blocks of four" property not being 
mentioned. It was given as a pandiagonal square by Frost in his paper of 1877. 
Determining its elements according to the present method, they appear, in their 
simplest form, to be: r = 8, ai=l, 0^=7, a, = 3, 04 =5, «=17, % = 8, 
jp= 16, w, = 8. 

32. Writers on magic squares have always recognized peculiar difficulties in 
producing pandiagonal squares when r is odd and divisible by 3 , and have confessed 
its impossibility when r is even and not divisible by 4. The two methods now 
brought forward deal with all classes of cases in which general methods for pro- 
ducing pandiagonal squares are supposed to be possible, and introduce for the 
first time the summation of symmetrical groups as a main object together with 
the pandiagonal property. In addition to this element which characterizes both 
methods, that method which relates to odd squares introduces the further novel 
element of "uniform steps," with an easy rule for steps not uniform; and that 
which relates to even squares combines the further element, due separately to 
Franklin, which is needed for what is here called the "complete" square, a 
square produced at once by the simple process of the " figure of eight." 
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Section I. 



§1. The present paper is complementary to a previous one* which dealt 
with the equilibrium of bodies of nearly spherical form. The method is practi- 
cally the same, but the differences in detail are considerable. The treatment of 
the vibration problem is tantamount to assuming that answering to a natural 
type of vibration in a perfect sphere there is a very similar type of nearly equal 
frequency in a nearly spherical body. The principal object is to find what may 
be regarded as the change in pitch due to a small change in the shape of the 
surface ; the result shows what effect an absence of perfect sphericity has on the 
frequency of vibrations. The present memoir thus does for irregularities in the 

* American Journal of Mathematics, vol. 16, p. 209. 
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shape of the surface what a previous memoir,* ** On Some Compound Vibrating 
Systems," did for irregularities in the structure of the material. 

§2. The first thing required is the complete form of the displacements and 
stresses for the vibrations natural to a sphere. These I shall simply quote from 
a previous paper,t slightly altering its notation. 

Let r, 6, ^ denote the usual polar coordinates, 6 answering to the colati- 
tude, and ^ to the longitude. Let A denote the dilatation, and u, v, w the dis- 
placements at the point (r, 6, ^) in the directions of the fundamental elements 
dr, r d$, r 8m Od^ . Also for shortness let 

a» = p/(m + n), i3» = p/n, (1) 

where p is the density and m , n the elastic constants in the notation of Thomson 
and Tait's Natural Philosophy. 

Then as types of the dilatation and displacements we have, taking hj 2n as 
the frequency of vibration, 

A= cos kt 7^* Ji+i{Jcar) FX, (2) 

w=cosA*[^ |i^""*«^<+*(^^) — ^"*'^«^i+*(^^)[ y^i 

+ r'^Ji^,{k(ir)Zi^i]^ (3) 

•■ = "»*' i [- iK? '^"'*' <*••■' ^'T- + fFTD ••"" ^ ''•''*'<'^) ^*] 

^=^'*'sisi^[-;p^^"'-^'-^*(^^)^^^^ 

Here Ji^^{x) denotes that solution of the Bessel equation 
which is finite, zero, at the origin a: = . 

^Cambridge Philoeophical Society ^s TransactionB, toI. 16, p. 189. 

t Cambridge Philosophical Society's Transactions, toI. 14, pp. 810-818. 
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The heavy letters, Yi, etc., denote surface harmonics of degree i, which may 
be all the same or all different, while the letters F<, etc., represent their arbi- 
trary constant multipliers. The TT letters answer to the **pure transverse"* 
vibrations in a perfect sphere ; they do not occur at all in A . The Z letters and 
the Flatters with suffixes other than 0, are connected with the type ** mixed 
radial and transverse"* vibrations. The "pure radial"* vibration may be 
regarded as answering to Fq, with Y^ = 1 . 

§3. In exhibiting the values of the stresses, it is convenient to use the 
following abbreviations : 

FT,= [rO,etc., (6) 

-* ViJ^M'' — 2 (t — l)(i + 2) , /, V 

+ I ik^T)* - 2 (» - 1)(1 + 2)}^+^^)] = rD,, 



H7) 



{harf 

Using these abbreviations, we have for the typical terms in the stresses 
employing the expressive notation of Todhunter and Pearson's ''History of 
Elasticity ....," 

*See Camb. Phil. Soo. Trans., toI. 16, p. 842. 
17 
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mjn C08 to = ^, [ FJ + rB, \Z;\ , (8) 

+ ^co8ec0r,i?;[F;], (9) 
^ cosecernP'tCTrj, (10) 



;^/nco8to=-^|;(7,[70 + ,A[^0}+^^4r,5,[F;], (11) 

;^/«co8^=^-ji^^{.(7.[ra+^,[Z0}-^ir,5.[Trj, (12) 

^ln COS U — ~i- cosec 6 ],<?, [FJ + ^, [ZJ f 

§4. The surface will in every case be supposed to approach closely to that 
of a sphere of radius a, and we shall have frequent occasion to employ the 
values of the stresses when r^=ia. We shall thus for brevity write 

Ai^ etc., for ^-^o etc., 
X for haa^ 
y for Jc^a^ 

-^ , etc., for the value of-,- ,.-4i, etc., with r put = a after differentiation. 
da ar 

The following relations will be found useful : 

^i=a+(2/'-2a^-2)(^,+ 2a)/|y«-2(i-l)(t+2)}, (14) 

F,= -2\B, + i{i+l)D,\/\f—2{i-l){i^2)\, (15) 

G, = -2{A,+ 2C,)l\f-2{i-l){i^2)l (16) 

^^= j^^^l^^l^^ (17) 

Ai?;-5,^,= ]y*-2(i-l)(i+2)}-^[-2i(t + l)(AA-5iQ 

— 5,{(3/^-2x»)A. + (3y»-4a:»)(7,}, (18) 
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Air,-£,(?,= )3^-2(!-l)(<+2)(-'[-4(4,i)^B,0,)+ j^-j^^S,], (19) 

«^ = ^*-i^o (24) 

^.a^'-5,a^' = {2/»-2(i-l)(»+2)r[2t(i+l)iy-(»-l)(* + 2)[ 

Aa^-aa^'={2/«-2(i-l)(i+2)}-'[2]x»-(i-l)(* + 2)} 

X(^,A-gi^0-(3y-4a^)C7aig,+A)+y'| ^~ ^^~^^ j)"^ ^^ [g.a], (26) 
Aa^*-Cia^'={2/'-2(i-l)(i+2)}-^[-2{2/»-3(»-l)(i+2)} 

x(J,A-AC;) + (32/*-4x«)A(^*+2a)-iy*aA], (27) 

^,a ^ - fi,a ^' = ]y«_2(i-l)(t+2) }-'[- {y«-4(i-l)(i+2) } (.l,A-5,^0 
+(32/»- 4««)5,a- 2j(^j {y*-4(*- l)(t + 2)(2/'-«») 
-2{Zy'-4af)\A,Bi\, (28) 

^a ^' — 5.a ^ + ^,J?; — 5,^, + if + 1 — 3)(.4,5; — B, 6=0 

= - {2/«-2(t- l)(t+ 2)}-3[{3^+2(*-l)(i+ 2)}(^A--B.a) 

The form in which several of these results are put forward is intended to facili- 
tate their calculation when 
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§5. In any specified material xjy is to be regarded as a known numerical 
quantity. Perhaps the simplest material to deal with is that which, though of 
ordinary rigidity, is nearly incompressible ; for it n is finite, but n/m , and so 
x/y, vanishingly small. For a vibration of finite frequency in such a material y 
is finite, but x very small, and in any given expression we need retain only the 
lowest power of a;. If we do so we much simplify many of the results. Thus, 
-for instance, putting for shortness 

a~*x~*Ji+ ^ (x) = X, 
we may take 

«'?+♦(«) = 4 (2*+ l)a*xX, 

A=\y'-2i{i-l)\X, (30) 

G, = -2ii-l)X, (31) 

A,D^ — B,G,= [{y»- 2*(*-l)} D,+ 2 (i- 1)5JX, (32) 

AF, - B,E,= - \f- 2{i—l){i + 2)}-^ [2i{i + 1){AA-B^G,) 

+ y»\y»—2{i — l){i + Z)\B,X], (33) 

A,H,-B,G,= - |y»- 2(»-l)(*+ 2)}-»[4(ii,A-^,^«) 

-?(i^).V'Jy*-2*(*-l)}5.^]. (34) 
- a^ = i\i^—2{i-l){i-2)\X, (36) 

a^ = -2(t-l)(i-2)X. (36) 

§6. In the case of free vibrations, one of the constants appearing in the 
expressions for the strains, stresses, etc., may be regarded as arbitrary, being 
determined by the amplitude of the vibration. The ratios borne to it by the 
other constants are to be determined from the three surface conditions : 



where ^^ (ij v are the direction cosines of the outward-drawn normal relative to 
the fundamental directions dr, rdd, r sin ddp. 
If the equation to the surface be 

r = a(l + e(r), (38) 
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where (t is a surface harmonic, s a small positive or negative numerical quantity, 
we have as a first approximation 

while to a second approximation 

^ = >-*H(*)"+(5I^|)"}- 



^ = -e(l-«r)*' 



r = — f(l — 6a) — 



1 da 



(40) 



sin c2^ ' 

Section II. 

^7. The first application of the method is to the case of approximately pure 
radial vibrations in the material contained by the surface 

r = a(l + 8,(rO, (1) 

(Si being a surface harmonic of degree t, and si a small numerical quantity. 
If the surface were truly spherical, the displacement 

u=coBUTj^[\'^.i^-J[{kar)], (2) 

where Fq is an arbitrary constant, would alone exist. The frequency hjin of the 
fundamental and higher vibrations would be given by 

(pr)r^a=0, 

or a^ = 0. (3) 

Let us now assume that when (1) is the equation to the surface there is a 
type of vibration in which (2) is ihQ principal term, there being other necessary 
subsidiary terms of the order si of small quantities. 

Supposing we go as far as terms in cf , then the contribution of (2) to the 
first of the surface conditions (37), Section I, i^, omitting the cos A^, 

In this Yq is treated as a constant, ^o ^ & function of a, the abbreviation 
Ai for f^Ai, etc., being used as in Section I. 
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Similarly, omitting likewise co8 Jet, the contributions of (2) to the second 
and third surface conditions are respectively 

_„ *l(i-.^,+ ,^^^)^r., and-..^ ^(l-«T,+ .^^^)^.r.. 

We can get rid of all the terms of order st in the surface conditions by intro- 
ducing as svbsidiary terms those typical terms in (3), (4), (5), Section I, whose 
coefficients are Yi and Z^ putting 

Yi= Zi = (Ti. 

To get rid of terms of order ef other harmonic terms would be required, but 
as the knowledge of these is not actually required for our present purpose, we 
need only mention their existence. 

The first surface condition may now be written 

[>+-"^ + H..,r^^ -,,. 1©)*+ (ai, I')'}] ''^' 

+ other harmonic terms of order cj = 0. (4) 

For the second surface condition we have 

+ other harmonics of order gj = 0. (5) 

The third surface condition may be derived from the second by writing 

-T— for 



sin 6 dxp dd * 

In all cases Yi and Zi are to be treated as constants during differentiations. 

§8. The coefficient of <r< in (4) must vanish, thus we have as a first approxi- 
mation 

AiZ+B,Zi = -Y^fi^'. (6) 



Chbee : Isotropic Elastic Solids of nearly Spherical Form. 129 

Again the coefficient of -^ in (5) — which is also the coefficient of-; — 5 3-^ 
^ dd ^ ^ Bind d^ 

in the third surface condition — must vanish ; thus to a first approximation 

G,Y, + D,Z,= T^,E,. (7) 

From (6) and (7) we get as first approximations 

r, = - e,To (d^ ^ + B,E,) -^ {A,D,- B^). ^ 



(8) 



Returning to (4) we obtain the frequency equation by equating to zero the terms 
independent of surface harmonics. Since in the constant terms the coefficients of 
Yi and Z^ are of order £«, it suffices to substitute for these the first approxima- 
tions (8) ; before this substitution is effected, the differentiations indicated in (4) 
have to be carried out. 

Since the first approximation to the frequency equation is 

^ = 0, 
it is obvious that the terms arising from 

may be neglected. 

Thus when powers of €< above the second are neglected, we get for the fre- 
quency equation, dividing out by Fo, 

X {c„n.t. term in „! I - ^ I const, term m (§)'+ (^^ |)'} ] = 0. (») 

Supposing the effect of the departure of the surface from the truly spherical 
form has been to increase the frequency by the amount hhl^n^ then h — hh 
must be a solution of the equation 

ilo = 0. 
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Consequently, neglecting 8Jt^, we must have 

But aMo being a function ofka, and ^o being to a first approximation zero, we 
may in the coefficient of Sk/k put 

k—^ = a^ 
dk da ' 

and thus get 

The two frequency equations (9) and (10) must be identical, thus 

f 



3fc _ —4 






xjconet. term in <r?}-^o {const, term in (^*y+ (^-^i-^ ^y\ 



(") 



§9. It is a simple matter to find the constant terms in al and 

(^) + (sEd ^y «^P"^^«d ^ ^"'^ace harmonics. 
It is in fact obvious that, putting cos 6 = /£, 

Xi yo d\diid^=J_^ J^ (constant term in <^)d^d^; 

/. constant term in <^ = — Jf_^ J^ aldfidp. (12) 

The value of this integral is known for the ordinary forms of Laplace Functions. 
For instance,* if 

<r, = P,,(M)coBx»= ^3 ;;-;._^^ (l-M')i^,fi(^)co8.», 

*See Ferrers' *^ Spherical Harmonice," pp. 85, 86, or Todhunter's '^ FunctionB of Laplace ....," 
p. 168. 
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where P^ denotes ^^ zonal harmonic and x is integral, 

J_^ X*'oldfid^= 2n \i — x\i + x ^[i2i + 1)| 1 .3 (2i— l)}»] . 

Similarly constant term in (^*) + (^-^ ^^ 

(see Cambridge Philosophical Society's Transactions, vol. 16, p. 33). 
Thu. coa.t,«,t term in (^)'+ (O-^ |.)' 

= i (i + l)(constant term in aj ) . (13) 

Employing (12) and (13), we throw (11) into the form 



F = — liisXtT'^'^'^x 



da 



4«*^"~»(*+i)^o 



da* 






.(14) 



§10. For a given value of i, the change of pitch is the same in all cases in 

1 Jo ^l^l^^^ ^^ ^ constant value ; its sign is independent of that of f<. 
We may simplify (14) by means of the relation 

where S is the area of the surface of a sphere of radius a, S + SSi that of the 
surface (1). 
18 
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We may also employ the first approximation frequency equation (3) inside 
the square bracket ; doing so, we may put 



^%d*Ao I dA^ __2 {Jeaa) \m + n f — 8n ( 3m— w) _„ y*— 8 (3/— 4x') 
da* / da UcaaSHm + n)*— An (3m— n) «*— 4 (3m»— 4x») ' 



(&aa)*(m + n) 
TP / dAf^_ 2n(3m — n) 

^'r~d^- 



i) y«_4(3/-4x») 

_ — 2 ( 3/--4^) 



(16) 



(iaa)*(OT. + n)«— 4n (3m — n) y*— 4 (32/»— 4x») ' 

where x and y have their previous significations. 
We may thus replace (14) by 

^ = |^pf^l2^-4(3/-4x»)}-'[y«-2(*^ + i + 4)(3y»-4x») 

+ {y*-4(3y»-4:^)}(i)^^*-C7^^)/(^,A-fi,0i) 

+ 2 (3y» - 4x»)( Aa ^ _ 5^ ^) /(^A - 5*^)] • 



(17) 



The employment of the results (25) and (27) of Section I renders it unneces- 
sary to actually perform the differentiations occurring on the right of (17). The 
values to be assigned to x and y in (17) being determined by (3), are to be 
regarded as known quantities. Professor Lamb'*' has actually determined the 
values of x/n for the six notes of lowest pitch for a series of values of Poisson's 
ratio. 

Section III. 

§11. In a perfect sphere the vibrations next in simplicity to the pure radial 
are the pure transverse. We thus proceed to consider some vibrations approxi- 
mately of this type in nearly spherical solids. 

The first case we shall consider is when the surface is the nearly spherical 
spheroid 

r = a(l+63^8), (1) 



and the principal term in the displacement is 

where TFi is a constant, and the rest of the notation is as before. 



(2) 



^Proceedings London Mathematical Society, vol. 18, p. 
15, p. 157, or Love's ** Treatise on Elasticity," vol. 1, p. 818. 



\\ see also Trans. Camb. Phil. Soc., vol. 
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The stresses r^j 6^ answering to (2) would be given over a spherical surface 
of radius a by 

r^/n cosArf= — iWiuB^-^ , 



eilncoBkt = -^W,aF, U{i+l)P,+ 2^L 



(3) 



where B^ stands for ^B^, etc. 

In the present instance the change in the frequency has a term of the order 
f), so we may neglect terms of order el and take for the surface condition 

^-e,^ei=0. (4) 

Having regard to (4) and to the relations 

p dPi_ 3t(t-f 1) dP<-8 , i^ + i — 3 dPj 

* m ~ 2 (2i — i)(2t + 1) rfd "^ (2i — i)(2t -\-2) m 



"^2(2t + l)(2» + 3) m '■ 



(5) 



9(i— l)(t4-2) dP^ _ 3{i-\)i{i + \) dP^+, , . 
^(2t — lX2i + 3) d6 (2* + l)(2i+3) dd ' ^^ 

dP' 
we see that the addition to (2) of subsidiary terms of the same type in — -^^ 

dP 

and — :^*^ is sufficient to solve the problem. We thus assume in place of (2) 

«? = - coakt^ [Tr,_,P,_,r-*J',_,(*ii3r) + TF;P<r-*J,+i(A!/3r) 

+ lF,+,P,+,r-*Ji+,(A;/8r)]. (7) 

where we know Tr<_», TTi+j to be of the order s, of small quantities. 

Referring to (3), (5), (6) and (7), we see that the surface condition leads to 

i' + t-3 p . Si(i+l)P,^, } 
^ (2t — 1)(2» + 3) * ^ 2(2i+l)(2i + 3)J 

+ caJ' ^f 3t(i + l)(i + 2) p 9(i-l)(»+2) p 

^'»"^*<Wl (2t-l)(2i+l)^*-' (2i-l)(2t + 3)^* 

3(t-l)*(i+l) p 11 
^(2»+l)(2i + 3) *+*jJ 

+ Tr,_,a5,_,^« + |r,+,aA + ,^'= 0. (8) 
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As this holds all over the surface, we may equate separately to zero the coeflB- 
cients of the difierentials of the three harmonics. Doing so, we find 

'^'-/"'• = (2^^ipr^){(*+ 2,«^.-ta^(aB.)} /«B._.. (9) 

The value of W], is supposed to be given by the known amplitude of vibration, 
so that (9) and (11) determine Fi_j and Wi^%. 

§12. For the frequency equation we have (10), which becomes for the per- 
fect sphere 

A = 0. (12) 

Reasoning similar to that in Section II leads us to the conclusion that if Skj2in 
be the increment in the pitch due to the departure from the spherical form, the 
equation 

■^•-x"^ ('■*'>=<' 

must be identical with (10). 
Thus we get 



(13) 



In the coefficient of e^ we may regard k as possessing the values it would have in 
a perfect sphere, i. e. as being a root of (12) ; and it is easily shown from (15) and 
(21), Section I, that when B^ = o, 

^^ = -f'i{y'-ii-i)ii+^)\' (14) 

Employing this result in (13) we get 

J^ _ _ (>-» + i-3)y»-(t- 3)(i - l)(t + 2)(i + 4) , . 

k - '* (2i- l)(2i + 3){3^ - (t- l)(i +2)]— ' ^"' 
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where y = k^a is the root of 

2yJ?+*(y)-3^<4.*(y) = o. W 

which answers to the note of the transverse type under consideration. 

§13. The functions cTi + j (y) take conveniently concise forms involving sines 
and cosines. These will be found for values of i up to 5 on p. 42 of Gray and 
Mathews' ** Treatise on Bessel Functions." Their substitution will be found to 
lead to comparatively simple frequency equations for small values of i. The 
equations answering to i = 1 and i = 2 were discussed by Professor Lamb in his 
valuable paper in the Proc. of the London Math. Soc., vol. 13 (see his equations 
(38) and (43)), and the numerical values of the smaller roots will be found there 
and in Love's ** Treatise on ... • Elasticity," vol. 1, pp. 318-9. 

In the case t = 1 we need not trouble about the form or roots of (16) for 
our present purpose, because (16) reduces to the simple form 

Sk/k = €j6. (17) 

The pitch is thus altered in the same proportion in all the notes ; it is raised 
or lowered according as the surface is prolate or oblate. 
For ♦ = 2, (16) takes the form 

tany = y(2^-12)/(5y«-12), (18) 

and the six lowest notes are approximately given by 

y/n = . 7961, 2.2716, 3.3469, 4.3837, 5.4059, 6.4209. 

In this case (15) becomes 

J^__ f» 2M18 (.^. 

k ~ 7 y'-4' ^^^^ 

It follows from the above values of the roots that ^k is here always opposite in 
sign to 62 f or the pitch is raised or lowered according as the spheroid is oblate or 
prolate. For the higher notes, when ^ = 2, 

Sk/k=:—6j1 (20) 

becomes an increasingly close approximation. 

For all values of i successive higher roots of (16) become approximately 
successive even or successive odd multiples of n/2. Thus when i is not large 
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we get from (15) as an approximation for .all the higher ''harmonics" 

5A/Aj=-6,(»^+i-3)/{(2i-l)(2i + 3)}, (21) 

a result which, of course, includes (20). 

On the other hand, when % is very large we get as an approximation in the 
case of the fundamental note and lower harmonics 

Sk/k= — 6^/4. (22) 

This last result, and likewise (21) when i exceeds 1, represent a change of pitch 
opposite in sign to e^. 

Section IV. 

§14. As a second example of transverse vibrations, consider the solid con- 
tained by the approximately spherical surface 

r = a{l+e,P,) (1) 

vibrating approximately in the rotaiory* type given by 

ti?/cos kt=:^Wi sin $ r^^J^ (*/?^) i (2) 

where Wi is a constant. 

Answering to a displacement 

w/0OBkt=- Wj^r-^Jj^,{kpr), (3) 

where TFJ is a constant, we have over r=^a, 

ri/n cos Ja=—iWiaBj^, (4) 

ei/n COB Ja = ^WjaFji^J{j+l)Pj-2ii^]^, (5) 

where ii = co&6. 

For y= 1, 6^ vanishes and so the contribution of (2) to the surface con- 



dition 
is only 



5?-ei^*«?=0 (6) 

d 



(l + BiPta ^) Wi sin 0a A/2, 



*Profe8Bor Lamb's tenn for case <= 1. 
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'•"' I'+inn |-W..-A-.)<.^}lF..ineai(,/2. 

It is thus obvious that when we neglect terms in s] it suffices to add to the value 
of i(?/cos kt given in (2) the subsidiary terms 

where TFi^i, TFi+i are constants. 

From principal and subsidiary terras combined we get as the surface con- 
dition 



aS.+ .^^(ai».)^|(P...-P.-.) 



+ (Tr,.,/r,)aS,_,^" i.(r.+,/IF,)aB,+,^ . (7) 

As this holds all over the surface, we may equate separately to zero the coeffi- 

dP dP 
cients of — ^=i , — ^±^ and the constant term. We thus 6nd 
dfi a^ . 

and finally for the frequency equation, 

a-Bi = 0. (10) 

Since (10) is identical with the frequency equation in the perfect sphere, r^=^a^ 
the change of frequency in the present case is zero when terms of order c} are 
neglected. 

This at first sight appears inconsistent with the result obtained in (17) of 
Section III, that in the special case of the surface 

r=a{l+B,P^) 

there is, in the case of the vibrations of approximately rotatory type, a change 
of pitch given by 

* See equation (11), p. 46 of Todhunter's ^^ FanotionB of Laplace . . . /' 
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The explanation is simply that t = 2 constitutes an exceptional case. The work 

of the present section in reality tacitly assumes that -^-^ , *""^ and *"*"^ are 

all different, which is not true when i=2. The case «=2 must thus be 
excluded from the range of the present section ; it clearly is the only case in 
which the tacit assumption is not true. 

§16. When we desire to go as far as terms in cf , we get in place of (7) 
Wi j aBi + icf a* -^ {aBi) X constant term in PJ t 

H-constant terms in [^.P.a ^| Wi^iaB,^^ ^^ + W.^iaB,^^ ^^'\ 

By the " constant term" in Pf , for instance, is here meant the value of Ai in the 
series 

or 

P5 ^ (-4i + -4j + • • • . -Aji^i) + 6P, {A^ +•...+ -4,4^i) + • . . . 

= Go+ C^P^ + say. 

To determine A^ we notice that 

A«»to, cr./t'i1<^=X>.i1<V. (13) 

Now it is easy to prove 

pp- 3(i-l)j p . »(* + !) p. 3(i + l)(i + 2) p 

^^^'- 2(2i— l)(2t + 1) *-• ^(2i— l)(2i + 3)"^* ^ 2(2» + l)(2t + 3) '+" 



therefore 



= 2i(i+l)-^|(2i— l)(2i+l)(2t + 3)}. 
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Hence by (13) 

(7,= 5i(t+ l)-5-](2t— l)(2i+l)(2i + 3)}. (14) 

But by the equivalence of the expressions for Pf, 

^,= ^0— 167,, 
/. -4i=3(i»4-i— l)-5-|(2i— l)(2i+l)(2i + 3)f. (15) 

In a somewhat similar fashion we find, with like forms of expansion in differ- 
entials of harmonics, 

constant term in P^^^^ =z — 3(i— l)^-^|2(2^— l)(2t + 1)}, (16) 

constant term in P, ^^±1 = 3 (« + l)(i + 2) -i-{ 2(2i + l)(2t + 3) }, (17) 

. .. . dPA.,. ,^ D o dPi_i] 3(i— 2)(»— l)t(t+l) /-a\ 

constant term in ^* | (» + l)(t + 2) P« + , — 2(1 ^^^ I 

_ 3i(i+l)(*+2)(t+3) , . 
~ 2(2i+l)(2i+3) • ^^ 

We thus convert (11) into 



"^' + *^ {ii-l)(t'+l}(ii + Z) "^ d^ <''-^'' 






Substituting from (8) and (9), we find 

34 r i^+i—1 „t cP 



"^■~ 2(2i + l) L~ (2J-l)(2t + 3) ^ ^(*^») 

+(2?^i5fe^4!?^^ 



19 
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§16. Reasoning as before from the identity of this with 



we find for the increment in pitch due to the departure from the truly epherical 
form 

da 



_ . e? i^ + t — 1 da* ^ " 



«-l)< «^(«a-.)-(«-2)(i + l)a^.-. 



"•"(21 — 1X21 + 1) aBi_i 

(20) 



. (i+l)(.-+2) a^W.0-^(^'+3)a^.,. 



(2iH-l)(2i+3) a^i + x 

In the coefficient of ej we substitute for A, after differentiation, that root of 
(10) which gives the first approximation to the frequency of the vibration under 
consideration. For any such value of k it is easy to prove 

a'^(«B.)^a^«.B.) = -2. 

Also in general from (15), (21), etc., Section I, 

a^(aB,)-y-I)y + 2)aj; 

— 5^ = - ' - ^''l^<- 

Thus we can replace (20) by the more concise formula 

^k _ _. ef r 4(i^ + t- 1) 
k * 2i + lL(2t— l)(2i + 3) 

^2t+ll(2i-l)5,_i^ (2i+3)^,+, JJ- ^^^^ 

This can be further simplified by the result 

BJF.= \yJ',^^(p)\/J,+,{p)-i, (22) 

deducible at once from (7), Section I. 
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The values to be ascribed to y are the roots of (10), whose approximate 
values* are given by 

y/7«= 1-8346, 2-8950, 3*9225, 4*9385, 5*9489, 6'9563, etc. 

The algebraical expressions for the Bessels involved for value of s from 1 
to 5 are given, as already stated, on p. 42 of Gray and Mathews' Treatise, but in 
the absence of a complete table of numerical values, the numerical evaluation of 
hhlh from (21) would prove somewhat tedious. 

Section V. 

§17. The third and most complicated type of vibration in the perfect sphere 
is the "mixed radial and transverse." As an example in which the principal 
terms are of this type, we may consider the vibrations in the nearly spherical 
spheroid 

r = a(l + 6,P3), (1) 

for which the principal terms in the displacements are those with the coefficients 
Ti, Zi in (3), (4) and (5), Section I. We shall take the simplest case when 

The requisite subsidiary terms are also of the mixed radial and transverse types, 
and depend on the harmonics P<«2 ^.nd P^+g. 

When terms of order f| are neglected, it will be seen from (8) to (13) and 
(37) of Section I that the first surface equation is 

+ P,_,(^,_,F,_8 + 5,_,Z,_,) + P*+2(^,+,I^+,+ 5,+8-Z;+.) = 0. (2) 
In like manner the second surface condition is 

•See Love's Treatise, vol. I, p. 818. 
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The third surface condition, as there is symmetry round d = 0, is of course 
identically satisfied. 

In dealing with (2) and (3) we require the values of PjP* and -^ -^ 

dP dP dP d?P 

in terms of spherical harmonics, and the values of P, -^ , Pi -^ and -^ -^^ 

in terms of differential coefficients of spherical harmonics, as given in equations 
(30) to (34), p. 306, vol. 16 of this journal. Employing these, we deduce from 
(2), by equating separately to zero the coefficients of P««2, Pi and P^+g, the fol- 
lowing three equations : 

Ai__^Yi^^ + Bi^2^i-^2 

Ai^2^i+% + A + J-^i + S 

dp 

Similarly treating (3) and equating separately to zero the coefficients of Jr* , 

f' and ^% we get 

+ {i+l)\G,Z + H,Z,)], (7) 

— 3 {Ei 7, + F,Z,) - 3 («»+ i — 3)(G, Z + S,Zi)] = , (8) 

-.'(tf,r, + 5.2,)]. (9) 
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§18. We see from (5) and (8) that in a perfect sphere the frequency equa- 
tion arises from the elimination of Yi and Zi between the two equations 

A,Y,+ B,Z, = 0, (10) 

aF, + A^. = o, (11) 

and so is A^D^ — B^Ci = . (12) 

This supplies of course the first approximations to the values of h in the present 
problem. 

Use may be made of (10), (11) and (1 2) to simplify any terms containing b% ; 
in particular, e^{GiYi + DiZ^ may be neglected in (4), (5) and (6). 

We may obviously determine in terms of F< the constants Ti-t, Zi^% from 
(4) and (7), the constants 1^4.2, Zi^^ from (6) and (9). 

For the frequency equation we eUminate !FJ and Z< between (5) and (8), 
obtaining on reduction 

+ (t» + i - Z)(a^ ^ - Bfl ^) - 3 {A,F, - B,E,) 

- 3 (i^ + * - Z){A,Hi - B,G,)] = . (13) 

Reasoning from (12) and (13) as before, we deduce for the increment Bk/2n 
in pitch, due to the departure of (1) from the truly spherical form, the result 



Sk^ _ — 3e, iji + l) 

k ~ (2i— l)(2i + 3)(_ 3 



A^^-£^^-\-A,F,-B,E, + {t^ + i-ii){A,H,-B,G,) 
a^{A,D,-B,G,) 



]■ 



(14) 



Referring to (27), (28) and (29), Section I, and making use of (12), we find on 
reduction 

8k _ — 3g, p(*+l) 

k ~(2t— l)(2t+3)L 3 

y'{y'-4(i-l)(t+2)[^! 1 , 
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In (15) we are to substitute for x and y the values they possess for the root 
of (12) under consideration; the value of m/n, and so of x/y, being supposed of 
course known. 

§19. For most values of m/n the determination of the roots of (12), and of 
the corresponding values of -4</C< to be used in (15), would unquestionably be 
tedious. The special case of a nearly incompressible material of finite rigidity 
is however comparatively simple. For it, using (30) and (31) of Section I, we 
obtain at once from (15) 



r t'(f+i) _ -{y'-g<(i-i)VMy'~4(i-i)(i+a ))- 1 ^ (iq) 

)L 3 ^y«-2yM2i-l)(2t+l)+12y*i(i-l)(t+l)t8t+l)-8i(i-l)»(i+2)(3t«+4i+^ ^ ^ 



6k _ — 8e, 

k -(2i-l)(2i+8)| 

Here y is a root of 

y4_y»(2t-l)(2i+l)+2(i-l)i(i + 2)(2i + l) 2yJl^,{y) _ , . 
f-2{i-l)i{i+2) + J,^,{y) -"' ^"^ 

which is the form taken by (12) when x/y = 0. 

For values of i up to 5 the values of 2yJl^^{y)/Ji^^{y) are obtained at 
once from the table on p. 42 of Gray and Mathews' Treatise, and the correspond- 
ing frequency equations it will be found are by no means very formidable. 
Thus for i = 1 , (17) takes the form 

tany = y(2/*-6)^{3(3^-2)[, (18) 

and for i= 2, 

tany= — 2/(5^— 92y»H- 480)/(y«— 25y* + 2522^ — 480). (19) 

These equations were originally given by Professor Lamb in his paper already 
referred to (Proc. London Math. Soc, vol. 13), and in the same source will be 
found the approximate numerical values of the lower roots, viz. for (18), 

y/n= 1-2319, 2-3692, 3-4101, 44310, 6*4439, 6-4528, 

and for (19), 

y/7t= 0-8486, 1-7420, 2-8267, 3-8709. 

For i = 1 we deduce from (16) 

Sk ^, y + 12 (20) 
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and for < = 2,* 

^^ _ x, y'-36y' + 6763^-2176 , . 

Jc - ^^*y«— 30y* + 360y»— 1216' ^ ^ 

Numerical values of hhlh are thus easily obtainable in these two cases for the 
several values of y recorded above. 

It is obvious when i = 1 that hhjh is even for the lowest note of the same 
sign as e%. But when i = 2, hk/h is always opposite in sign to 6$. 

In the general case of incompressible material, when i is not very large, we 
deduce from (16) for very high notes — i. e. for large values of y — as an approxi- 
mation 

hhlh = — 68 (t» + i — 3)-^| (2i — l)(2i +3)}. (22) 

Here when t exceeds 1 , the sign oihhjh is opposite to that of e%, or the pitch is 
raised or lowered according as the spheroid is oblate or prolate. 

The identity of (22) with the corresponding result, (21), Section III, for 
transverse vibrations is noteworthy. 

Section VI. 

§20. The case of approximately radial and transverse vibrations depending 
on Pa in a spheroid presents a certain peculiarity inasmuch as P%^% or P^ is a 
constant. I do not propose, however, to consider this case specially, but pass on 
to a more general case of an ellipsoid which illustrates equally this peculiarity. 

Use will be made of the notation 

^-»>= i.3.l' ri i-i) <'-'''>*^^-W' w 

where fi = cos 0. 
Also for brevity let 

Pg, 2 <^s ^ = sin* 6 cos 2^ = -T,, ,. (2) 

I propose to consider the vibrations which in a perfect sphere would be of 

*Iii BtrictnesB the applioation of (16) when t = 3 is not fuUy warranted at the present stage, see {dO ; 
it is however justified by §28, and for convenient comparison with the case < = 1 it is introduced here. 
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the type radial and transverse, involving the harmonics Pg and X^^a, taking 
place in the nearly spherical solid contained by 

r = a{l + BP^ + B^X,^,). (3) 

Squares and products of e and b% will be neglected. The lengths a', 6', d of the 
semi-axes of the ellipsoid (3) are given by 



x7a= 1 — ic + fg,^ 



a'/a= 1 — ic + ^2, 

V/a = l-U-B,,y (4) 

d/c 



The surface conditions take the form 



(5) 



In addition to principal terms representing radial and transverse vibrations 
depending on P, ^^d X^^^i ^^ require subsidiary terms representing pure radial 
vibrations, subsidiary terms representing radial and transverse vibrations depend- 
ing on P4, P^i cos 2^ and P^^ cos 40, and lastly, subsidiary terms representing 
pure transverse vibrations depending on Pg, jSii^ 2^- The complete values of 
the displacements are as follows : 

u/coB kt = ^p-, [\J^ (kar) — SJfcirJJ (kar) \ 7^ 

+ \Mhir) — 2JearJ^^{kar)\{Y,P,+ T,^,X^,) 

+ \ J. (kar) - 2fcir JJ {kar) \ ( Y,P, + Y,^ ^P,, , cos 2<f + F4, 4P4, 4 cos 4<^)] 

+ J, {lcfir){Z,P, + Z,^ 2P4, , cos 24) + Z4, 4P4. 4 cos 4^)] , (6) 
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t;/co8^ = -^3 J. [J,(&cr)(r,P.+ Y,,^X^^) 

+ /, {har){ Y^P^ + Yt, ,P4. j cos 2^ + F4, 4P4, , cos 4^)] 

+ inJx {1c^r){Z,P^ + Z4. ,P4. , cos 2^ + ^4. 4 A. 4 cos 4^) } 
+ j; (*wr)( F^ ,P^ , cos 2^ + F,. ,P4, 4 cos 4^)] 



+ 
rsin 



^Spi-^^**^*^^^*''^- 



+ iHr .7, (*i3r)(Z4. ,P4, , cos 2^ + Z4, 4P4. 4 cos 4^)] 

de 



-^-*^\ W,,tPs.,sin 2^, {k^r)\. (8) 



§21. The several letters F, Z, W represent constants, the ratio between 
which will be determined from the surface conditions. The suffixes serve con- 
veniently to show in the subsequent work the origin of the several terms. 

Beferring to equations (8) to (13) and (37) of Section I, and employing our 
previous notation, we find the surface conditions are as follows : 

AF„+ {l + (eP,+ «8X,,,)a^}[(^F.+B,Z,)P, + (^F,,, + 5As)^2.J . 
- \eiO,Y^* + D,Z^,) + B,{G,Y, + Z?,Z,)} ^ ^ 
-6((7,F,+ A^.)(^')* 

-.,((7,F,,+A^.,){(^ A.) + (^e ^y}+(^*^*+^*^^)^^ 

+ (^4 F4, ,+^4-Z'4. ») Pi. » COS 2^ + (il4 F4. 4+ A-Z4, 4) ^^4. 4 COS 44» = , (9) 



20 
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- ^ {iP> + «,^.. >)[{^,Y, + F,Z,) P, + (JS^gF,. « + F,Z,, ,) X,. , 

+ J- [(c;f, + 2)4^4) P4+ ((747*.,+ A^4.,)P«., cos 2^ 

+ (C4F4, 4 + i>4^4. 4) P4, 4 COS 44>] 

+ -^ ^ l*«^.^^s^«.8«n 2^} = 0, (10) 

- -J- {eP,+s^X,, ,) ^ ((?,F,. , + ^,^,. ,) cosec dX,. , 
-6,-^^''[(^«r,+i?',Z,)P,+ cote^((?,F, + SiZ,)P, 
+ (JE?jFg, } + J?iZ,, g) X,, , 

+ «rg ^ [(<^4^4.»+A-Zi.2)P4,,C08 2,^ + ((74F4,4+A^4.4)i*4.4COS4^] 



d^ 

W^ 



- -^ \^aB,Ws,tP,,tBm 2^}. (11) 



In the first surface condition we have to express each term as a constant or a 
sum of spherical harmonics ; in the second and third surface conditions each term 
must be expressed in terms of difierential coefiBcients of spherical harmonics. 
The requisite results, if not all explicitly given on pp. 327-331, vol. 16 of this 
journal, are immediately deducible from the results there given. They consist of 

d.e«pre.«on«f(A)., PA... (X,.)". @)", (^)'+ Ci^ ^)" -« 
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^~ ~-^ as sums of constants and spherical harmonics ; the expression of 
p d^ p dZ, , ^ dPg T- dX^ 3 dP^ d^P^^ dP^ e?X2^ dX^^ ^, 

^ dQ ' ^' dd ' '-'W ''* dfl""' W ^«' ' de "^0^ ' dd dO' 

and ^^» ^^» + -2_ ^2^2 ^ (cosec dX, ^) as differential coefficients with- 
au aXr sin 09 a&eu^ ' 

respect to 6 of a sum of spherical harmonics ; the expression of 

p 1 dX^^ ^ dP^ \ rfX 2 Y 1 <^^2.8 ^A ^ rooaec flX •^ 

^^sine ^~' ^''^'' dT SiT? "^^' ^*'^sTO"5^' de" m^^''''^^''^^'^'^ 

and ^» ^(coseceX2 3) + -v^^^'r-A^ ifa + ^^otd-^'jX,,, 
dQ dedq> ^ ^'^^ sin 6 dp \sin* d^^ dd / *' ' 

as diflferentials with respect to ^ of a sum of spherical harmonics divided by 
sin d. 

It appears unnecessary to reproduce the results. 

Use must also be made of the identities 

§22. Exactly the same method of procedure is to be followed as in the case 
of equilibrium, so it will suffice to record the resulting equations. These are as 
follows : 

To = - 5^/^ K^2r; + B,Z,) + UziAYt., + ^2^2,,)], (12) 

A,Y,+ B,Z, = -^a^\B{A,T, + A^,) -* 63(^2^0, 2 + B,Z,^ ,)], 



da 



(-^2^8. 2 + ■^2-^2. 2) — 3 (^2^, 2 + ^2-^2, ?) f J » 



ki3) 



-(14) 



(15) 
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G,T,,,-^D,Z^,= \[e[a^{C,T^, + D,Z^,) 

-{E,7^,+ F,Z^,)-S{a^T^,+ H,Z^,)^ 
+ e,^a^{G,T, + D,Z,)-{E,Y, + F^,) 
-^{G,T,+ H,Z,)}], 

A^ Y^ + BtZ, = —^a^ [9e ( Jg Y^ + B^Z^) + 2ss {A,Y^t + B^Z.^ g)] . 

G,Y,-\. D,Z^= -i,\9e\a-^{G^Yt^ D^,) 

- {E,Y, + F,Z,) + A{G,Y, + H,Z,)^ 
+ 263{aA((73r^g + D,Z,.g) 
—{E,Y^t+F,Z^,) + A{G,Y^t+H^Z^^) j- ] , 

A,Y,,,-\-B,Z^,= -ia^\B{A,T^,-^B,Z^,) + BM^Yt + B^*)'\^ 

G,Y^, + D,Z^,= -f [e{a^(C7,F^,+Z)A,) 

-{E,Y^, + F^^,) + 4{G,T^»+ff^Z^,)] 

+ e,l^a^iG,Y,+ D,Z,) 

-{E,Y, + F,Z,) + 4{G,Y,+ H,Z,)^], 

A,Y,,, + B,Z,^,= -i e,a ^{A,Y^,,-\- B,Z^^), 

c7,r,.« + A^4.4 = -te«|«^(Cir^,+z)gZ2,g) 

-{E,Y^,+ F,Z,,,) + 4{GtY,,,+ H,Z^,)Y 
W,,, = ^^[-s{a-^iG,Y,,,+ D,Z^,) + E,Y^,+ F,Z^,'^ 

+ ., [a^{G,Y, + D,Z,) + {E,Y, + F,Z,)^]. (18) 



(16) 



(17) 
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The three surface conditions are satisfied exactly, to the assumed degree of 
approximation, when the equations (12) to (18) are satisfied. 

As first approximations, when terms in s and e^ are neglected, we obtain 
from (13) and (14) 

A2Y2 + B^Zz =0,) /jgX 

^8 ^ 8 "I" -^8 ^8, 8 ^- • ^ 

Eliminating T2/Z2 from (19), and Fg 2/^^8,8 ^^0°^ (20), we arrive in either case at 
the frequency equation, 

A2D2 — 3^02=0. (21) 

This supplies, of course, the first approximation to the values of k in the present 
problem. 

In a perfect sphere the constants I^, Fg, g are absolutely independent of 
one another and their ratio may have any value. The vibrations answering to 
P2 and those answering to X^^g, though possessing the same frequency, may 
exist side by side or separately, uninfluenced the one by the other. 

§23, The same independence is exhibited when the ellipsoid (3) is a 
spheroid. For putting 62= in (13) and (14) we get two completely indepen- 
dent sets of equations, viz. 

A2Y2 + B2Z2=-iBa-^{A2Y2+ B2Z2), 

G2Y2 + D2Z2 = - +6 [a ^(C7«Fg + D2Z2) 

- {E2Y2 + F2Z2) - 3 (G^gFs + ^3^g)] 
and 

^gFg, 2 + J5g^,^ 8 = *€« ^ (^8^8, 8 + ^8^8, a)> 



(22) 



-(23) 



Proceeding in the same manner as in previous cases, we find for the incre- 
ments of pitch in the spheroid, relative to the pitch in the perfect sphere, from 
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(22) and (23) respectively 



where 



hhlk=-\.Nt, 
'd 



a-g{A^>-B^G,) 



(24) 
(26) 



(26) 



The identity of — -AT with the coefiScient of e^ in (14), Section V, when 2 is 
written for i, should be noticed. 

It will be observed that 8ki refers to the vibration depending on P^, ^A:^ to 
that depending ojb JT^, g, 

§24. In the general case of the ellipsoid, the independence of the vibrations 
depending on P^ and on Xf^ 2 ceases- For equations (13) and (14) lead to 

Y,^,/Y, = Z,^,/Z, = q, (27) 

where qe+ e2 = g{—6+i qe^), (28) 

or 

g=t 1 — -^v I 

^2 



^=»{i-A0*+*} 



(29) 



Employing (27) in either (13) or (14), we get 
G,Y,+ 2?,Z, = + 2L±£«[a^((7,F» + D,Z,) 



- {E,Y, + F,Z,) - 3 ((?,F, + 3^,)] 



(30) 



Comparing (30) with (23), we deduce at once for the change of frequency due to 
the departure of the surface from the truly spherical form 

Sk/kz=zN{q6 + B2)/q 

= =F iVV?TR (31) 

by (29), where -AT is given by (26). 

The interpretation to be put upon the result is that in the general case of 
the ellipsoid (3), the principal terms in P^ and X^^ 2 ^^ ^o* occur independently 
but stand to one another in one of two definite ratios given by the values of q in 
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(29). In one of the cases the pitch is raised relative to what it would be in the 
perfect sphere, in the other it is lowered by an equal amount. 

By means of (4) we may exhibit (31) in the more symmetrical form 

^ = z^2N\l — 3 {p!V + dd + Vd)l{d + ft' + (/)»}*. (32) 

§26. The values of the constants appearing in the subsidiary terms are 
derived from (12) and (15) to (18), use being made of (19), (20) and (21). 
For shortness let 

+ 4.{A,n,- B^Q,)^ + W,(Afi^ - Bfi^y\, (33) 

^ UO{AtDt — BtGi)^ *( *» da ^ * * *^'' 

+ A{A^»-BM^-20,(a^^'-B^^')]. (34) 
Then we get 

TJ(i,= ZJ(^ = 36a + 856,. (37) 

r*. ,//i8 = ^4. zll4 = 105 (qe + h), (38) 

Yt, Jlh = Z^ Jf<i = 369e«. (39) 

To simplify the results, we may make use of (21) and of the results (18), (19), 
etc., of Section I. We in this way reduce (35) and (36) to 

y _ _ y + UH)C,7, (8y«-4a^(2 + ^,/(7,)-i2^ , . 

Referring to (29) it will be found that Fq vanishes when either 

6,= and 1^ = 0, 
or when 2eg±Se= 0, (42) 

and the proper sign is taken in the value of ^ . 



164 Chbee : Isotropic Elastic Solids of nearly Spherical Form. 

The first alternative answers to a spheroid whose axis is 6?= 0, the vibra- 
tions which require no subsidiary pure radial term being those which depend on 
the harmonic P^ ^ cos 2^. 

The equation (42) is satisfied when 

d = V 
or d r=>a! \ 

and so likewise implies the ellipsoid being a surface of revolution. When d '=V 
we have 

and the harmonic occurring in the displacements is 

Ps + i ^» cos 2^ = cos* Q — sin* Q sin* ^ ; 

when (/ = a' we have 

and the harmonic occurring in the displacements is 

P, — i Pgi cos 2^ — cos* Q — sin* Q cos* ^. 

If for a moment we suppose rectangular coordinates x, y,z coinciding with the 
principal axes of the ellipsoid, then all three cases are included in the following 
statement : If 2 = be an axis of symmetry, then no subsidiary pure radial dis- 
placement is required if the surface harmonic in the principal term of the radial 
component of the displacement is (x* — y^)/^. 

In a somewhat similar fashion it is easy to prove from (41) and (29) that 
TTs, 2 vanishes when the ellipsoid is one of revolution, the harmonic appearing in 
the principal term of the radial displacement having in this case the axis of 
symmetry for its axis ; if, for instance, 6 = is the axis of symmetry, the har- 
monic is P2* 

The close analogy of the results (37), (38), (39) to the corresponding results 
for the equilibrium problem— vol. 16, equations (263), (266) and (270), p. 377 — 
is noteworthy. In fact, putting 

in the equilibrium results; we make them identical in form with (37), (38) 
and (39). 



Nqn' Uniform Convergence and the Integration of Series 
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The subject of this paper is the study (I) of the manner of the convergence 
of a function s^ (x), satisfying Conditions (-4), when n becomes infinite (v. §§1, 2) ; 
and (II) of the conditions under which 

/ lim «„ (x) dx = lim / 8„ {x) dx 

(v. §13). The principal results are stated in the italicized theorems and para- 
graphs, and a table of contents is added, chiefly to enable the reader to inform 
himself more readily concerning the nomenclature. 
The four problems of 

1) integration of a series term by term, 

2) differentiation of a series term by term, 

3) reversal of the order of integration in a double-integral, 

4) differentiation under the sign of integration, 

are in certain classes of cases but different forms of the same problem, a problem 
in double limits ; so that a theorem applying to one of these problems yields at 
once a theorem applying to the other three. It did not seem best to go into 
this question in this paper, but one such theorem is stated as an example in the 
last paragraph. 

I.— Non-Uniform Convergence. 

1. 1) Let Ui (a:), tA, (a), .... be a set of single-valued real functions of the 
real variable a?, which for all values of x in the finite interval L:a<x<b are 
continuous. Form the sum : 

8n{x) = Ui{x) +uz{x)+ +u^{x), 

then 8n {x) is also continuous in L.* 

* In this paper an interval is to be understood as including among its points its extremities. 
21 
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2) If a point a? of Z be chosen at pleasure and then regarded as fixed, s^ {x) 

shall converge toward a limit when n increases indefinitely. Denote this limit 

by/(x): 

/(x) = hm »„(x) = tt, (a;) + w,(a) + 

3) Finally, /(x) shall be a continuous function of sc. 

Conditione {A). — This set of conditions will be referred to in the following 
pages as Gonditicns (A) . 

We propose to investigate the most general manner of the convergence of 
Sn{x) toward its limit /(a?) as n increases indefinitely, when no further restrictions 
are placed on Sn{x) than Conditions (A). 

2. In general the convergence will be non-uniform. Examples of such 
convergence are now familiar in arithmetic form. Thus : 



Ex.1. 



rfx 



'"('^^ = r+7iv' /(^) = o» 



0<x<l. 



The geometric representation of the non-uniform convergence by means of the 
approximation curves 

is given in Fig. 1. The peaks rise higher and higher as n increases and their 




Fig. 1. 



»-i 



altitude transcends ultimately any magnitude m chosen at pleasure, no matter 
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how large. I will express this in the form : «„ {x) has infinite peaks in the neigh- 
borhood of the point a = 0. 

Definition of X- Points. — A point ccq in whose neighborhood Sn(^) ^^ infinite 
peaks shall be denoted by X and designated as a X-point. 

Ex.2. .„(a;) = ^^^, /(x) = 0, 

Here the altitude of each peak is i (Pig. 2). 



0<a;<l, 




Fio. 2. 

In the above examples there is only one point in the interval < a; < 1 in 
whose neighborhood peaks occur, namely the point a: = 0. And if any interval 
not abutting on the point x = be picked out from the above interval, s^ (x) 
will, in it, converge uniformly toward it^ limit. But it is easy to see that such 
points can occur frequently. Thus if in either of the above examples x be 
replaced by sin* Ai^tx, where A is a constant positive integer, peaks will occur in 
the neighborhood of each of the {Jc + 1) points (Fig. 3), 

0, 1/*, 2/k, ... .k/k= 1. 




Fig. 8. 



Ex. 3. In fact, by the aid of Ex. 2, a function s^ (x) can be readily formed 
such that, if xq be any rational value of x whatsoever, peaks will occur in the 



neighborhood of Xo - Let 



, V n sin^ kTtx 

^'^""^ -' 1 + n* Bin' Jcnx' 
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and form the series : 

1 1 OP 1 

This series, regarded as a function of the two independent variables n, a, con- 
verges uniformly. Hence for a given value of w, since each of the terms is a 
continuous function of a, the series defines a continuous function of x ; while 
for a given value of x 

lim 8^ {x) = lim ^j, {x) + lim ~jrT^%\{x)+ .... = . 

fl^oo ns=« nasOD ^ ! 

It is easy to see how the approximation curves 

look. Think of n as large. Then the earlier terms in the «„(x) series will, indi- 
vidually, appear as indicated in Fig. 4 (these curves are all similar to each 




x-i 



l/-i/f5i/'w 




»-i 






Fia. 4. 



x-i 



other), while the later terms, their maximum ordinates being very small, yield 
but a small contribution to the sum. Thus in the neighborhood of x = i the 

peaks that come from — r <^2! (a^)f their height being -—,_-, are predominant in 

a\ 2 21 
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determining the character of «„ (x) in the neighborhood of this point ; for all the 
subsequent terms together cannot for any value of x yield a sum greater than 

1 1,1 1. ^114^1 1 

or less than 0, while the contribution of the preceding terms {^i\{x)) is small 

in the neighborhood of cc = J. And so it is in the general case. Let a? = ^ 

be any positive fraction less than unity, in reduced form. Let k be the smallest 
integer such that kl is divisible by q. Then in the neighborhood of the point 

a: = ^ , the peaks that come from the term -=^ ^^i {x) will be predominant in 

determining the character of s^ (x) in the neighborhood of this point. Hence 
this function converges non-uniformly toward its limit in every interval^ that can 
be chosen from the given interval < a- < 1 . The upper limit (resp. maximum) of 
the heights of the peaks is not, however, the same in all intervals ; in fact, in 
some intervals it is very small. We may think of this upper limit as measuring, 
so to speak, the strength of the non-uniform convergence and say : the non-uni- 
formity of the convergence is stronger in some intervals than in others. 

3. We turn now to the general case and prove a fundamental theorem con- 
cerning the manner of the convergence of s^ (x) toward its limit. 

That which is essential in this matter will come out more clearly if we 
study, not the function s^ (x), but 

Sn{x)=s^{x)-/{x), 

the limit of which for a given value of x and n = co is 0. This substitution 
amounts arithmetically to subtracting /(x) from the first term of the series, 
tfi (x) ; geometrically, to dropping the curve / (x) down on the x-axis, as indicated 



* The method by which this function has been formed is essentially the same as Hankel's Princip 
der Yerdichtung der Singularitaten. Cf. Hankel, Unendlich oft osciUirende und unstetige Func- 
tionen, Tftbingen, 1870 ; Dini, Fondamenti per la teorica delle funzioni di variabili reali, Pisa, 1878 ; 
German translation by Luroth and Schepp, Leipzig, 1892. 
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in Fig. 5, the approximation curves y = 8n {x) having each of their ordinates 



f(Xi 





FiQ. 5. 

changed by the same amount. S^{x)j like 9„(x), satisfies Conditions (A) and 

n=ao 

Let J. be a positive quantity chosen at pleasure and let Xq be any point of L 
(Fig. 6). Since lim S^ (xq) = 0, there exists a fixed integer m such that 

\S,{xo)\<A, n>m. 
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Consider the behavior of S^ (x) in the neighborhood of x^ when n increases indefi- 
nitely. One of two cases must arise ; either a) it is possible to name a positive 
quantity h and a positive integer m such that for all values of x lying in the 

interval (jcq — 5> «© + 5) 

\8^{x)\<A, n^mi 

or h) no matter how small 8 and how large m be taken (and then held fast), a 
value of n greater than m can then be chosen so that 

l'S'»(«)|^^ 

somewhere in the interval (xq — 5 , ccq + ^) • 

Definition of y-Points. In Case h) aj^ shall be denoted by y and designated 
as a y-point. 

Such points depend in general on the choice of -4 . If a new value A* <C.A 
be taken, all the points y^ that formerly were y-points remain such, but new 
points may claim membership in the y^.-list. 

Conditions (P). A set of points* which 1) is nowhere dense and 2) contains 
its derivative shall be said to satisfy Conditions (P) • Such a set will usually be 
denoted by the letter G^, to which suflSxes may be attached. An example typical 
for the most general set G is given in §8. 

Fundamental Theorem. —ic< tJie positive quantity A he chosen at pleasure. 
Then the corresponding y-povnts form a set of points G satisfying CorkditUms (P). 

The proof is as follows. That Q contains its derivative is evident from the 
nature of the y-points. Suppose that throughout a certain sub-interval (a, ^) of 

*No technical knowledge of the theory of Sets of Points (Funktmengen) will be assumed in this 
paper (except in §21, where explicit references are given). But the conceptions inTolved in the defini- 
tions to be given presently will be necessary for an understanding of what follows. Cf. O. Cantor's 
early papers in Crelle and the Math. Ann., translated into French and reprinted in the Acta Math., vol. 
2, 1888 ; also Dini, Ch. II. 

I will translate Punktmenge = ensemble by set of points; iiberail dicht = condense by dense; Ahlei- 
tung = dMv^ by derivative ; dbz&hlbar = dhwmbrable by enumerable. 

A set of points is said to be dense throughout an interval if> a^o being any point lying within the 
interval, it is impossible to enclose Xq within an interval (^o — ^> ^o + <') which is free from points of 
the set. If an interval L contains no sub-interval whatsoever throughout which the given set is dense, 
then the set is said to be nowTiere dense inL, By the derivative of a set of points is meant that set whose &Qr\soc^sC ^ c\^*r^ 
points are each the limit approached by some sub-set of points of the original set. Thus each point — ■ 

of the derivative is a limiting point (HdufungssteUe) of the original set. A set of points is said to con- 
tain its derivative if the points of the derivative set all belong to the given set. 
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L the y-points were dense (Fig, 7). Let c be any y-point of this interval except- 




FlG. 7. 



ing an extremity : a < c < j3 . Then nj can be so determined that in portions 
of at least one of the intervals (a, c), (c, ^) 

|^».(x)|>A 

It will thus be possible to separate from (a , jS) a first sub-interval (ai , ^^ such 
that 

Next proceed with the sub-interval (ai, ^i) in the same way as originally 
(a, ^) was treated. In this way an Sn^{x), Wj|>ni, and a sub-interval (a,, j3,) 
are found such that ai< cl%, ^,i<fii and 

The repetition of this step leads to a series of functions S^t {x) and a series 
of intervals (a<, ^<), where ai< jS^, a<ai<a, • . . . , fi>fii>^2 • • • • » and 

\Sn,{x)\>A, a,<x<A. 

Thus the as and the ^'s converge toward limits, and they shall be so chosen that 
these limits are equal : 

lim Oi = lim ^i = c. 

Then is ai<c</?<. 

Hence \Sry{c)\>A, y=l, 2, 

But this is impossible, since lim Sn (c) = , and thus the theorem is established. 
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4. By the aid of the Fundamental Theorem we will now study the manner 
of the convergence of ^^(a:) toward its limit /(aj). 

Theorem I. — The X-^nta of the interval L form at most a set Q satisfying 
Conditions {P)* 

Prom the nature of the JT-points it is evident that G contains its derivative. 
Furthermore these JT-points will also be JT-points of Sn{x). Let the positive 
quantity A be taken at pleasure. The corresponding y^-points will by the Fun- 
damental Theorem form a set satisfying Conditions (P) and will in general be 
composed of two classes of y-points : a) those y-points which drop out (cease to 
be y-points) when the value of A is increased ; and b) other points that remain 
y-points, no matter how large A be taken. These latter are the JT-points, and 
since they are at most a part of a set nowhere dense, they must themselves form 
such a set. Moreover this set contains its derivative. The JT-points form 
therefore a set satisfying Conditions (P). 

5. It thus appears that if Xq is any point of the interval X, there will be in 
every neighborhood of Xq an interval which is entirely free from X-points. To 
such an interval (a, ^) there corresponds a fixed number 5, diflFerent for diflfer- 
ent intervals, such that 

\S^{x)\<B, a<x<(3, n = l, 2, 

For suppose this were not the case. Then there would exist in (a , /?) an Xi for 



* Du Bois Reymond has given in the Sitz.-Ber. d. Berliner Akad.^ 1886, p. 859, an example of a func- 
tion which satisfiee, as he believed, Conditions (A), while its X-points are dense throughout an interval, 
and hence from their nature fiU the interval. His proof turns ultimately on the limits approached by 
certain complicated expressions, and at this part of his paper he restricts himself to assertions (top of 
p. 870). But at an earlier point of the paper (p. 868, line 15) he says, referring to Kronecker's sufficient 
condition that a series may be integrated term by term (ibid. 1878, p. 54) : " Aber diese ausreichende 
Bedingung ist offenbar (sic) notwendig, mithin ist sie mit der Forderung Q{z)=lO [in the notation of 

this paper, ^(fl;) = liml 8n{x)dxl voUstandig aequivalent. " From this and subsequent passages it 



appears that he overlooked the possibility of the X-points resp. the r-points forming the most general 
set of points satisfying Conditions (F). 
22 
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which 

l^«.(xi)l>i; 

an x^ for which 

l^n,(^2)|>2, ri3>Wi, 

etc. ; generally, an Vi for which 

The set of points Xi, Oj, .... must have at least one limiting point x belonging 
to the interval (a, j3), for at most a finite number of the x/s can coincide. But 
X would then be a JC-point, and thus the above assertion is seen to be true. 

From among all the quantities that can serve in the capacity of the above 
jB's, let that one be picked out which is the lower limit of the -B's and let it be 
denoted, for it is also a jB, by B. Then 

\Sn{x)\ <B, a<x<^, n=l, 2, , 

while |aS'„(x)|>£' — 6 

for some values of w , a, if f > 0. 

Hitherto n has begun with the value 1. If now it begin with the value 
m>l: n = in,w + l,...., the corresponding 5', which shall be denoted by 
54, will never increase with w, but it may decrease. Let 

Coefficient of Convergence. We have already spoken of the strength of the 
non-uniformity of the convergence in an interval (§2, end). It is desirable to 
make this conception precise by defining the magnitude jl5"as the Coefficient of the 
Convergence in the Interval (a, /?) and to take this coeflScient as measuring the 
strength of the non-uniformity of the convergence. Its value will then charac- 
terize the quality of the convergence in the interval as a whole. Thus when 
jB = the convergence will be uniform, and conversely. 

A simple example to illustrate the foregoing will not be out of place. Let 

w -|- 1 nx 



*"(^)=-^T+^^ = '^»(^)' 
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S^ (x) has only one peak (Fig. 8) and its altitude is ^ "*" . J . Hence 5' = 1 ; 




Fia. 8. 



6. In the preceding paragraph a necessary condition has been established 
for the set of points in whose neighborhood s^ (x) has infinite peaks (the X-points). 
In the present paragraph a necessary condition shall be established for the set of 
points in whose neighborhood s^ (x) has null peaks (the ^-points). 

Definition of ^-Points. If a point Xq is such that, after the arbitrary choice 
of a positive quantity e, an interval {xq — 5, Xq + 8) can be determined whose 
coeflScient of convergence B is less than e, such a point Xq shall be denoted by ^ 
and designated as a ^-point. 

Theorem II. — T?ie ^-points form a set of points that is at least dense through- 
ovi L. 

If this were not the case there would be an interval (a, /?) in L in which no 
^-point appears. Let >7i, >72, . . . . be a set of constantly decreasing positive 
numbers with lim>7,= 0. Begin with >7i as the A and (a, ^) as the interval of 

the Fundamental Theorem. Then there will be a sub-interval (a^, /?j) of (a, /?) 
no one of whose points is a y-point and it follows from reasoning similar to that 
employed in §5 that 

|^n(^)|<>7l, 0.,<X<^^ 
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for all values of /i from a fixed integer m^ on. Hence the coefficient of conver- 
gence for this interval, JS^, is not greater than yii. 

Next repeat the above step, taking as the A of the Fundamental Theorem >7, 
and as the interval (ai, /3i). Then an interval (o^, ^%) lying within (ai, /?i), and 
an integer m^>mi will be found such that 

\Sn{x)\<vi^, a2<aj<^g, w^twg. 

Successive repetitions of this step lead to a series of intervals (a<,^<), 
where a,</?o a<ai<a8, .... , i3>/?i>^i, .... ; and a series of integers 
ifni<m^<m^ . . . . such that 

I ^» (a?) I < Yiu 0Li<x<^i, n > m,. 

The a's and jd's may be so chosen that 

lim a< = lim ^, = c. 

Then the point c is a ^-point and the interval (a, /3) is not free from ^-points. 
From the contradiction herein contained follows the truth of the theorem. 

7. Uniform and non-uniform convergence are conceptions that relate to the 
behavior of the variable function e^ (x) throughout an interval. The theorems just 
established have brought out the importance of the role that certain points of 
the interval play with regard to the behavior of the peaks in their vicinity. Let 
Xo be any point of Z, 5]^ the coefficient of convergence of the interval (xo* a%+ h). 
Bj, never increases when | h \ decreases, and it is always positive. Hence it con- 
verges toward a limit that is positive or zero. Let 

limS;,= 6+ 6- 

according as A is positive or negative. 

Indices of a Point. 6"^, 6" shall be defined as the forward resp. backward 
index of the point x^ . 

If the convergence is uniform throughout an interval, ?+ = S"" = at all 
points of the interval, and conversely, if 6+ = fr" = for each point of an inter- 
val, the convergence is uniform throughout the interval.* 

* This theorem is virtually contained in the opening paragraph of du Bois' paper above referred 
to ; of coarse in different form, since du Bois did not have the indices of a point. 
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With this definition Theorems I and II may be restated as follows : 
Theorem I. — The pomta of L one of whose indices is infinite form at most 

a set satisfying Conditions (P), 

Theorem II. — The points of L in which each index is form at least a set 

dense throughout L. 

8. We have thus been led to two theorems that state necessary conditions 
for the set of JT-points and the set of ^-points. Are these conditions, conversely, 
sufficient? i. e. 

a) Given any set G of points satisfying Conditions (P), does there exist a 
function s^ {x) satisfying Conditions {A) and having the points Q (and no others) 
as its Xpoints ? 

It) Given any set J7 of points dense throughout X, does there exist a func- 
tion s^ (x) satisfying Conditions {A) and having the points H (and no others) as 
its ^-points ? 

The first of these questions is answered in what follows in the affirmative, 
the second in the negative, and the complete condition (necessary and sufficient) 
for the ^-points is formulated in terms of a certain class of sets of points. 

Before proceeding to the proofs just promised, I will give an example useful 
both here and in the second part of this paper. 

Let a set of points V be constructed as follows.'*' The interval L shall be the 
interval (0, 1) (Fig. 9). 



■I 



' (8) («) (8) a) (8) (8) (8) 

Fia. 9. 
First Step. In the middle of this interval lay off an interval (1) of length 

where \ is chosen arbitrarily as a positive quantity not greater than unity: 
< A. < 1 . For present purposes A. shall be taken as f , ^ = i . 

Second Step. In the middle of each of the free end intervals lay off an inter- 

*This iB a special case of a set given by Harnack, Math. Ann., vol. 19, p. 239. 
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val (2), both of these intervals to be of the same length l^ and such that the total 
length of the intervals (1), (2) is 

7i+2Z, = X — iX. 

n-th Step. In the middle of each of the equal free intervals lay off an inter- 
val (n) , all of these intervals to be of the same length l^ and such that the total 
length of the intervals (1), (2), .... (n) is 

When n increases indefinitely, a set of intervals is obtained and their 
extremities form a set of points. If to these points those points of X not already 
included among these extremities, but which still are limiting points of the 
extremities, be added and this complete set of points be denoted by T, then r is 
an example of the most general set of points satisfying Conditions (P) ; — the most 
general, at least, in regard to the properties of such sets that are of importance 
here,* 

A function 8^^ (x) satisfying Conditions {A) and having the points of V as its 
X-points shall now be constructed. To begin with, consider the function 

^^{x) = nxe-'''*\ x>0. 

The approximation curves are of the same character as those shown in Fig. 1. 
Next form the functionf 

4,„(»,Z)= ^8in^.^„(co8!p) 0<a:<l 
n „. nx . /^^ nx\ I ^ ^ ^ 

= for all other values of x. 

* The objection might be raised to this example that r contains no isolated points, each point of r 
being a limiting point. It would be easy to meet this objection either by taking a less special case of 
Harnack's set or by adding to r the points (^ being taken =:£) : 



i + Q^qj' i"~9+^' 4' n_l,2, . .. 



But the example would thereby be rendered only more complicated without fulfilling any better its 
mission of illustration for the purposes of this paper. 

tThe function now to be formed is chosen partly with reference to future use. It would suffice for 



present purposes to omit the factors -j^ sin -=- , — sin y- . 
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The approximation curves for this function are indicated in Pig. 10. 




Fio. 10. 



Let the middle points of the above intervals {n) be denoted by 

^1 > ^ J m • • • U<2«— 1 • 

We are now ready to form our s^ (x) , which we define as follows : 

+ ^n{x-af, 1,)+ +4>n(x-a?>, k) 

+ 4>n(a: — ar\ ln)+ +^n{x-a^l., g. 

8n (x) is continuous in L and converges toward for every value of x ; for if x^ is 
a point of any interval {i) , at most one term in the above sum of terms is diflFer- 
ent from 0, and this term converges toward for all values of x. And if x^ 
does not lie in any interval (i), all the terms of this sum are 0. Every extremity 
of an interval is a JT-point and hence every point of V and no other point of L 
is a JT-point. 

ad a). By the aid of this example it is now readily seen that if any set of 
points O satisfying Conditions {P) be given, a function s^ {x) can be constructed 
satisfying Conditions {A) and having these points as its X-points. . For let 
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>7i, >7s, . • . . be a set of constantly decreasing positive quantities with lim>7<= 0. 

Consider the intervals of L which, with the exception of their extremities, are 
free from points of G. There will be but a finite number of such intervals 
whose length is greater than yi^. Denote these, taken in any order, as 
(1)1, (1)2, .... (l)fcj (Pig. 11). Next proceed to those not already considered 



(8)1 (8)s (8)i (l)i (8), (8), (8), (8)4 (l)a 

Fia. 11, 



i 



whose length is greater than yi^ and denote them, taken in any order, by 
(2)1, (2)1, .... (2)jfc^, And so on. Let the middle-point and the length of {n)^ 
be denoted respectively by a„^ ^, K,m* Then 

will satisfy Conditions (J.) and have the points of G^ as its JT-points. 

9. Before beginning the direct study of question h) I will make a digres- 
sion, the object of which is the ascertainment of certain properties of the set of 
points of L complementary to the ^-points. 

The JT-points were obtained (§4) by allowing A to increase^ thus sifting out 
from the ^-points certain ones ; and those that always stayed in the sieve were 
the JT-points. Here just the reverse process shall demand our attention : A shall 
converge toward and the set of points toward which the corresponding y-points 
converge (in a sense presently to be defined accurately) shall be considered. 

Let >7i, >78» • • • • be a set of constantly decreasing positive quantities with 
lim >7< = 0. Take >;, as the A of the Fundamental Theorem and denote the cor- 

i=aD 

responding set of y-points by Gi. Then all the points of Gi are also points of Gi^, 
if i'>i; and it is natural to denote that set of points of Z, each of which 
appears in some Gi as lim Gi. This set I will call q and write 

issoo 

q = lim Gi. 

Thus q may consist of a single point, as in Ex. 1, §2; or it may be dense through- 
out X, as in Ex. 3 of the same paragraph, q contains all X-points. 
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The points of q are those points of L that are not ^-points ; in other words, 
they are those points whose indices are not both 0. 

Definition of ^-Points. A point of g- shall be denoted by ^ and designated as 
a f-point. 

g belongs to a class of sets of points of so much importance, as will presently 
appear (Theorem III), that I will define this class independently of the conside- 
rations that have led to it. 

The Glass of Sets of Points Q. A set of points such that a variable set of 
points Oi exists satisfying the following conditions : 

1) Oi satisfies Conditions (P) ; 

2) Oi, contains at least all the points of 6r<, if i'^i\ 

3) Any point of the given set appears in ff^, if i be chosen suflSciently 
large — 

shall be defined as belonging to the Class of Sets of Points Q and denoted as a 

set of points Q. 

Q = \imGi. 

Every set of points satisfying Conditions (P) is obviously a set Q. 

10. Thus it appears that a necessary condition which the ^-points satisfy is 
that they form a set of points Q. But the converse is also true, and both of 
these theorems shall be combined in 

Thbobem III. — The ^-points form a set of points Q] and conversely, to every 
set of points Q there corresponds- a function s^ (x) satisfying Conditions {A) and hav- 
ing Q as its ^-points. 

The proof of the second part of the theorem is as follows. Let G^ be any 
component set of Q. Then a function a^^ (x) satisfying Conditions (A) and hav- 
ing the points of O^, as its /-points can be constructed in a manner similar to 
that in which the function «„ {x) of §8 was built up. Out of these elementary 
functions o^^ {x) the desired function s^ (x) is forged. 

Let iTn (aj) = V 2c nxe^ **•"•, x>0. 

The altitude of the peaks is imity. Let 

I ^ .^ I . 



= for all other values of x. 



23 
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Further, let 

where k^\ a^^j, 11'^) stand here in the same relation to (xp as Aj<, ai^j,\i do in §8 
to G. 

If 8n {x) be now defined by the equation 

then 8^ {x) satisfies Conditions {A) and has Q for its ^-points and no others. 

That the points Q are ^-points is seen by the same reasoning as that 
employed in Ex. 3, §2. But these are the only ^-points. For let Xo be any 
other point and choose the positive quantity e at pleasure. Then 

1) p can be so taken that 

andhence g J. a(.,(a,)<i,, 

whatever x may be. 

2) p being thus fixed, a positive quantity h can be so determined that all 
points of G- (and hence of G^p, if p<p) are external to the interval (xo — 5, x^+h) , 
and hence m can be so taken that for all points x of this interval 



^-^atixX^,, n>m. 



From the addition of these last two inequalities it follows that 

*»(»)<«» Xo—S<X<Xq+S. 

But 8n (x) is never negative. Thus Xq is a ^-point and the theorem is proved. 

11. ad b) Since the ^-points and the ^-points are complementary to each 
other, the answer to question b) is implied in Theorem III and may be expressed 
as a corollary to that theorem. 
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Corollary. — The ^-points form a set of points whose complementary set is a set 
Q; and conversely, any set of points whose complementary set is a set Q is a possible 
set 0^ ^-points. 

Thus the problem of determining whether a given set of points can serve as 
a set of ^- resp. ^-points has been shown to be identical with the problem of 
determining whether the given set resp. its complementary set is a set belonging 
to the class Q; and so the solution of question b) has been made to depend on 
the solution of a problem in the Theory of Sets of Points. 

12. Before leaving this subject I will deduce a further necessary condition 
for the ^-points. 

Theorem IV. — The ^-points are non-enumerable in every svbvnterval of L 
whatsoeoer. 

Since L itself was an arbitrary interval, it is sufficient to show that the 
^-points are not enumerable in L. Suppose they were enumerable. Let them 
be denoted by ^i, fg, . . . . Add to the points Oi the point fi; to 6r», ^n ^» ; to 
^<» ?i» ^s> • • • ?< ; ^°d denote the new sets of points respectively by G^j , G^g, . . . Gi . 
Then lim G'i is the totality of the points of Z, and hence, since Q'i satisfies the 

conditions of a component, this totality of points appears as a set Q. But the 
complementary set is nil, so that that function s^ {x) which by Theorem III has Q 
as its ^-points, has no ^-points, and this is absurd. 

Thus it appears that not every set of points dense throughout L can serve 
as a set of ^-points ; e. g. the rational numbers could not form a set of ^-points. 
But the ^-points, as is easily shown by an example, may form a set non-enume- 
rable in every interval. 

In the proof of Theorem IV we have obtained incidentally a theorem regard- 
ing sets Q, namely \ Aset Q forms in no interval whatsoever a continuum. The 
complementary set is in every interval non-enumerable. 

Theorems II and IV express two independent necessary conditions for the 
^-points. Whether these conditions are also sufficient is a question demanding 
further study. 

II.— The Integration op Series Term by Term. 

13. The question that forms the subject of the second part of this paper is 
the determination of the conditions under which the t^series of § 1 can be inte- 
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grated term by term ; i. e. that 

/ \im8n{x)dx^=limj 8^{x)dx, 

when <^^Xo<Cxi<h] 

or expressed in terms of S^ (a), that 



/ iim Sn (x) dx = lini / S^ {x) dx . 



Geometrically the left-hand side of these equations signifies the area under the 
curve y^=Lf{x) resp. y = between a = a;© *^d aj = Xi ; the right-hand side, on 
the other hand, is the limit that the corresponding' area under the variahle curve 
y=:8n {x) resp. y = Sn {x) approaches when n = co. 

Since Iim aSJ^ (a:) = , / Iim S^ {x)dx=zO and the question of Part II in its 

n = oo •'», n=flo 

reduced form is : Under whai condiHons will 



\imf\{x)dx=0? 



n=oo~^«. 



14. Let us begin with some simple examples. 
Ex. 1. /S'n (a:) = na»-»^, 

rSn{x)dx = ^{l-e--^), 

Iim rSAx)dx = ^^0. 

Thus although the integrand converges toward for all values of a, the integral 
does not, if a; = forms one of the limits of the integration. Geometrically the 
area under the curve y = nxe'^^ in the interval (0, a;) converges toward \. 

If 8^ {x) = n^a^-*^*, 

Iim / Sn{x)dx^=^ <». 

If however Sn (x) = Vnoce-"^, 

Iim / Sn{x)dx = 0, 

3 

and the same is true if Sn (x) = * ^^^ • 

1 + nx 



Integration of Series Term hy Term. 175 

In the first, second and fourth cases the peaks are infinite (Fig. 1), in the 
third they are not (Fig. 2). 

Ex. 2. -S'«(x) = 4'.(a;,0, (§8) 

/>»(«)dx = 2jr^^«sin^ cos ^e-"''-''-^tfe==j[y<^$ = l-e-^ 
''*^'''' ,t = -ncos«i^; 

hence ,. ' 

lim r» 



'ZpM^)dx=\. 



n 



It thus appears that when there is a single point in L in whose neighbor- 
hood peaks occur, 

may, if the peaks become infinite, converge toward 0, toward a limit diflferent 
from 0, or diverge. If the peaks remain finite, then it is at once evident geomet- 
rically that the limit must be . 

15, Turning now to the general case, we recall that the X-points of L form 
at most a set nowhere dense in L (Theorem I) ; and secondly, if an interval 
(a, p) is free from such points, the approximation curves y=^Sn{x) will all lie 
within a finite belt bounded by y=:±z B (§5). If the limits of integration lie 
within such an interval (a, j3), then we might be inclined, generalizing from the 
corresponding example above, to regard it as extremely plausible that in this 

case lim / 'Sn{x)dx=:0. But a more careful study, in the light of Part I of 

this paper, of the possible manner of the convergence of S^ {x) toward its limit,* 
diminishes materially the plausibility of this inference, and in fact the proof here 

given thai in this case lim / 'Sn{x)dx actvally is 0, although in its beginnings 



* It is of great importance at this point to picture to oneself the successiYe approximation curres 
y-zzSn^x) of {8. An appreciation of the possibilities thereby brought to light would have saved du Bois 
from the errors he made in the paper above referred to ({4, foot-note). 



r 
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suggested by intuition, in its further course makes clear that we have here to do 
with relations that transcend the bounds of our present intuition. 

16. The plan of the proof is as follows. Let the positive quantity b be chosen 
at pleasure ; then there exists a corresponding fixed integer m such that 



— e<f'Sn{x)dx<e, n> 



m. 



For if this were not the case, one of the inequalities, say the right-hand one, 
would be violated for an infinite sequence of values of w: ni, ti,, . . . . Choose 

the interval of the Fundamental Theorem as {xq, Xi) and take A<i 



Xi — a-o 



Then those portions of the approximation curve 

y = S^X^), i=l, 2, ... . 

which lie above the line y = A would, together with the corresponding segments 
of this line bound an area (the shaded area of Fig. 12) which could not converge 
toward when i increases. For 



j\{x)dx>6> A.{xi — xo) 



and A.{xi — Xq) is the area below the line y = A. I show however that this 
latter inequality is impossible (i. e. that the shaded area of Fig. 12 mvst converge 



p-s 




X*'X, 



Fia. 12. 



toward 0). Hence the above supposition is untenable and from this the truth of 
the right-hand inequality follows. The same reasoning applies to the left-hand 
inequality. But this double-inequality is only another form of statement of the 
theorem itself. 
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17. A preliminary study of some further properties of the most general set 
of points G satisfying Conditions (P) is necessary. 

We have already enumerated the intervals (n)^ of L (§8) whose extremities 
are points of G^ but which contain in their interior no further points of G. Let 

»=1 

X is surely not greater than I, but, as in the example of §8, it may be less. The 
points of G may be enclosed in a finite number of intervals, the sum of whose 
lengths exceeds l—Xhy less than the arbitrary quantity 8. For let p be so 
taken that 

Then ^ 

1=1 

p 
Out of each of the ii intervals whose sum is ^Xj a subinterval dp may be selected, 

<=i 
neither of whose extremities coincides with those of the interval in which it lies 
and of such length that 



tfi.>jj^-i^>^-8- 



p=i i=i 
The interval L is thus divided into (i subintervals dp , the sum of whose lengths 



Fia 18. 

lies between A, and X — 5 and which, inclusive of their extremities, contain no 
point of G. Thus the points of Q fall in the remaining intervals, tr, let us call 

them, finite in number, whose sum ^ tr lies between I — ^ and I — Jl + 5. And 
if any set of intervals, finite in number, be so taken as to enclose in their interiors 
(not on their boundaries) all the points of 0, then their sum must be greater 
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than I — X ; for the above set of ^-intervals can always be so taken that all points 
of the corresponding ^-intervals lie within this set. 

On the ground of these relations, l — ^ia defined as the coniea^ of Q. Let 
it be denoted by /: 

I-l—X. 

18. Lemma. Let Q be any set of points satisfying Conditions (P), Gi a 
component of Q : 

lim Oi=G\ 

and let the content of 6?, Gi be denoted respectively by /, ii. Then 

lim li^^ I. 

i=OD 

This theorem is far from being self-evident. Suppose we had, instead of G^ 

the set of rational numbers B in the interval (0,1) and developed this set into 

the series 

R =i Ri H".B| "|- • • • • , 

where i2i = (i), i2, = (*, I). i28=(i, *), R, = (\,i,iA), etc., 

6r< :^ i2i + R^ + • • • • + J2i . 

Then JJ = 0; but /=1. 

The lemma is proved as follows: Since J*^/ and /£/>/<, if t'>i, /| 
approaches a limit when i becomes infinite. Let lim I^ = F. Then F <I. 

Let the positive quantity! be chosen at pleasure and then let* the constantly 
decreasing quantities 7i,!s, • • • • be so taken that 

The points of G^ can be enclosed in a finite number of intervals r?^ whose sum 
^TJ^^ is less than /^ +7i aiid whose extremities are not points of G ; the neigh- 

borhood of each extremity will then also be free from the points of G. The 
points of (?2 not already lying in the intervals t^' can be enclosed in a finite 

*Harnaok, Math. Ann., vol. 85 ; Oantor, ibid. toL 88, p. 478. 
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number of further intervals <rf> whose extremities are not points of (? and such 
that 

K K 

For it becomes evident on a little reflection that if ^, FJ denote respectively the 
content of that portion of G^ lying in the intervals t|?\ t^^^ then Il + H' => I^. 
And /s[ ^ /i. It is sufl5cient therefore to make^ri*^ < //' + 1 . 

K 

The repetition of this step leads to a set of intervals t, finite in number, 
which include in their interior all the pomts of Oi and whose extremities, not 
being themselves points of G, lie each within an interval free from points of O) 
and furthermore, the intervals r^'^ remain unchanged for all values of i >y, new 
intervals r^P, i! >y, being merely added. Finally 

As i increases indefinitely, the number of the r-intervals does not become 
infinite, but reaches a certain maximum number M. For if the number were to 
become infinite, the extremities of these intervals would have to cluster about at 
least one limiting point a/, and it would be possible to choose out of the intervals 
that thus cluster about oi a set of points of Q with oi as their limiting point. 
Hence x' would itself be a point of G . But oi lies in no r-interval, and thus a 
contradiction results from the supposition that the number of the r-intervals is 
infinite. 

The ilf T-intervals contain in their interior (i. e. exclusive of their extremi- 
ties) all the points of (7. For if, as i increases, the points of Gi in a certain 
interval were to converge toward the extremity of the interval, then this point 
would also be a point of G. Thus all the points of G are enclosed within m 
intervals, the sum of whose lengths is less than i'-f J^, a quantity which, if I'<il, 
can by proper choice of T be made less than /. But this is impossible (§17). 
Hence r = I. 

The set of points G to which the lemma is to be applied is the set of 
^-points of §3, the component Gi being obtained as follows. Let y denote an 
arbitrary point of G and lety be the smallest integer for which 

\SAy)\<A, n>j\ 

24 
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Then those y-points corresponding to values of y<i form a set Oi satisfying 
Conditions (P). For, being points of Gr, they are nowhere dense and evidently 
any point y toward which such a set of yrpoints converges is itself a yrpoii^t. 

19. We are now ready to enter on the immediate proof that the inequality 
J 'Sni{x)dx>e^A.{x^ — sco), t=l, 2, .... 

is impossible. Let bi be so taken that 

Bi<e — A.{xi — x^. 

It is suflScient to show that the shaded area lying above the line y = Aof Fig. 12, 

which shall be denoted by G^ becomes and remains less than ^i as n increases, 

since whatever area lies below this line is surely less than A{xi — Xq). 

First choose 8 at pleasure, construct the corresponding 6- and ^intervals, and 

then take m so that 

S^{x)<A, n>m 

for all points x lying in the dp-intervals. In the most unfavorable class of cases 
(illustrated in Fig. 14a. In Figs. 14a, 146 the y-points are plotted on the line 



f :„ 



y^A 



Fia. 14a. 



»-j» 



y = A instead of on the ar-axis in order to indicate more clearly for what ones of 
these points Sn (x) is greater and for what ones less than A.) 



G,= Q,= 



= G^=0, 



4=0, 



the curve y = S^ {x) spanning all the points of O and rising so abruptly as to 
make G^ come indefinitely near to the value 

{B-A).'^tr<{B-A){I+h). 
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Next let n = m+p. The curve y = S„,^p{x) (Fig. 146) lies above the 

C, C, C^ C^ C» ^rr^ y-J5 




FiQ. Ub. 



^^ 



line y'==' A only in the ^intervals. Let the r-intervals be constructed as in §18, 
Z being assumed arbitrarily, but let them be so taken as always to lie within the 
^-intervals already assumed. 

K K K 

Erect perpendiculars to the a-axis at the extremities of the r-intervals. 
C^«+p is thereby divided into two parts: C7w+jp lyiiig above the r-intervals and 
^»+p lyi^g above the complementary intervals. 

First consider any r-interval. The curve y'=.Sff^j^^{x) can rise above the 
line y^- A only in. such portions of the interval as are free from points of G^j^p. 
If such intervals be added together for all the intervals r, then the limit of their 
sum is but 

K K K 

this inequality holding for all values of jp. The area under a continuous curve 
is the limit approached by the sum of the inscribed rectangles. The portions of 
the rectangles inscribed in y = /S^+p {x) that lie above the line y=' A have an 
area less than 

{B-A)(^r^^ + . . . . +2<"+'> - I^^p) . 

Hence their limit Ci^^.^ cannot exceed this quantity, and so 

GU^^<{B-A)I. 
On the other hand, the sum of the lengths of the complementary intervals is 



182 Osgood: Non-Uniform Gonvergenoe and the 

and hence G^rL^^ < (5 - ^) . (/+ 3 - /^+^) . 

Therefore since Cj;,+p+ GiJi^j,= C7^+p, 

G^^^<{B-A).(I-I^^, + 8 + 'S). 

Let the positive quantity rj be taken at pleasure. Then by the lemma pi 
can be so taken that 

Hence if _i_jt iT^ _fi_ 

In a similar manner it is shown that the first inequality of §16 is impossible. 
Thus the theorem of §16 has been established. It may be stated as follows: 
Theorem V. — I/8n{x) is any function of x satisfying Gonditions (A), (a, /?) 
any interval free from X-points^ and x^<ixi any tvx) points of this interval, then 



I \imsn{x)'dx = \im J s^{x)dx. 



Ifs^ {x) is given in the form of a series 

Sn{^) = u^{x) + u^{x) + +u^{x), 

the series is said to he integrahle term hy term. 

But more than this : It follows from the method above set forth for the proof of 
this theorem that, ifx^^Xi are regarded as variable,^ 

J s^(x)dx 

converges unifobmlt toward its limit when n becomes infinite. 

For let S^ {x) = /S:^ (x) + Sz (a?) , where St {x) = S^ (x) when S^ (x) > and 
vanishes for all other values of a. /SJ^ (sc) < . If m^ be so taken that 

/ Sz{x)dx<6, n>mu 

^ a 

then /*** 

/ Sn{x)dx<i€f aSa^o^^^^i^* 

If m^ be so taken that 

-e<fX{x)dx. 



then 
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And if the larger of the integers m^ Wg be denoted by m, then 

— 6< / aS^ («)€?»<€, oi<Xo<Xi<P, n>m. 

20. The question of §13 having been answered for the case that the interval 
(a, p) is free from X-points, we dow proceed to the case that X-points are 
present. Here the integral may diverge as n increases. If it converges, let 

F{x, xo) = MmJ S^{x)dx. 

If ajo» « lie in an interval (a, fi) that contains only a finite number of X-points, 
and if i^(a, Xq) does not vanish for all values of a<a5</?, then evidently (as in 
the Bxs. of §14) F{x, Xq) will in general be continuous, but may have a finite 
discontinuity, as indicated in Fig. 15, at one or more of the X-points. But the 



Fio. 16. 

consideration of the most general set G of X-points (§8) suggests the question : 
Is it possible for F{x^ a?o) to be a continuous function of x throughout (a, /?) without 
vanishing for all values of x ? 

I answer this question in the affirmative by giving an example of such a 
function. Let the set of points F and the intervals (t) be the same as in the 
example of §8, but let 

s^{x) = vq^^{x — a^\Q+ +v<?>n(a5 — aft^-i, 0> 

where v = —:^ . This amounts to throwing the peaks all into the intervals (w), 
all other intervals being free. 

It is necessary to show 1) that F{x,x^ exists, i. e. that / s^{x)dxQOH' 

verges toward a limit for all values of a, a^ belonging to Z; 2) that F{x,x^ is 
a continuous function of x throughout the interval. 

Since 



jr-r=/'' 

■^0 ■'O •'«o 
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it is suflScient to show that / «„ (x) dx converges toward a limit F{x) which is a 

continuous function of sc. 

The symmetry with which the function «„ (x) was constructed will now stand 
us in good stead. In fact we see at once from the expressions already obtained 
for the area under each of the component curves r^ni'^ — «i*\ L) that go to make 
up 8^ (x), namely v, that 

r 8^{x)dx= 1; .\ F{1)=1. Andi?'(0) = 0. 

Furthermore, from the symmetry of y = «„ (sc) with regard to the line a; = i , it 
is evident that 

A„(a;)cfe = J A,(a;)d!x = i; /. F{i) = ^. 

Let X be any point of the interval (1). 

J Sn{x)dx'=J 8n{x)dx+ I 8^{x)dx. 

The second of these integrals is for all values of n greater than 1 , and hence 
J 8n{x)dx = i, ^>i; 

It is possible to generalize this result at once for any interval. Let it be they**' 
of the intervals {%) , and let x be any point of this interval. Then 

J^ 8n{x)dx=J^'^ 8^{x)dx+J^^^8^{x)dx. 

Now, as soon as n is greater than t, 8^ (x) = throughout each interval (t), and 
the second integral on the right vanishes. 
Consider the first integral 

8^{x)dx. 

The intervals (1), (2), (3), ... . {i) divide the interval L up into Kt complemen- 
tary intervals. Let Vi^j denote the number of these intervals to the left of aj^. 
As soon as n exceeds the value i, the total area (unity) under «„ {x) in the whole 



x^ 



/i 
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interval L is apportioned equally to each of these complementary intervals. 
Hence 

J^ 8n{x)dx = ^, n>i, 

and therefore 

limr\,{x)dx = '^. 

and F{x) exists and is continuous for all values of a within any interval (i), and 
at the extremity it is at least continuous on the side on which the interval lies. 
Moreover it is evident from the foregoing that if aroi ^ ^.re any two values of 
X for which F{x) has already been shown to exist and if 

xo<Xi, then F{xo)<F{xi). 

Finally let 0< a/< 1 be any point not belonging to any interval (i). Then 
in general xf lies between two of the intervals (t). Let the middle points of 
these intervals be denoted by a,, fii, where ai</?i. If however no one of 
the intervals {i) lies to the left (right) of a/, let ai = (/?<= 1). Then 

J^ 8^{x)dx<J^ 8^ {x)dx<f 8^{x)dx, 

and this double inequality can be written, as soon as n > t : 

F{a,)<J^8^{x)dx<F{(3,). 

As i increases Ui^Cxf and ^3* > a/ both converge toward xf as their limit ; 
for xf being a point of no interval (i) , the intervals (i) cluster about a/ on both 
sides. Let ai denote the largest of the quantities ai, a^y .... cLi] fiij the smallest 
of the quantities ^i, /^j, . . . . /?<. Then 

ai<as< <a/, lima^=a/; p!i^^'^> >a/, lim/?i = a/, 

And F{a[)<F{al,)<....i F{$i)>F{Pi)> . . . . 

Thus it appears that ^(aO, F{^i) both converge towards limits as i becomes 
infinite ; and since 



186 Osgood: NanrUniform Gonvergence and the 

pas' 

these limits are equal. Therefore / s^ {x) dx converges toward the same limit 

and F{Qcf) exists. 

Thus F{x) exists for all values of a?. It is easily seen that, generally, if 

0<a:o<ari<l, F{x,)<F{x,). 

At the above point a/, F{x) is continuous, for 

\imF{ai)=F{a^), 

and if a, < a < a/, • 

F{ai)<F{x)<F{af). 
Hence lim Fix) = F{a:/) , 

X being always less than xf. It is shown in a similar manner that if x >> a/, the 
same equation holds. ^ 

It has been shown that if a/' is the extremity of one of the intervals {%) , 
F{x) is continuous at a/' on the side on which the interval lies. It remains to 
show that F(x) is continuous on the other side also, and that F{x) is continuous 
for a; = and a; = 1 . The method above employed for the case of the point xf 
is immediately applicable, the only modification being that only one half of the 
double inequality is necessary. 

The function F{x) is therefore a continuous function of x which never 
decreases as x increases and such that F{0) = 0, J^(l) = 1. Thus the answer 
promised to the question raised at the beginning of this paragraph has been 
given. 

It may be remarked that F{x) is constant throughout each of the ^inter- 
vals and hence those points xf in whose neighborhood F{x)^ F{xf) can be 
enclosed in a finite number of ^-intervals whose sum is less than 1—^ + 8, 
8 being an arbitrarily chosen positive quantity. If X is taken equal to l, this 
sum will be less than d, i. e. arbitrarily small. 

21. We have already seen that when the X-points are finite in number, 
F{x, x^) cannot be continuous unless it vanishes for all values of x. Evidently 

the same would be true if the X-points were the points — , 0. For, F{Xf Xq) 

Tit 

being assumed to exist for all values of a;, a;o in the interval (0, 1), it is easily 

shown that 

F{x, 0) = F{x,. 0) + F{x, xo). 
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Ifaro>0, F{x,Xq) = 0, there being but a limited number of X-points in the 

interval {xq ,. x) . Further, 

F{x, 0) = lim F{xo, 0) = 

and hence if i^(a;, Xo) is continuous, it vanishes for all values of x. 

From this example we can clearly generalize as follows. F{x, Xq) cannot 
be continuous unless it vanishes for all values of x, if the derivative Q^^^ of the 
set of -Z-points consists of a finite number of points, i. e. if the second deriva- 
tive G^ = 0, 

But even if 0^^ contains an infinite number of points, the same will be true, 
provided G^^^ contains but a finite number of points, i. e. that 6r^^^ = 0. And 
by induction we infer that F{xy Xq) cannot be continuous unless it vanishes 
for all values of a;, if the set of X-points is redvdhle ; i. e. if G""^ = 0, where a 
denotes a number of the first or second class.* 

Suppose on the other hand the set G of X-points is perfect:^ Then I say it 
is always possible for F{x, scq) t<^ be continuous without vanishing for any other 
value of X than the value «= Xq- Let G be included in the interval (a, 6), i, 
where a, h are points of Q. Select at pleasure an interval (1) whose extremities 
are points of G not coinciding with a, 5, but which contains no other points 
of G. Out of each of the free intervals complementary to (1) select, in the 
same manner as (1) was selected from X, intervals (2)i, (2)2- Repeat this pro- 
cess, obtaining the set (i)i, (i)^, .... (i)2*-i« Then the function 

is such that F{x^x^ is continuous without vanishing for any other value of x 
than Xq- The proof is similar to that given in §20. The X-points of s^ {x) are 
all points of G , and if the intervals {i\ are so taken that each sub interval of L 
that contains in its interior no points of G appears in this list, each point of G 
will be a X-point. 

Now Cantor has shown* that if the first derivative P^^^ of a set of points P 
is enumerable, there always exists a number a of the first or second class such . 

that P^*^ = ; but if P^^^ is non-enumerable, then P^^^ contains among its points 

♦ • 

* Cantor, Fondaments d'une th^orie g^n^rales des ensembles, Acta Math., vol. 2, p. 405; Sur 
divers th^rdmes de la th6orie des ensembles, etc., ibid. p. 409 et seq. ; Bendizson, Quelques th^o- 
rdmes de la theorie des ensembles de points, ibid. p. 419. 
26 
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a perfect set of points : P^^^ =i R+ S, where R does not concern us and S is 
perfect. Since G contains its derivative G^\ G will be enumerable when* and 
only when G^^^ is enumerable. We are thus led to the following theorem. 

Theorem VL — If 8^{x) is a function satisfying Conditions {A) and 
lina J s^ {x) dx = F{xy Xq) ; tlien it is a sufficient condition for the existence of the 



relation 



I flim s^ (a)1 dx = lim \ I s^ (x) dx\ 



that 1) F{x,Xq) be a continuous function of x and 2) the set O of X-points of the 
interval {a^h)he enumerable, 

Bui if the set G of X-points is non-enumerable^ then there always exist functions 
s^ {x) satisfying Conditions {A) and having G as their X-points, for which F{x, Xq) 
is continuous, but 

I flim s^ {x)\ dx^\im[ I s^ (x) dx\ 

ifx^XQ. 

If Sn {x) be given as a series : 

then it is a sufficient condition for the integrability of the series term by term thai 
1) the series 

I Ui{x)dx -{- I u^{x)dx+ • . . . 
be a continuous function of x; 2) the X-points be enumerable. 

22. The theorems obtained in Part II of this paper lead to corresponding 
theorems regarding the diflFerentiation of a series term by term. For example : 

Theorem. — If Ui {x) has for all values of x in the interval (a , 6) : a<x<b a 
derivative Ui {x) = Ui (x) continuous at each point of the interval and if the series 

U{x)= Ui{x) + U^{x)+ 

converges for all values of x in the interval toward the limit U{x); if further the 

series of the derivatives 

u {x) = Ui{x) •\' u^{x) -{■ .... 

^Cantor, Sur lee ensembles infinis et lin^ires de points, ibid. p. 874. 



Integration of Series Term by Term. 189 

converges for all values of x toward the contmuous function u (x) ; then in gerveral 
thefv/nction U{x) toillTiave a derivative given by the differentiation of the U-series 
term by term. The points for which this fails to be true form, a set satisfying 
Conditions (P) . 

And conversely y if U{x) , Ui {x) are functions having a continiums derivative 
IT (x) = u (x) , Ui (x) = Ui {x) throughout (a, 6) and if the series of the derivatives 

li (cc) = 1^1 (a;) + t^2 (^) + • • • • 

converges toward a continiums fimction u (x) , then the U-series can be differentiated 
term by term. 

For the continuous function u{x) — u{x) differs from at most in a set of 
points O satisfying Conditions (P) and hence is for all values of x . 
Habvasd IlNiyBBSiTY, Cambbidoe, Massaohubbtts, Augiist 1896. 

[NOTB.— In a second paper presented to the American Mathematical Society at its Summer Meeting 
the geometrical method for the studj of uniform convergence here set forth was treated at some length. 
This paper has since been printed in the Bulletin of the Society, 3d Ser., vol. Ill, pp. 59-86 ; Novem- 
ber 1896.] 
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Simple Proof of a Fundamental Theorem in the 
Theory of Functions. 

By R. D. Boh ANN AN, Ohio State University, Columbus , 0. 



**If a Riemann's Surface is reduced by m cross-cuts into n distinct simply 
connected pieces, and by m' cross-cuts into rJ such pieces, then m — w^m! — n'." 

(a) In a simply connected surface, one cross-cut makes two simply connected 
pieces, and n cross-cuts make n + 1 such pieces. 

(6) In a ^ply connected surface, p — 1 appropriate cross-cuts are necessary 
to reduce it to a simply connected surface. 

(c) If a ^-ply connected surface has been reduced by rn cross-cuts to n 
simply connected pieces, the p — 1 cross-cuts noted in (6) have been made. Thus 
the n simply connected pieces are due to m — {p — 1) of the cuts. Thus by (a), 

n = m — {p — 1) + 1 
.'. m — w = jp — 2, a constant for any given surface. 

Harkness and Morley, p. 229, and Forsyth, p. 317, give Neumann's proof. 
Riemann's proof will be found in his Gesammelte Werke, pp. 10, 11; also in 
Durfege's Elemente der Theorie der Functionen, pp. 183-190. For Lippich's 
proof see Durege, pp. 190-197. 
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Development of the A-process in Quaternions, with a 
Geometrical Application. 

By James Byrnib Shaw, D. Sc. 



I. — Formulce. 



1. Let us write (compare Hamilton, "Elements of Quaternions," p. 492, 
German edition, p. 741), 

A.^ = i{pq — qp), (1) 

V. A .pqr == — V{pAqr + qArp + rApq) , (2) 

S. A .pqr = S.pAqr . (3) 

We have at once from these equations 

A.pq= A.KpKq= V.VpVq= — A.qp, (4) 

A.pp = 0. (5) 

S.pAqr ^ S.VpVqVr=: S. qArp = SrApq = — SqApr 

= — SpArq = — SrApq, (6) 

S.pApq=0. (7) 

A. pqr = S.pAqr — A .qrSp — ArpSq — ApqSr, (8) 

= S.pAqr — V.pAqr — V.qArp — V.rApq. (9) 

A.pqr=^ — A.qpr=^ A.qrp=: — A.rqp = A.rpq=z — A.prq, (10) 

A.ppq=0. (11) 

S.pAqrs = Sp . SqArs — Sq.SrA8p+ Sr.SsApq — Ss.SpAqr, (1 2) 

= Sp.Aqrs — Sq.Arsp + Sr.Aspq — Ss.Apqr, (13) 

=pS.qAr8 — qS.rAsp^ rS.sApq — sSpAqr^ (14) 

= pAqrs — qArsp + rAspq — sApqr . (15) 

27 
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S.pAqrs = — S. qArsp = S . rAspq = — S. sApqr , 
= — S.pArqs = + S.rAqsp = — S. qAspr = + aS'. sAprq, 
= S.pArsq = — S. rAsqp = + aS . sAqpr = — S. qAprs , 
= — S.pAsrq^- + S.sArqp = — S.rAqps = + S.qApsr, 
= S.pAsqr = — S.sAqrp = + S.qArps = — /S. rApsq^ 
^ — S.pAqsr = + S.qAsrp = — aS'. sArpq =z ^ S. rApqs . ^ 



(16) 



2. These functions are visibly alternating, and are in nature determinantal. 
This aspect is more easily seen if we write 



whence 



3. Let 



p = wi + xii+ y-ij + zje, 

?=«'» + «%i + y%3 + 2»*, 
r = tOg + a%t + yj + ajfe, 
« = W4 + jc^i + yj + z^A, 



S.qArs = — Iscjys^*!. 

F.-4gT«= — i\w^i%i\ —j\WiZ^i\ — A;|tOjjXsy4|, 
S. Aqra = — | Xj^jZi | , 
S.pAqrs = — | w^x^^i \ . 



(17) 



(18) 
(19) 
(20) 
(21) 
(22) 

(23) 



(24) 



wherein the A's are scalars. Then we deduce easily 

S.tA.^8 = + hiS.pAqrs , ^ 

S. tA . Tsp = — Ji^S.pAqrs , 

S.tA.8pq^= + h^S.pAqrSj 

S.tA.pqr = — h^S.pAqrs, 

therefore 

< S.pAqrs =^ S.tAqra — 5 /S'. Mr^rp + r S.tAspq — sS. tApqr, (25) 

at least if S.pAqrs ^0. It is evident that this is the complete expression of 
any given quaternion t, and is a general relation holding between any five qua- 
ternions. 

So also we have 



t SpAqrs = — Sst.Apqr + Spt.Aqrs — Sqt.Arsp + Srt. Aspq. 



(26) 



toith a Geometrical Application. 
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4. We have from the definitions, if d, If, a!, etc., denote (as they will 
throughout the paper) scalars, 

A {a'p ■\-Vq)r = a' Apr + VAqr , (27) 

S. (a'p + Vq) Are = a'SpArs + VSqAra , (28) 

A . {a'p + Vq) rs = dA .pre + VA.qr8, (29) 

S. {a'p + Vq) Arst = a'S.pAret + b'S.qArst. (30) 

It is an easy corollary that if in any one of these functions, one of the quater- 
nions is a linear scalar function of the others, the expression vanishes. 

5. Conversely, if 

A.pq=0, p^xfq + i/, (31) 

S.pAqr = 0, p = !icfq + y'r-\-^, (32) 

A.pqr=0, p^zafq + i/r, (33) 

S.pAqra = , ^ = aj'g- + ^r + ss'* . (34) 

6. The following special cases deserve attention : 

A.ij = k, 

A.afj^O, 

S.iAjk = — 1 , S. afAjk = , 

A,ijk=: — l = o, A.JI(o = i, J..AxM = — J, A.(jdj = k, 

S.ciAijk=: 1. 

A.VpVq = A.pq, A.SpVq=:0, 

S.VpVqVr = SpAqr, 

A.VpVqVr = SpAqr, 

A.SpVqVr = — Sp.Aqr, 

S.VpA.VqVrV8=zO, 

S. SpA . Vq Vr Ve = Sp.S.qAra. 

7. Since A.pqArat 

is a quaternion, let us develop it in terms oip, r, a, t. Assume 

A .pqArst = h^p + Air + Aj« + Aj<. 

Operating by S. Arst, we obtain at once 

0-=ho8pAriit, (42) 

.-. Ao = 0. (43) 



(35) 



(36) 
(37) 
(38) 
(39) 
(40) 
(41) 
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Operating by S.p and S.q, we obtain 



= hiSpr-\- hiSps + h,Spt,) 



(44) 



= hiSqr + htSq8 + h,Sg[t,. 

.: Aj : A, : A, = (Spe Sgt— Sqs Spt) : {Spt Sqr — Spr Sqt) : (Spr Sqa — Sps Sqr) . (46) 

Hence if A' is a yet undetermined scalar, 

8 t 



h'A.pqAr8t= Spr Sp8 Spt 
Sqr Sqs Sqt 

To determine h', take scalars of each side, whence 
h'S.ApqAr8t:= 



(46) 



Sr 


S8 


St 


Spr 


Spa 


Spt 


Sqr 


Sqs 


Sqt 


Sr 


Ss 


St 


S.VpVr 


S.VpVs 


S.VpVt 


S.VqVr 


S.VqVs 


S.VqVt 



(47) 



(48) 



zzi — Sr.S.VpVqV.VsVt — Ss.S.VpVqV.VtVr — St.S.VpVqV.VrVs (49) 



= S.VpVqVArst = S.A.pqArst, 



and 



A.pqArat = 



. A' = l 

r 8 t 

S.rp S.sp S.tp 

S.rq S.sq S.tq 



(60) 



(61) 



This formula is strictly analogous to the vector formula 

I Spa Sya \ 

This result might have been obtained likewise by direct expansion : 

A.pqA.rst = S.ApqA.rst + V.ApqA . rat 
z= — S.VpVq (Sr. V.VaVt + Sa. V. Vt Vr + St. V. VrVa) 

— S.VrVaVt.V.VpVq 

+ Sp.V.VqiSr.V.VaVt + Ss.V.VtVr + St. V.VrVs) 

— Sq.V.Vp{Sr. V.VaVt + Ss. V.VtVr + St.V. VrVs). 
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Now the second line is equal to 

— Vr.S.V.VsVt.V.VpVq — Vs.S.V.VtVrV.VpVq — Vt.S.V.VrVaV.VpVq. 

The last two combine into 

Vr.{+ Sp.Ss.S.VqVt — Sp.St.S.VqVs 
— Sq.Ss.S. VpVt + Sq.St.S. VpVs) 
+ etc., 

which, added to the reduced expression preceding, is 

Vr Vs Vt 
S.pr S.ps S.pt 
S.qr S.qs S.qt 

The first line is easily seen to be the determinant 





Sr Ss St 






S.pr S.ps S.pt 


• 




S.qr S.qs S.qt 






r s t 


A.pqA^r6t=: 


Spr Sps Spt 






S^ Sqs 


Sqt\ 



Whence 



If we expand each side of the equality A . pA . qrsA .8tu'= — A .pA . stuA . qrs by 
this theorem, we get 

Sps .{qS.sA.tur — rS.sA.tuq + tS.sA.qru — uS.sA.qrt) 
= S.i^Spq.S.sA.tur — Spr .S.sA.tuq^ S.pt.S.sA.qra — S.pu.S.sA.qrt). 

Since p may be any quaternion, let it be A.qrt, whence 

8. S.uA.qrt = uS.sA.qrt — qS . sA . rtu + rS . sA Juq — tS.sA.vqr, 

which is the deduction of this important formula analogous to Hamilton's deduc- 
tion of the corresponding vector formula. From this formula, following Hamil- 
ton's process for vectors, we may deduce several others, showing relations 
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between quaternions. Thus 
A . pAqrs Auvw = 



u V w 

SuAqrs SvAqrs SwAqre 
Spu Spv Spw 



q T 8 

SqAuvw SrAuvw SsAuvw 
Sqp Srp Sep 



a relation connecting any six quaternions. 
8. We have from (51) 

A . Auvw Axyz Arat 

rat 

S . rAuvw S. a Auvw 8 . tAuvw 

S . rAxyz 8 . a Axyz 8 . tAxyz 

y 



u 



V w 

8. u Axyz 8. V Axyz 8. w Axyz 
8 . uArat 8 . vArat 8 . wArat 



8. xArat 8 . yArat 8 . zArat 
8.xAwvw 8. y Auvw 8. z Auvw 



Operating on {5i)hy 8.u 

8.uApqArat = 



— 8KA.rat = 



8.TU 8.au 8.tu 

8.rp 8.ap 8.tp 

8.rq 8.aq 8.tq 

= 8.rA.atAupq 

= — 8 {A. rat. Aupq) , 

8.7» 8.ra 8.rt 

8.ra 8.a^ 8. at 

8.rt 8. at 8.f 



Operating on {62) hj 8. A. Imn, we have 

8 .rAlmn 
8 . Almn A . Auvw Axyz Arat = 



From (58), making 



8 . a Almn 8 . tAlmn 
8 . rAuvw 8 . a Auvw 8 . tAuvw 
8.aAxyz 8. tAxyz 



8. rAxyz 



we have 



u^m^ v = n, w=zp, 
x = n, y = p, z =1 , 
r =2>, a =1 f t ^=^ m^ 



8. Almn A . Amnp A . npl A .plm = {8. lAmnpY, 



(62) 



(53) 

(64) 
(55) 

(56) 



(57) 



(58) 
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and from (52) in like manner 




A . AJtnn Amnp Anpl = 


— n8\ I Amnp. 


These two are strictly analogous to 




8. 7a/8 V^y Vya = ■ 


- ^Sa^y, 

- JP.afiy. 



(59) 



9. We deduce easily 
S. {l + m)A{m + n)(n + p)ip + Z) = 0, (60) 

S.{l+m + n)A.{mi'n+ p){n +p + l){p + l + m) = ZS.lAmnp, (61) 

S.A{l+m+n)(m+n+p){n+p + l)A.Alm + n+p){n+p+l){^^^ 

Ain+p + lXp + l+mXl + mi-n) 
^ {p+l+m){l+m + n){m+n+p) 

= 27 S\ I Amnp, (62) 
S.A{1 + m){m + n)(n +p)A.A{m + n){7i +p){p + I) 

A{n +p){p + l){l +m) 
A{p + 1) (l + m) (w+n) = 0, (63) 

S.A.{A. Imn . A . mnp . A.npl) A. A. {A. mnp . A . npl . A .plm) 

A. {A. npl . A .plm. A . Imn) 
A . {A .plm . A . Imn . A . mnp) = S^. lAmnp . (64) 

Formulas like these, of course, express determinant theorems, and might be 
written out in very elaborate form in that way. It is evident they can be 
developed indefinitely. It may be as well, however, to remark here, that as 
their vector analogs express theorems in spherical trigonometry, so these can be 
used as proofs of theorems in space of four dimensions analogous to those in the 
geometry of the sphere. 

For any ten quaternions whatever 

Sppi Spqi Spvi Spsi Spti 

Sqpi Sqqi Sqr^ Sqs^ Sqt^ 

/Srpi Srq^ Srr^ Sra^ Srt^ =0. (65) 

Sspi Ssqi SsTi SsSi Ssti 

Stpi Stqi StTi St8i Stt^ 



For, if we multiply the first row by S.qAretj the second by S.rAatp, the third 
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by S.sAtpq, the fourth by S.tApqr, the fifth by S.pAqrs, and then add the 
last four rows to the first, the first row will vanish. 

Again, if for Sppi we write SpoPi the determinant reduces to 



iSgq, 


Sqr, 


Sqs, 


Sqh 


Srq, 


Srri 


JSrSi 


Srt, 


Ssq, 


Ssri 


Sssi 


Ssti 


Stq, 


Str^ 


St8i 


Stti 



S'Pi{Po — p) 



which being resolved, and (53) applied, becomes 

= Spi (jpo — i>)(^??i S.rAstAriSiti — Srqi S.etAq AviSiti 

+ S.sqiS. tAqr AviSiti — Stqi .S.tq Ars AriSiti) 

= — S.pi{po—p) S.qiAr^Siti S. qArat. 
We have incidentally proved here that 



(66) 



Sqqi S^i Sqsi Sqti 

Srqi SiTi Srsi Srti 

&qi SsTi Sssi Ssii 

Stqi Stri St8i Stti 



= — S.qArstS.qiArjSiti, 



and as a corollary 



S*.qAr8t= — 



S.^ Sqr Sqs Sqt 

S.qr S.I* Srs Srt 

S.qa Sra S.s* Sst 

S.qt Srt Sst SJ 



(67) 
(68) 



(69) 



(70) 



10. Let us consider the set of quaternions 

7, = ie-*(e + »'+y + *), 



(71) 



toith a Qwmetrical Application. 
We have from them at once the equations 

■A • tjd^ — — ""~ lit ^ ' 'vv'i ^ Ti -^ • 's'ld ~~ — ^> "^ • Ivvt ~~ ^» 

8 .IxAl^^'^' $ . 
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(72) 

(73) 
(74) 



The latter equation shows that they are linearly independent. The sym- 
metry of the equations is apparent. These four bear a close analogy to the 
vector i,j, k. 

11. The following formulsB are of use : 



i = ie^{li-l»-l> + h), 
J=ie^{h-lr + l,-l,), 

jc = ie'{h + it-i,-ii), 



= - 1 + W2{li + 4+ 7, + It).} 






'■1 



Q = *0*(77a+ 32,+ 3Z, + 3?4), 
Z; = ie*(3?i+7Z,+ 34 + 3?,), 
?» = iO*(3Zi+ 37,+ 7«, + 3Z0, 
Z» = i6*(3?i+34+37,+ 774). 

^.y, = i0(- i +j) = i 0i (2, - ?,), 
.i.?ji,= i0( i-k) = ie*{lt-l,), 

A.iA=ie{ j-k) = i0»{i,-k), 



(75) 



(76) 



(77) 



(78) 



(79) 
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v.k==i(-h- h + ^k- k), 

F.?, = i(-Zi— k- k + ^h)- 



(80) 



12. Since ?i, 2^, 4, ^4 are linearly independent, any other quaternion q may 
be expressed in terms of them. Suppose then 

q = h%-^ hl% + ¥% + hTh' (81) 
We have at once 

h}^) = -e.S.l^, (82) 

S.q = \^{JJ ->(■¥ + h'" + hr) , (83) 

S.^=d (A" + F* + F" + h^) , (84) 
yq = lh (3A' — A" - h'" —h^) + i ?g (- h' + 3A" — A'" - A") 

+ i ?j (- A'— A" + 3F' — A^) + i Z, (— A' — h" — h'" + 3^^^) . (85) 

13. If r = X.g'h, (86) 

S.qr^d^.h'gf, (86) 

^.jr=^.V2|Ay| + etc. (87) 
So also 

A.qr8=h\h"g"7"\-h\h"Yy\ + h\h"9'f'\-hWf"\- (88) 

S.qAr8t=d.\h'g"f"^\' (89) 

14. We solve the linear quaternion operator by these functions thus. Let 

r = <!>.}. (90) 

Let 8,t,uhe any quaternions satisfying the equation 

^ = A.8tU, (91) 

.'. S.8^ — 0, S.i^=0, S.v/i^ = 0. (92) 

Now these three may also be written 

S.q^8 = 0, S.q<!?'t = 0, S.q<ifu =10, (93) 

.♦. mq=A.<l?'8^t^u. (94) 
Operate by S,^v, .*. 

mS. q^v = S. *'b A.^8^t^u. (95) 
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Whence _ S.^s A^t ^u ^v 



m = 



S . sAtuv 



(96) 



In this equation it is evident that 8,t,u,v may be any linearly independent 

quaternions. For if for either we substitute an arbitrary linear function of all 
four, we find the expression reducing to exactly the same again as (96). 
Put ^ — flf for <l>, whence 

tn^ =mg{^— g)~^A . atu (97) 

= A{^ — g)8{^-g)t(<^-g)u, (98) 
= A.(^8^t<&u — g{A.8^t^u + A.t^u^8 + A.iMi^8 <P't) 

+ f{A.8t^u + A.tu<l?'8 + A.u8^t)—g'A.8tu. (99) 

Here m^zzim — mig + m^ — mgc^ + g*, (100) 
where 

_ S.8A<P't^u^v +S.^8A.t^u^v+S.^8A^tu^v+S. ^sA^i^tw ,.^,. 

S.aAtf^u^v + S.sAmu^v + S.eA.m^m 

_ +S.^8A.tu^v + S.<P'sA.t^uv + S.^8A^tm ..-.^ 

S.sAtu^v + S.aAt^wv + S.aA^tm + S.^aAtuv ,,^„. 

*"»= sJij^ • (^^^) 

Substitute these values, operate by 4> — g and equate like powers of g: 

mA.stu — ^A.<b^8<b^t^'uy (104) 

m^A.8tu = ^{A.8(i^t^U'\' A.t^u^s-^-A.u^s^t)^ A.<bl8<i^t<bfu, (105) 
m^A.stu=^ <!^{A.st^u + A.tu^^s + A.us^t) 

+ {A.s^t^u+ A.l^u^s + A.u^b^sm), (106) 

m^A.8tu=.^{A.8tu) + {A.8t^U'\' A.tvJ^s + A.us^t). (107) 

It is plain from (104) and (105) that the parenthesis in (105) is a function of 
A.fitu, say 

X . A8tu ={A.8(b^t^u + A. t^u^8 + A . u^8m). (108) 

Likewise we may write 

^fA.8tu= A.8t^u + A.tu^'8-{' A.us^b^t] (109) 

.-. nii = *X + m<I)-"\ (110) 
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OT, = <I>'P+X, (111) 

tn,= <I> +'P, . (112) 

whence 1» = ni, — 4>, (113) 

X = »n,-m8<I> + <!)», (114) 

w4>~^ = n»j — TMj <t> + wi, <I>* — <!>*, (115) 

<!>*— »i,0« + mj4>*— »ni<E> + »i = 0. (116) 

15. If wis vanish, (107) gives 

^.Astu = — {A.st^u + A.tu^8 + A.us^t). (117) 

If mg vanish, (106) gives 
^{A.8t<i)'u + A.tu/^'8 + A.iu^t) 

=: — {A.8^t^U + A.t<^U^8 + A.'U/^8^t). (118) 

If m, vanish, 

^.4)'»^<4>'M = <I>(4.«4>'<^tt + 4.<^tt<I>'« + A.u^8m). (119) 

If m vanish, 

^A.<^s^t^u = 0. (120) 

If m and m^ vanish, we have in addition to (1 20), 

^{A.8^t^u + A.ti>'u^8 + A.u^'8(J?'t) = 0. (121) 

If also 7712 vanishes, we may add the equation 

^{A.8(^U + A.tU^8 + A.U8^t) — 0. (122) 

And finally, if m, is also zero, 

^*.A.6iu = 0. (123) 

16. If <I> is self-transverse, it may be written 

^=- 9i6hSl, + gSkSh - g^Sh + gt^l^SU, (l 24) 

where ^, 4< h> h ^^^ ^^ i^ 



For let qi,qi,qs, ^i^ the axes of $, then 

*?! = Ml- etc., (126) 

.'. S.qMi = giSq,qt,) ^j^g^ 

S.q,^t = gtSqjgt,) 
••• i9i — 9%)S.qiqt = 0, (127) 
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and if ^2f ff%i ffsj 9a ^^^ ^^ different, 

S.q^q^ = 0, etc. (128) 

Further, 

^ . <I)?i <IV78 <IV73 = m.^'^A . q,q^qs = g^g^zAq^q^s = 9^%999a^'^^ • ^iMs » (1 29) 



.-. ^Aq,q,q^ = g^Aq^q,qs = M4- 
Likewise <^A . ^55^8^4 = g^A . q^q^^ =—g^{— q^) . 

Hence the azes satisfy such relations as those defining the Vs of §10. 
But we may also write <I> in the form 

= giS. 1 — g^iSi — gJSj — gJcSk, 

since /S^. li = 8ij = 0, etc. 

and ^.Alij = — gjc, — h=^ A.lij ^ 

. Aijk = — gr^l , — 1 = -4 . i/fc , 

<I> . Ajkl — —g^i ^ — i =A .jhl , 

. J. . fell = — g^ , — y = A . kli. 



(130) 
(131) 



(132) 
(133) 

(134) 



17. If some of the roots are equal, results hold analogous to those in the 
theory of the linear vector operator by much the same proofs. 

18. The general expression for ^ in any case, in terms of its roots and 
axes, is 

^ _ yigiA^ ( ) A . ggg8g4 — g,q,S Aq^,q^ + g^sSj) Aq^q^q^ — g^^Sj ) Aq,q^^ ^ ,^3^^ 

S.qiAq^q^^ 
whence ^ may be written 

gi^*q%q^ASqx{) — gA>q^iqiS.q%{) 

+ g%^ ' qiq\q%S .q^{) — g^A. qiq^q^Sq^ ( ) /jggx 



<D' = 



19. If we write 






qiSJ} Aq^^t 
S.qiAq,q^t ' 

qtSQ Aq^^q^ 
S.qiAq^^i ' 

g3^()^g4glg» ^ 

S.qiAq.q^t ' 
S.qiAq^q^t '. 



(137) 
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whence 



we have 



In this equation 
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I "^ Ki-^r 6K2 — jffs — OK^f 
7» = iTi — e^ — JTj + dJSr^ , 

* = 9iJ^i + 9i^% + 9s^a + 9i^i . 
= a + bI+cP + dP. 



(138) 

(139) 

(140) 
(141) 
(142) 

(143) 
(144) 



(146) 



a = i{9i+ 9% + 9»+ fl'4). 
i = i{9i—^9*—9»+^9i)> 
c =i(j9i— 9i + 9s— 9t)f 
d = i{9i + 69s — 9»— ^9t)- 

The general theory of these operators may thence be developed in the same 
manner as I have developed that of the linear vector operator (read before the 
American Math. Soc, Aug. 1896). The quaternion operator may also be written 
in a sedenion form, and many theorems thence deduced. 

20. In the equation 

m^~^A .8tu= A. 4>'« ^t ^u, 

substitute « for ^s, 4>'~'« for «, etc., then change 4> to <t» — g. We have 
nigA . (<D' — g)-h(<i)f — g) t{<Sy — g)u = {^ — g) A.stu. 



m. 



Since 

,{^-g)-^A.pgr = A.(<^-g)p{^-g)q{^-g)r 
= (m<p-i — gX + ^^^ — g»)A .pqr, 

.-. ^S.q{<P-g)-'q = ^S.g^'q-SqXq + gSq^^q-g*S.^, 
y y 

^S.q{<P- h)-^q = -^ S.qcl?-^q - SqXq + hSq^fq - h'S. ^, 

••• ^S,q{^-g)-^q-^S.q(<b-h)-'q 

= i9-h){s.q^^q-{g + h)S.^-'!!:^i^} 



(146) 

(147) 
(148) 



(149) 
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These are identical when g=^h, and also when 

ghSqVq — gh(g -\-h) S.^ — m/S^-'g = . (160) 

Thus whatever g ot h, they are identical if 

S.q^fq = 0, S.^ = 0, And mSgp-^q = 0. (161) 

These equations are of use in the theory of surfaces of the second order. 

21. Again, if 

S.q{^-g)-'q = 0,) , 2^ 

S.q{^-h)-'q=0,) ^ ^ 



'. mSq^-^q — gSqTq + g'Sq^fq — g*S.^ = 0,) 
mSqfir^q — hSqXq + h*Sq9q — A'/S'. ^ = . ) 



(163) 



Hence whatever x, 



m{l — x) Sq^^q —(g — hx) SqXq + {g*— A'sc) JSq9q — (^— h'x) S^=0. (154) 
Ifx=l, SqXq + {g-{-h)SqVq — {g' + gh + h*)S^ = 0. (156) 

Ifa = «7/A, miSq(ir^q — gi^Vq + g{g + h)S.^ = 0. (166) 

If X = gi»/A», m{g + h) Sq^-^q — ghSqXq — g'h*S. g» = . (167) 

lfx = g'/h; m{g*+gh + h*)Sq^-'q — ghig + h)SqXq+g'h*SqVq=0. (158) 

22. Passing now to considerations of a different kind, let 





^=»'^ + x"4 + »"7, + x"Z,. 


(159) 


Let 


° ^^■'■^aa/'"'"'»ax"'"^^*aa^' 


(160) 


Then we have 








U.q =46, 


(161) 




u.Sq =^6^{h + h + h + Q=^e, 


(162) 




U.Vq = 36, 


(163) 




n.T*q =2eSq — 66Vq, 


(164) 




n.Saq =6a. 


(165) 




U.aq =46Sa, 


(166) 




U.Vaq =6{—SSa+ Va), 


(167) 




U.A.aq = — 26.Va, 


(168) 



etc. 
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II. — A Geometrical Application of the use of the A-Functions. 

1. Let ABCD be any four non-coplanar points in space. Let us denote any 
point in space, as P, by the quaternion 

wherein 

7i:7i^id"ix^= {P-BGD) : {P-GDA) : {P-DAB) : {P-ABG) . (2) 

2. Evidently A, B, G, D are denoted respectively by 

3. The areas of the faces opposite A, B, G, Dj being denoted by a', V, cf, df, 
the perpendiculars from P on the faces are evidently as 

4. If § be any second point (y, y, y"', y^^ , any point B on the line joining 
P and Q is 

^^ m'p+n'q ^h^re P3? : ^ = n' : m'. 

The proof is easy by considering the relations of the perpendiculars involved. 
This equation b exactly equivalent to 

A.pgr = 0, (3) 

which is therefore the equation of the right line through p and q. 

6. The centroid G of the fundamental tetrahedron is 

^{li + l* + h + Q = 9' (4) 

6. If g be any point, 

q=Sq+Vq. (5) 

But Sq = {xf + af' + af" + ar)g, (6) 

hence Sa/ = ^ . (7) 

9 
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When S.q= 0, 

Sa/ = (8) 

and the point Vq is at infinity. Hence Vq is the point at infinity on the line 
joining G and Q. 

7. Kq=2Sq—q—2g — q (9) 
is evidently such a point that O bisects the segment joining it to Q. 

8. If three points a^, Og, a, be given, any point in the plane joining them is 

p = xfai+ y'ag + zfa^. (10) 

This is exactly equivalent to 

S.pAa^a^a^=.0, (11) 

which is therefore the equation of the plane through a^, o^, 03. 

9. It is easy to see that, if lines be drawn from A, B, G^ D through a point 
P, to cut the opposite faces in P^, P^, Pq, P^^ and then lines be drawn through 
each of these points and the three vertices in the same plane with it to intersect 
the edges in P^j^, P^^;, P^2>, etc., then 

'bPad ' P7^ = »"' ' a", etc-, 

10. If we define as the isotomic conjugate of P(jp = ocfli + x"Z, -f xf% 
+ a;^%) the point <P, 

then the harmonic conjugates of the points <P^j, {Pao <-P^i)» iPaot iPaot iPoD 
are represented respectively by ^Z, — ^?o ^^ — ^^f 

-^^~W^' ^^-^^*' ■^^""^^' -d'^~W^' 

It is plain at a glance that any four of these lie in one plane, that is, all of them 
lie in a plane, namely, the plane 

/S'.r(x'Zi + a/'Z, + a/"4 + a^y = 0. (13) 

29 
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This plane is the polar plane of the point iP with respect to the tetrahedron 
ABGD^ and we may call it the iaopolar plane of P, 

Hence A.aiO^a^ is the isopole of the plane through Oj, a,, a,. 

10. Let the points Oj, a,, ag be coUinear. Then any point on the inter- 
section of 

S.pa^=OA xj^x 

,5.^02=: ) ^ 

is satisfied by the points on the plane S.pa^=^ 0, and either of these two, for 
Oj = m^di + n'a^. Hence if the isopoles of three planes are coUinear, they are 
also coUinear. 

11. The point of intersection of the three planes 

Spai—O, Spai=0, Spli=0 

is p=^ AA^aya^. (15) 

That of intersection of 

Spiy = 0, /Sjpa, = , Spl^ = , 

is pzziA.lfftiO^. (16) 

Hence the line of intersection of these two planes is 

A . rAIiaiO^ A . l^iO^ = , (17) 

and for Zj, 7, may be written any two points in space. Any point on this line is 

pz=iA.a^(^fi^, (18) 

where a^, is any point in space. 

1 2. The line of intersection of the isopolars of points on this line is 

A.p{A. lAliUia^ Ayiiai){A . l^Aliajz^Al^diO^) = = J. .piiO^. 

Any point on this latter line is then 

p:=^ A.a„ AliUiO^ Al^iO^y (19) 

where a. is any point in space. 

Hence if there is given any line, 

jl.raja, = 0, 
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there is a second line 

A .pA . l^aiO^ Alga^a^ = , (20) 

which may be called its isopolar, each possessing the property that all planes 
through it have their isopoles on the other. 
If two lines are isopolars, as 

A.raia^= 0, 

A . ra^^ = , 
then for the first any point 

Hence oiSa^a^ + y'Sa^a^ = , 

scfSaia^ + j/Saffli 
/. {Saia^ Sa^a^ — Soya^^ Sa^a^ = 

= aS^. FaiFog SVa^ Va^ —S. Va^ Va^SVa^Va^ = S. Aa^a^ Aa^^. (22) 



^^-^4 (21) 



This is the condition of line-isopolarity. 

The vector A . a^a^ I shall call the Pluecker of the line through ai, Og. For, 
the six coefScients in the expression 

are Pluecker's coordinates of a line. They are connected by the relation 

|a{a^'|>>r|-|a(<|.|a^r| + |a{<|.KV1 = 0^ 
Evidently 

S. kAa,a^-\ e* ( P,3 + Pjj, + PJ, 

S.kAa,<h = hQ'{- P,s-Pu + Pu). 

S. lsAa^a^=^ 0* ( P,^ — Pu—Pu)i 

S. l,Aa,a, = i 0* ( P,3 + Pi3 + P,3), 

P12P34 — PisP%4 + PuPfss ^^ . 

These five equations and the fact that only the ratios of the ^'s is needed, give 
sufficient data for their determination. 
Evidently A . a^af^ is on the line 

A.lrO^a^, A.l^aiO^. 

The theory of complexes and congruences is developable from these equations. 
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13. The intersection of 

Spai = , 

Spa^=^0, 
Spa^=0 

is p = A. a^a^^ . ( 23) 

Hence the point of intersection of three planes is the isopole of the plane of 
their isopoles. 

1 4. The plane S.gp=Sp=0 

is the plane at infinity, since it is the polar as well as the isopolar of the centroid 
of the tetrahedron. 

Two planes are parallel when they intersect only on the plane at infinity. 
Hence if they are S . Uip = and Sdzp = , 

S.g (»' J. . OyU^a^ + j/A . a.aiO^) = , (24) 

where a/ and ^ have any values and a^, a, are any points. This is satisfied 
only by 

S.A.aya,(^ = Oj ^26) 

S.A.agaia^=^ 0, ) 

and since a^ and a, are arbitrary, it follows that 

A.a^a^ = 0. (26) 

This is the condition of parallelity of the planes, viz. that the Pluecker of the line 
joining their isopoles be zero. It also gives 

a^ = x'a2 + y'g. (27) 

Hence if two planes are parallel their isopoles are collinear with the centroid. 

15. Two lines A.p(iia^=^0 and A.pa^a^^iO 

intersect if . S. a^Aa^a^^ = . (28) 

Ifp is the point of intersection, 

p = xai +ya,, 

.-. xA . aia^4^ + yAa^a^^ = , 

.'. x:y=:S(X2Aa^^: — Sa^Aa^^, (29) 

p^ia^Sa^Aa^^ — a^SaiAa^^ ) ,^^. 

= a^Sa^ AdyCiz — a^Sci^ Aa^ . ) 
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They are parallel if /S^ = , i. e. if 

or /Sx, . 8. a^Aoia^ — Sa^^ . S.a^AoiO^ - 



. = 0.1 ^^'^ 



16. The perpendiculars let fall upon the plane S .ap=^0 from the vertices 

hi ?»» ky ^4 are as 

S. ah : Sal^ : Sal^ : Sal^. (32) 

For, these perpendiculars are parallel, hence we have a series of similar triangles 
which enable us to write out the relations at once. 

The perpendicular from any point q is then to that from h as 

S.qaiSlia, (33) 

for the perpendicular from q is 

. Qa _ Sqa 

*' Aa~ JSha' 



(34) 



Hence any two perpendiculars as from P and Q are as 

SpaiSqa. 

17. The volume of (a, , Oj, Og, a^) is 

± 6 A . Sa^Aafi^^ . (36) 

For the volume 

{ai-Wi)''{ii'W4 ) = S.a,Al^,l, :S.l,AkU, , 
(a,-y4ai ) : (4-V4«i ) = S .a^AlJt^ai iS.liAhha^ , 
{ciz-hdidt) • (W^^i^B )=^ S . a^AlfLiO^ : S. IzAl^a^a^ , 
(^4"^i^««8) • (^4*^i^^a) = ^ • (^^AaiQ^a^ : /S'. l^Aaia^a^ . 

Multiplying all together and representing the volume of the reference tetra- 
hedron by A, 

(ai-Ojgaja^) = ± OA . SoxAa/ifi^ . 

18. A dual interpretation is easily introduced at this point, for if in the 

present notation 

S.ap = 

[NOTS.— ill , a, , a, » a4 must be unit pointe.] 
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denote a plane, we may assume an interpretation as follows : Let a represent the 

plane whose perpendicular distances from ABGD are as the elements of a, 

al, a!\ a"', oT, then 

S.ap—Q 

will represent a point which is the isopole of this plane. The plane of the three 

points 

S.pai = 0, S.pa^^^O, S.pas=^0 

will then be A.aiaja^^ etc. 

19. If a^V </ cP represent the faces of the tetrahedron, we may define any 
conjugate of P as 

Many theorems of plane geometry are thus easily extended to solid geometry. 
I can only hint at them within the limits of this paper. 

The Quadbic. 

20. The general equation of the quadric is 

S.p^p = 0, 

where <& is a self-transverse linear quaternion operator. The line p=^a + xfb 
meets this surface at points corresponding to the two roots of the equation 

x^'Sb^b + 2a^Sa^b + Sa^ = 0. (36) 

The product of the roots is ^^ ; their sum, — ^^S • The roots are equal if 

S. a^a Sb^b — S^ a<D6 = . (37) 

Hence if i is a variable point satisfying this equation, we have the tangent cone 
with a as vertex. 

This cone touches the quadric at points satisfying the equation (37) and 
Sb^b = 0, i. e. on the plane 

S.b^ = 0. (38) 

This is the polar plane of a. If a is on the surface, it is the tangent plane. 
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The pole of aS^. op = is evidently therefore 

^"^a. (39) 

Hence the center, or pole of the plane at infinity is 

<E>"V- (40) 

This is at infinity, and the surface is a paraboloid if 

/S^.^-V=0. (41) 

21. If one root of ^ is zero, then w = ; and since 

in this case, A . ^li^l^^l^ must be a point on the surface. And since 

S.p<^A . *7i OZs O^ = 0, 
for all values ofp, i. e. 

S.^pA.^li^l^^l^=0, 

A . <I>?i ^l^ <|>Z3 must lie on all polar planes, hence on all tangent planes. If p is 
any other point on the surface, 

A . ^li ^^ ^?3 + a/p 

evidently satisfies the equation of the surface. It must therefore be a cone 

whose vertex is 

A.^h<Ph^J^. 

In case two roots are zero, we have likewise 4)*X?i = , hence ^Xl^ is a 
point on the surface. All tangent planes and all polar planes then go through 
two points, and the surface is therefore two planes. 

In case three roots are zero, we find likewise that ^^li is a point of the 
surface, which must then be one plane. 

22. If the polar plane of a pass through 6, Sa^b=> 0, and this is the sole 
condition that the polar plane of b pass through a . 

23. The asymptotic cone is clearly 

S.g^^'g SpPp — S*gp = , (42) 

or since ^ is a scalar, 

S. 1*-^1 . Sp(^p — S*p = 0. (43) 
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24. The plane Sap = touches the surface if it contain its own pole, hence 

the condition is 

S.a^-^a = 0. (44) 

26. The polar line of A .pah = 

is easily found. For the polar plane of a is Sp^a = 0, and of h is Sp^h = 0. 

Hence the polar line is 

A.rAag^^a^h A .ay^^h =^ . (45) 

26. Referred to the invariant points of <>, Px^Pt.Pz, p^ we see at once that 
since 

^Pi=Pu Spip^ = 0, etc 

the invariant tetrahedron is self-polar with respect to the surface. 

The usual theory is easily worked out from these first principles. 
iLUNOis CoLLsaB, Augtut 1, 1895. 



On the Analytic Theory of Circular Functions. 

By Alesxander S. Chessin. 



1 • — Prelimvnaries. 

§1. It has become a usage with authors of treatises on the Theory of Func- 
tions to introduce the reader to the theory of doubly periodic functions by first 
treating simply periodic functions. Unfortunately the similarity between simply 
and doubly periodic functions ceases to exist when the behavior of the function 
at infinity comes to be investigated. Indeed, while in the case of doubly periodic 
and, in particular, of elliptic functions we treat these functions in a primitive 
parallelogram situated in the finite portion of the plane, we have to consider, in 
the case of simply periodic and, in particular, of circular fimctions, the behavior 
of svch fimcHons at infinity^ when the variahle is restricted to remain within one of 
the primitive regions or hands into which the plane may be divided. It was the 
neglect of this important point in the theory of simply periodic functions that 
led M. Forsyth to some erroneous conclusions in his excellent treatise on the 
Theory of Functions.* M. M6ray, in his " Lepons nouvelles sur TAnalyse infini- 
t6simale et ses applications g6om6triques,"f gives considerable attention to the 
point in question, which leads him to a classification of simply periodic functions 
into polarized and non-polarized functions.J However, the character and role of 
the polar valves\ of a circular function have not yet been clearly set forth, and it 
is the object of the present paper to supply this deficiency. 

*See oh. X ; also the review of this treatise bj Mr. W. F. Osgood in the Bull, of the Amer. Math. 
Soc., 2d series, vol. I, no. 6. 

tvoi. n, oh. vn. 

t Op. cit. p. 270. These terms correspond to the terms circular and paeiido-etrcv/ar used in this 
paper. 

I Characteristic limUn^ in the present paper. 

30 
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§2. Let/(2) be a uniform function admitting the single period o; then, by 
definition, 

/(. + n6>)=/(2), (1) 

n=± 1, it 2, ± 3, ... . 

This equation holding only for integral values of n, the period o \b primitive. 

By means of a simple linear substitution of the variable the function /(a;) 
can be transformed into another uniform function admitting an arbitrarily 
assigned period J. In fact, if we put 

we shall have 

/,(2/ + co0=/i(a/). 

In particular, if cd be a complex number, we may put cd' = | o | , so that the 
transformed function will admit a real period. 

§3. It will be shown presently that the entire plane of z may be divided 
into parallel bands in such a way that f{z) takes all its values in each band. 
This proposition, the analogous of which is almost obvious in the case of doubly 
periodic functions, requires special considerations on account of the fact that the 
bands into which the plane of z is divided extend to infinity. 

We will agree to say that two points z and 2/ are congruent to each other 

with respect to o if we have 

2 = 2/ (mod. 6)), 

adopting this notation from the theory of numbers. 

Let us draw any arbitrary line L which does not cut itself and extends to 
infinity, and let a point z describe this line ; then the points congruent to z will 
describe the system of lines 

.... X/.2} *-'— 1> -^Oi •"!» -^> .... 

parallel to each other and to the line Z, the line i* being described by the point 
2J + Arcd, and the entire plane of z will be divided into parallel bands. Each band, 
i. e. the region contained between any two consecutive lines Lk^\ and Zjk, will be 
called a primitive region of the function /(z). For the sake of convenience we 
will say that the band formed by the lines L^^i , Lj, is the h^^ primitive region. 
To each primitive region belongs one of the two lines forming it. We will 
assume that to the h^^ primitive region belongs the line L^-^i . 
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Let 2 be any point within a fixed primitive region, for instance the m^^ 
region ; all points congruent to 2 will lie within other primitive regions, namely 
the point z + kcd will lie in the (m + ky^ region. 

If Zi be an ordinary point of/(z), then all points congruent to Zi are ordinary 
points of the function. In fact, in the neighborhood of the point Zi we can develop 
f{z) in the form 

/{z) = a{z-z,), (2) 

where G{z) denotes, as usually, an integral function. Let Zj = % (mod. g)) and 2/ 
be any point in the neighborhood of the point Zg* i- ®- 1©* 

^' = 2. + ?; \^\<e. (3) 

Then by (1), 

/(2')=/(2. + f)=/(^ + 0. 
and by (2) and (3), 

/iz, + = o{0 = (^i^-^), 

which proves the proposition. 

If the point Zi were an isolated singular point of /(z) — and this is the only 
kind of singularity we need to consider for our purposes — we would have instead 
of formula (2) the following one : 

/(z) = a,iz-z,)+a,(^^). (4) 

Again, by (1), 

/(^)=/(2i + 0. 
and by (4) and (3), 

/(«, + 0= 6^,(0+ ^»(^) = <5'i(^-'^)+<3=3(^). 

i. e. the function /(z) has at the points Zg exactly the same singularity as at the 
point Zi . 

In a similar way it is readily shown that if Zi be a vanishing point of the 
order 31 for /(z), all points congruent to Zj are vanishing points of the same 
order for this function. 

It follows from the preceding remarks that the function /(z) assumes in the 
finite portion of a primitive region all the values which it assumes in the finite 
portion of the entire plane, and that /(z) is completely defined in the finite 
portion of the plane if it be defined in the finite portion of a primitive region. 
But it would be wrong to conclude without further investigation that /(z) is 
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completely defined in the entire plane if it be completely defined in a primitive 
region. It remains therefore to investigate the behavior of /(z) at infinity, and 
to find out whether with regard to the infinity point also the function is charac- 
terized by its behavior at infinity while z remains within a primitive region. 

§4. Theorem I. — The function f{z) has an essentially singular point at infinity. 
This follows immediately from equation (1). In fact, if we put in it w = oo 
we obtain 

/(«,)=/(2). 

i. e., the function assumes any arbitrarily assigned value at infinity, and the 
point z = 00 is therefore an essentially singular point of the function. 

Theorem II. — If the fv/nction f{z) has an essentially singular point other than 
the point 2 = 00, then it has an infinite number of essentially singular points. 

For if Zj be an essentially singular point of /(a) and Zi =/= <», then all points 
congruent to % are essentially singular points of the function (§3). 

We will be concerned in this paper only with functions /(z) having no other 
essentially singular point than the point z= 00. Under this restriction /(z) can 
have only isolated poles in the finite portion of a primitive region. In fact we 
know that whenever an infinite accumulation of poles takes place at a point, 
this point is an esselutially singular point of the function. An infinite accumu- 
lation of poles may therefore take place only at infinity. This does not exclude 
the possibility of an infinite number of poles in a primitive region, provided 
there be only a finite number of them in the finite portion of such a region. 

Let then/(z) be a function as here defined. We can enunciate with regard 
to this function the following two propositions : 

Theorem III. — If the function f {z) has no pole in a primitive region^ then it is 
an integral transcendental function^ i. e. 

f[z)=Q{z). 

Theorem IV. — If thefunctixm f{z) has a finite number of poles in a primitive 
region or an infinite number of them, provided there be only a finite number of poles 
in the finite portion of the region, then f{z) is the quotient of two integral func- 
tions, i. e. 
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These two theorems are an immediate consequence of Weierstrass's theory. 
With regard to the second theorem, it must be observed that one or the other of 
the functions Gi (z) , (rj (z) may reduce to a constant, but if not constant they 
must be transcendental integral functions; because if /(») has a vanishing point 
or a pole in a primitive region, it will necessarily have an infinite number of 
vanishing points or poles in the whole plane (§3). 

§6. Let/(2;) be again a function as defined in the preceding paragraph, and 
suppose that we restrict the variable to remain within a fixed primitive region of 
the function. If then we let z tend to infinity and at the same time fix the 
direction of motion by one of the two arrows of the figure, the path of z being 



.(2) (^> ^ 



Otherwise perfectly arbitrary, three possibilities arise: either /(z) tends to a 
finite and determinate limit, or it tends to become infinite in a determinate 
way, or, finally, it becomes indeterminate. It will be shown later (§10) that if 
one of the enumerated possibilities takes place in one of the primitive regions, it 
will take place also in every other primitive region. It will be shown, moreover, 
that if one of the first two cases occurs for one of the directions indicated by the 
arrows, the same will be true for the other direction. Finally, it will be shown 
that this property is independent of the choice of the line L. 

Functions /(z), for which the first two of the enumerated cases take place, 
form a class by themselves and will be called circular fu/nctions in distinction 
from the functions for which the third of the enumerated cases takes place, and 
which will be called pseudo^rcular functions. 

Theorem.— J. circular function can have only a finite nvmber of poles in a 
primitive region. 

Suppose first that lim/(z) is finite and determinate when the variable 

remains in a primitive region aud tends to infinity in the direction indicated by 
one of the two arrows of the figure. Let N be this limit. Then we are able to 
assign a neighhcrhood of the point z = <» within the primitive region such that 
within this neighborhood /(z) differs arbitrarily little from N. Now if /(z) had 
an infinite number of poles in a primitive region, these would form an infinite 
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accumulation at z = oo (§4), and it would be impossible to assign any neighbor- 
hood of 2 = 00 in the primitive region such that in this neighborhood /{z) diflFer 
arbitrarily little from N. 

Suppose on the other hand that / (2) tends to infinity in a determinate way 
when z tends to infinity in the described manner. Then we are able to assign 
a neighborhood of the point 2 = 00 within the primitive region such that within 
this neighborhood/ (2) have arbitrarily great but^mte values. This again would 
be impossible if/(2) had an infinite number of poles in a primitive region. 

Remabk. — It will prove convenient to combine the two cases, namely, the 
case when lim/(2) is finite and determinate, and the case when /{z) tends to 

infinity in a determinate way, under the same category of fimctions having a 
determinate limit when 2 tends to infinity in the manner described above. We 
will therefore agree that, unless explicitly expressed {jfinite and determinate), 
lim /(z) may be infinite when we say that it has a determinate limit. It will, 

however, be remembered that this is only a convenient mode of expressing that 
/{z) may tend to infinity in a determinate way. 

2. — Behavior of Circular Functions at Infinity. 

§6. Let us consider a circular function having a real period £i. We will 
choose for the line L the axis of y, and we will assume that lim/ (2) has a deter- 

minate value when 2 = a + iy tends to infinity while remaining in the first 
primitive region, the direction of motion being in this case indicated by the sign 
of y. We will denote the limits of/ (2) by/ and / according as y>0 or y<0 . 
These values may be infinite * Let us next draw any arbitrary line A extend- 
ing to infinity. The angle formed by the direction of the motion of a point 2 
on this line and the positive axis of y, is a function of 2, which we will denote 
by 7. (2) . As the point 2 moving on the line A tends to infinity, the function 
^ (2) may tend to a determinate limit, which we will denote by 31 ( 00 ), or it may 
become indeterminate. 

Theorem I.—// >l (2) tends to a determinate limit ;i ( 00) :^ -^ , when z tends to 

2 

* See Remark, §6. 
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infinity along the lime A, then limf{z) =/i or /g, a^ccording as >l( »)< -^ or 

Let » = sc + iy be a point on the line A and Zq=2Xq + iy^ its congruent in 
the first primitive region. Then 

x = a'o (mod. 11); y = 2/o» 
f{z)=f{x^ + iy). 

Let z tend to infinity along the line A. Then x^ will remain within the limits 

0<aJo<n, 

and sco + W ^^ remain within the first primitive region. Hence 

lim/(z) = lim/(a^ + iy) =/, or/g, 

according as y = + oo or — oo, i. e. according as 31 ( oo ) <-^ or > -— , which 

2 Z 

proves the proposition. 

Remark. — Theorem I still holds for ;i ( oo ) = — - provided x and y both tend 
to infinity with z. The value of lim/(2;) in this case will be /i or /, according as 

= 00 

X (z) remains from a certain place on < -— or > -— as z tends to infinity along 

2 2 

the line A . 

Theorem II. — I/^{z) tends to the determinate limit ;i ( oo ) = _ - , but y does 

2 
not become infinite with z, then limf[z) becomes indeterminate as z tends to infinity 

C=00 

along A. 

In this case the line A has an asymptote parallel to the axis of x.* Let a 
be its distance from this axis. Then it is clear that as z tends to infinity along 
the line A, Xq will again remain within the limits 

o<xo<n, 

while y will tend (or be equal) to the value a, so that 

\\mf{z)=f{x^ + id), 

g=oo 

* Or A may simply become parallel to the axis of a? . 
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where x^ may have any value between and fl. Therefore lim/(2) may have 

any value among those which f{z) assumes on the line y=a within the first 
primitive region, i. e* lim/(z) is indeterminate, which proves the theorem. 

We can of course imagine that z tends to infinity not along a continuous 
line, but by jumps from point to point. In this case it is no more possible to 
speak of an angle between the direction of the motion of the point z and the 
positive axis of y. But it is always possible to draw a line A such that the 
moving point will remain on this line, and as the preceding theorems are inde- 
pendent of the way in which the point z may move on the line A , it is clear that 
they still remain true. The function 7. {z) will depend on the manner in which 
the line A is drawn through the points passed by the moving point, but >l ( oo ) 
will be the same (if determinate) for all such lines A, because they will all be 
tangent to each other at the point s = oo. 

Heretofore we have assumed that >l ( <>» ) had a determinate value. It remains 
to examine such paths A for which >l ( oo ) is indeterminate. It is clear that aU 
such paths may be divided into two classes. The paths of the first class are such 
that as z tends to infinity along one of them X {z) Tii2i,y assume any value between 

and n except the value -^. In this case lim /(z) will oscillate indefinitely 

between the values /i and/j. The paths of the second class are characterized by 
the fact that as z tends to infinity along one of them ^ (z) may among other values 

aaavme the value -— . 

Theorem III. — Whatever he the path along which z tends to infinity^ the value 
of lim f{z) will he either f or f^ or one of the values which f(z) assumes in the finite 

portion of the first primitive region. 

In fact if 31 ( 00 ) has a determinate value, if this value be =/= -— we have 

2 

seen that lim / (z) = /^ or /^ . If ;i ( oo ) = -5_ , the value of lim / (z) is any one of 

«s=oo 2 « = » 

the values of /(z) on a line parallel to the axis of x within the first primitive 
region, i. e. one of the values which /(z) assumes in the finite portion of the first 
primitive region. 
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If A, ( 00 ) is indeterminate but ^ -^, we have seen that lim/(2) can have 

only the values /j and/,, and if ;i ( oo ) is entirely indeterminate, lim/(2;) cannot 

only have the values /i and/, but also any value among those which /(z) assumes 
on a line parallel to the axis of cc within the first primitive region, i. e. lim/(2;) 

can have besides /i and /, any value of /{z) in the finite portion of the first 
primitive region, q. b. d. 

§7. We have assumed at the beginning of the preceding paragraph that the 
circular function f{z) with the real period fl has a determinate limit when z tends 
to infinity in any manner within the first primitive region, provided the sign of 
y in 2 = X + iy be ultimately the same,* and we have called this limit /i or/^ 
according as the sign of y is positive or negative. Let us now see how the func- 
tion behaves at infinity in any other primitive region. 

Suppose z be restricted to remain within the k^ primitive region, and let z tend 
to infinity in such a way that y have ultimately a fixed sign. Then it is clear 
that we can apply Theorem I of the preceding paragraph. In fact in this case 
>l(oo)=0or7t according as y becomes ultimately positive or negative. In the 
first case lim/(2;) =/i, in the second lim/(2) =/8. Hence this 

Theorem I. — If a function / (z) with a real period tends to a determinate limit 
when z tends to infinity while remaining in a fixed primitive region in such a way 
that y have ultimately a determinate sign, then the function will tend to the same limit 
when z tends to infinity while remaining in any other primitive region and the sign of 
y being ultimately the same as in the first case. 

Now that we have seen that lim/(z) has the same value in every one of the 

«=ao 

primitive regions, it remains to find whether this property is independent of the 
manner in which the plane of z has been divided into primitive regions. Let 
therefore L be any line which does not cut itself and extends to infinity, and 
which has no asymptote parallel to the axis of x or which does not ultimately coincide 
with a line parallel to this axis. If 2; be restricted to remain within a fixed primi- 

« This condition which here replaces the necessily of choosing one of the two arrows on the fig. of 
§5 is necessary, for otherwise/ (z) would oscillate indefinitely between the values /i and/, as z tends to 
infinity. 

31 
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tive region in this new division of the plane, it is clear that we can again apply 
Theorem I of the preceding § , and we shall have 

lim/(2)==/ior/j 

according as y becomes ultimately positive or negative. Hence this result : 

The preceding theorem remains true whatever he the manner in which the plane 
has been divided into primitive regions. 

It will be convenient for the future developments to fix a positive direction 
of the line L. In the present case (i. e. when the period of /(z) is real) we will 
agree to take as positive that direction of the line L which at infinity forms an 
acute angle with the positive axis of?/. We will also agree to say that z tends to 
infinity in the positive (resp. negative) direction^ if the direction of its motion forms 
ultimately an acute (resp. obtuse) angle with the positive direction of the line L. It 
is clear that if 2 remains within a fixed primitive region, the limit of this angle 
is (resp-»7t). 

With these new definitions we can enunciate Theorem I in a more general 
form as follows : 

Theorem II. — If a function f (z) with a real period tends to a determinate limit 
lohen z tends to infinity in a positive (resp. negative) direction while remaining in a 
fixed primitive region for a fixed division of the plane, then the function f{z) will 
tend to the same limit within every one of the primitive regions^ as well for the 
given as for any other division of the plans, provided z tend to infinity alioays in 
the positive (resp. negative) direction. 

§8. The preceding discussion shows that with every circular function having 
a real* period are connected two fixed numbers f and /gf which are inasmuch 
characteristic for the function that they are independent of the manner in which 
the plane is divided into primitive regions, and that they are obtained as the 
limiting values of the function when the variable tends to infinity along any 
path having a determinate direction (as defined above), this limiting value being 
/i or/g according as the variable tends to infinity in the positive or negative 

* We shaU see later that this restriction of the period is not necessary. 

t These numbers may be equal to each other. One or both of them may also be infinite. (See 
Remark at the end of g5. ) 
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direction. We will therefore call these numbers /i and /g the characteristic limits 
at infinity^ or shorter, the characteristic limits of the circular function f {z) . 

From Theorem III, §6, and Theorem II, §7, follows an important result, 
namely : The function f {z) whose period is realj assumes in a primitive region every 
assignable value. 

In fact, by Theorem III, §6, whatever be the path of 2, the value of lim/(2) 

will be either /i or/2 or any one of the values which f{z) assumes in the finite 
portion of a fixed primitive region for a fixed division of the plane. By Theo- 
rem II, §7, the values /i and/g are the limits of /(z) for 2 = 00 also in any other 
primitive region and independently of the manner in which the plane is divided 
into parallel bands. We know on the other hand that all the values assumed 
by/(2;) in the finite portion of the entire plane are also assumed by the function 
in the finite portion of any one of its primitive regions, independently of the 
division of the plane (§3). Hence all the values of lim/(z) are those which /(z) 

assumes in a primitive region, the numbers /i and /g, i. e. the values of f{z) at 
infinity in the primitive region included. But we know that at the point z = 00, 
which is an essentially singular point of/(z), the function assumes every assign- 
able value; hence f{z) assumes every assignable value in a primitive region. 

Q. E. D. 

If we recall the manner in which the several values of lim/(z) are obtained, 

we will notice that all the values except possibly f and /» can be obtained by 
making z tend to infinity along lines having asymptotes parallel to the axis of x , 
and the distances of these asymptotes from the axis of x assuming every possible 
negative or positive value. The simplest manner of drawing these lines is to 
take them parallel to the axis of a. We can therefore say that 

Every assignable value except possibly the characteristic limits of a circular 
function having a real period, can be obtained for limf{z) by malcing z tend to 

g=oa 

infinity along a line parallel to the axis of x . 

We shall see later (§10), that in the general case we only need to substi- 
tute for the axis of x the line forming with it the angle arg(o), o being the 
period of the function. 

§9. When we defined the function /(z) in §6 we assumed that lim/(z) had 

«=00 

a determinate value for either of the two directions in which z may tend to 
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infinity in a primitive region. The question naturally presents itself: is it neces- 
sary to assume that lim/(2) is determinate for either direction, or does it suffice 

to obtain a determinate limit for only one direction to assure the determinate- 
ness of the limit for the other ? 

Theorem. — If a function / (z) having a real period tends to a determinate limit 
when z tends to infinity in the positive direction while remaining in a primitive 
region^ then the function vnll also tend to a determinaie limit when z tends to infinity 
in the negative direction. 

In fact, suppose that the function tends to a determinate limit when z tends 
to infinity along a given fixed path A in the positive direction. To this path we 
can correlate another A' symmetrical with respect to the axis of x. Two corre- 
lated points on A and A' are then x + iy and x — iy. Now, we can always give 
to the function/ (2) the form 

/(«)=Z7(3) + fF(z), (5) 

where TJ{z) and F(2) are real functions of the variable z as long as z is real. 
At the same time we may put 

TJ{z) = TJ^ (x, y) + iTJ^{x, y)A ,gv 

so that if 

/(2) = \TJ, (x, y) - V, (x, y)] + ilU,{x, y) + V, (x, y)] (7) 

gives the value of the function for a point (x , y) of A , the value of the function 
for the correlated point on A' will be 

f{z) = [?7i (x, y) + F, (x, y)-] + i [- U, (x, y) + V, (x, y)] . (8) 

A simple glance at the expressions (7) and (8) shows that if one of them tends 
to a determinate limit when z tends to infinity, the other will also tend to a 
determinate limit. 

Now if along A z tends to infinity in the positive direction, it is clear that 
along A' it tends to infinity in the negative direction. But as lim/(2) is deter- 

minate when z tends to infinity in the positive direction while remaining in a 
primitive region, lim f{z) will have a determinate value whatever be the path 
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A along which z tends to infinity* in the positive direction (Theor. II, §7). 
Hence lim/(2) will have a determinate value whatever be the path A' along'which 

z tends to infinity* in the negative direction. Q. b. d. 

Remark. — ^It is obvious that the functions U{z) and V{z) are simply periodic 
and have the same period as /(«). Moreover lim U{z) and lim V{z) have a 

determinate value when z tends to infinity in the manner described above. 
Hence U(z) and V{z) are circular functions like/(2;). 

Corollary I. — We can determine the characteristic limits of a circular fwnc- 
tionf{z) = U{z) + iy{z) having a real period if we know one of the charajcteristic 
limits for each of the functions U{z) and F(z), ^provided these be not both infinite. 

In fact suppose, to fix the ideas, that we know the characteristic limit of 
U{z) when z tends to infinity in the positive direction, and let it be m' + W; 
also the characteristic limit of V{z) for instance when z tends to infinity in the 
negative direction, and let it be t/ + it/'. Then, by formulas (6), 

ti' = lim Ui ; t^" = lim ZJg, 

t/ = lim Vi', v>' = — lim Fg, 

and therefore by (7) and (8), 

f, = v! + vi^ + i{ t.'' + t/),) ,. 

/2 = t^' — t/' + i(— ^''+t/).f ^ ^ 

If only one of the numbers u' + iu" or t/ + iv/^ be infinite, the corollary still 
holds. In fact then/i =/, = oo, and the proposition is thus proved. 

Remark. — If both u^ + W and xf + iv/' were infinite, it would be necessary 
to go back to the expressions (7) and (8) and then make z tend to infinity in 
order to obtain the limits /i and^. 

Corollary II. — If the characteristic limits f andf^ of a circular function hav- 
ing a real period are finite^ then the condition necessary and sufficient in order that 
fzzzf^is that the characteristic limits of the functions U {z) and V(z) be real. 

This follows immediately from formulas (9), which give the condition 
vff = v!f = 0. 

* Always excluding such lines as tend to become parallel to the axis of x at infinity. 
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The discussion of this paragraph shows that the propositions advanced when 
defining circular functions in §5 are true at least in the case of a real period. It 
will be shown presently that they are always true. 

§10. Heretofore it has been assumed that the period of the circular function 
was real (§6). But we can at once extend our results to the general case when 
the period o of/(z) is any complex number if we make use of the linear substi- 
tution mentioned in §2. In fact, we put again 

n = |o|; 2 = ^^; /iz) = F{z!), 

and then F(z!) is a circular function admitting the real period £1. We may 
therefore apply the results of §§6-9 to the function F{z!). It will be noticed 
that the positive axis of od forms the angle x = ^^g (^) ^^^h the positive axis 
ofx. Positive angles will be counted in the direction indicated by the arrow 
on the figure. The line a/x" will be called the line of periodicity of the function 




f{z), and the direction Oxf the positive direction, of the line of periodicity. We 
will also agree to call the direction oy the normal to the line of periodicity. 

With these definitions it becomes clear that we only need to substitute the 
line of periodicity for the axis of x in the results of §§6-9 to make them valid 
in the general case, i. e. when the period of/(z) is any complex number. 

The function ^ {z) used in §§6 and 7 will now be the angle between the 
direction of the motion of z when it tends to infinity along a line A, and the 
normal to the line of periodicity. The enunciation of the three theorems of §6 
need not be changed. 

Coming to §7 it is necessary first to agree as to the terms ** positive direction 
of Z" and ^^z tends to infinity in the positive direction." The positive direction 
of L will be that which at infinity forms an acute angle with the normal to the 
line of periodicity ; and we will say that z tends to infinity in the positive (resp. 
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negative) direction if the direction of its motion ultimately fonns an acute (resp. 
obtuse) angle with the positive direction of the line Z. It will be assumed that 
the line L has no asymptotes parallel to the line of periodicity (or that it does 
not ultimately coincide with a line parallel to it). 

With these more general definitions we can at once extend Theorem II §7 to 
functions /(z) with a complex period o. As to Theorem I, it is only another 
form of the same proposition. The results of §8, namely, the existence of two 
characteristic limits^ and the proposition that a circular function assumes every 
assignable value in a primitive region^ are immediately extended to any circular 
function. As to the last proposition of §8 it will now be formulated as follows: 

Every assignable value except possibly the characteristic limits of a circular 
function f{z) can be obtained for lim/(z) by making z tend to infinity along a line 

parallel to the line of periodicity. 

The Theorem of §9 obviously holds for any circular function ; to formulate 
it for the general case again we only need to substitute the line of periodicity for 
the axis of a:. As to the corollaries to this theorem, they evidently hold only for 
circular functions with a real period. However they may still be used with 
advantage. In fact the characteristic limits of the functions / (2) and F{^) being 
identical, we may by applying these corollaries to the fimction F (2/), either deter- 
mine the characteristic limits of /(z) (Cor. I) or decide whether these limits are 
equal (Cor. II). 

It follows from the preceding discussion that the propositions advanced when 
defining circular functions in §5 are true. This definition may therefore be 
formulated as follows : 

Definition. — A circular fum^tion is a wniform simply periodic function with 
no other essentially singular point than the point 2 = 0© and such that lim/(2;) has 

S=co 

a determinate value when z tends to infinity in a fixed direction while remaining in 
a primitive region, 

A function so defined tends to a determinate limit when z tends to infinity 
along any fixed path in a fixed direction ; moreover it possesses two character- 
istic limits which may be equal. 

It also follows from the preceding discussion that a pseudo-circular function 
cannot tend to a determinate limit when z tends to infinity while remaining 
within a primitive region, whatever be the division of the plane, i. e. whatever be 
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the line L. But a pseudo-circular function may tend to a determinate limit 
when z tends to infinity along some particular paths within a primitive region. 
For example, the function e^^' tends to zero when z tends to infinity along 

parallels to the axis of y at the distances (4n + 3) — where n=0, ±1, ±2, ... 

As another example of a pseudo-circular function may be mentioned Her- 
mite's function Z{z); its derivative is an elliptic function. The function Z{z) 
tends to no determinate value when z tends to infinity remaining in a primitive 
region, whatever be the path chosen. 

It would be interesting to investigate more closely the character of this 
distinction of pseudo-circular functions, but this paper is restricted to the study 
of circular functions alone. 

§11. Theobem. — A circular function which is finite everywhere in a primitive 
region is a constant 

In fact suppose that the function /(z) is finite in the finite portion of a primi- 
tive region and that its characteristic limits f and /, are also finite. All the 
values of f{z) at infinity except perhaps the values /i and/^ can be obtained by 
making 2 tend to infinity along lines parallel to the line of periodicity (§10). 
But f{z) being finite everywhere in a primitive region, the values of f{z) at 
infinity so obtained are necessarily also finite; hence all the values of /(z) at 
infinity are finite, i.e. the function is holomorphic in the entire plane of 2, and 
therefore it reduces to a constant. 

Corollary I. — A circular function becomes infinite at least once within a prim- 
itive region. 

The function may have one or more poles in a primitive region or one or 
both of its characteristic limits may be infinite. If /(«) has no pole in a primi- 
tive region, then at least one of its characteristic limits is infinite. If both its 
characteristic limits are finite, /(z) has at least one pole in a primitive region. 

Corollary II. — A circular function f(z) assumes every assignable value at least 
once in a primitive region. 

This follows at once from the preceding Corollary if we consider the circular 
function 

1 

f{z)-A^ 

where A is any arbitrarily assigned number. 



Chbssin: On the Analytic Theory of Circular Fwfictiona. 233 

§ 1 2. PicarWs theorem. 

If we recollect how the different values of /(z) at infinity may be obtained, 
we see that there will be an infinite number of points in the neighborhood of the 
point z = 00 , at which the function assumes any arbitrarily assigned value except 
perhaps the values of the characteristic limits: /i and /g. In fact all other 
values may be obtained by making % tend to infinity along lines parallel to the 
line of periodicity (§10), and each one of these values will repeat itself an 
infinite number of times as % tends to infinity. We thus obtain Picard's theorem* 
for the particular case of circular functions in the following form : 

In the neighhorlwod of the essentially singular point of a circular function there 
is an infinite number of points at which thefuncticm assumes any arbitrarily assign^ 
value except possibly one or two valves. 

We may add that — 
these exceptional valves are the characteristic limits of the circular function^ and thai 
there will be one or two exceptional valves according as the characteristic limits are 
or are not equal. 

We may furthermore add that — 
all values of lim/(2;) other than f and f^ may be obtained by making z tend to 

infinity along lines parallel to the line of periodicity, and that the values f andf^ 
will or will not be exceptional according as the function does not or does assume these 
values in the finite portion of a primitive region ; and finally, that either the functixm 
assumes the values f and f at an infinite number of points in the neighborhood of 
the point z = co, or it assumes them only at the point z = oo itself 

§13. We are able now to answer the question formulated at the end of §3, 
namely, in the affirmative sense : with regard to the point z = oo as with regard 
to any other point a circular function is characterized by its behavior in a primi- 
tive region, and we can enunciate the following fundamental 

Theorem. — A circular function is defined in the entire plane if it is defined in a 
primitive region. 

This theorem is independent of the manner in which the plane is divided 
into parallel bands. 

We may therefore restrict our investigation to the study of circular func- 
tions in a primitive region. 

*'^M6iiioire sur les Fonctions entidres," An. de T^cole Normale, 1880. 
32 



234 Chessin: On the Analytic Theory of Circular Functions. 

3. — Study of Circular Functions within a Primitive Region. 

§14. Theorem 1.— If two circular functions f(z) and ^(z) admitting the same 
period o and whose characteristic limits at infinity are finite and ^ have the same 
vanishing points and poles with the same respective orders of multiplicity in a primi- 
tive region, then 

/{z)=Op{z). 

In fact the function ^-\-l is a circular function which becomes infinite nowhere in 
a primitive region, and therefore reduces to a constant (§11). 

Theorem II (generalization of the preceding theorem). — If two circular func- 
tions f{z) and ^(z) admitting the same period o have the same vanishing points and 
poles with the same respective orders of multiplicity in a primitive region, and if at 

f(z) 
the same time the characteristic limits at infinity of the circular function ^^~ are 

<p(z) 

finite and ^ 0, thenf{z) = C^{z). 

In fact ^^^ is again finite everywhere in a primitive region and therefore 
<^(z) 

reduces to a constant. 

Theorem III. — If two circular functions admitting the same period and whose 
characteristic limits at infinity are finite^ have the same poles vnth the same respective 
orders of multiplicity in a primitive region ; moreover, if /?< being any one of these 

poles and /t£< its order of multiplicity^ the coefficients of the different pouters of -^ 

z — Pi 

in the developments of the two functions in the neighborhood of the point ^i be respec- 
tively the same, then 

/iz) = ^{z)+G. 

In fact the circular function /(z) — ^ (z) is .finite throughout a primitive region, 
and therefore reduces to a constant. 

This theorem may also be generalized as follows : 

Theorem IV. — If two circular functions admitting the same period have the 
same poles with the same respective orders of multiplicity in a primitive region; 
moreover, if ^i being any one of these poles and fii its order of multiplicity, the coeffi- 
cients of the different powers of jy in the developments of the two functions in the 

z — Pi 



/ 
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neighborhood of the point ^^ be respectively the same ; and if at the same time the 
characteristic limits of the drcvlar function f {z) — ^ (z) be finite, then 

f{z) = q>{z) + G. 

The demonstration is again based on the fact that the circular function 
f{z) — ^ (z) is finite throughout a primitive region. 

§15. Theorem. — A circular function f{z) takes every assignable valve except 
possibly f I and f^ the same number of times in a primitive region. In particular it 
vanishes as many times as it becomes infinite in a primitive region, except possibly 
when fi or /g are or oo . 

We will assume at first that the characteristic limits of the function are 
finite and ^0. The line L being drawn arbitrarily, we can assume that it 
passes through no pole or vanishing point of the function. Then none of the 
lines L^ will pass through a pole or vanishing point of the function. 






""^^ -^^i^. 






On the other hand, as f and /, are finite and ^/b , we may choose two 
points a and b on the line Z^__i in such a manner that all those points of the x*^ 
primitive region which are poles (/?<) or vanishing points (a<)of /(a) will lie 
inside of the curvilinear parallelogram {abVa'). 

Consider the integral 

^/dig/W (10) 

taken along the boimdary of this parallelogram. The path of integration may 
be broken up into four parts : l) from a to 6 ; 2) from 6 to 6' ; 3) from V to d ; 
4) from a' to a. It is obvious that the first and the third of these integrals 
cancel each other, since the function has the same value at congruent points. 
As to the remaining two integrals, each one vanishes separately. In fact 



/ 



""■(Jlg/Cz) = lg/(6 + a) - lg/(6) = 0, 
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because we know that this integral is single-valued as long as the path of integra- 
tion does not cross any of the lines a</?, connecting the poles and vanishing 
points of/(z). For a similar reason 

/*dlg/(.) = 0, 

and therefore the integral (10) vanishes. But we know that this integral is 
equal to the diflFerence between the number of times n that/(z) vanishes and the 
number of times m that it becomes infinite inside of the curvilinear parallelo- 
gram {abVa'). Hence rw = w, and as /(z) neither vanishes nor becomes infinite 
in the remaining portion of the primitive region, the theorem is partly proved. 
To complete the proof, consider the circular function 

where N is any arbitrarily assigned number other than/j and/,. Then we can 
apply to the function ^ (z) the proposition just proved, namely, ^ (2) vanishes as 
many times as it becomes infinite in a primitive region. But ^(z) and /(z) 
become infinite the same number of times (n) in a primitive region. Hence 
/(z) assumes the value iValso exactly n times in a primitive region, q. e. d. 

Suppose now that one or both of the characteristic limits of/(z) may be 
or 00. Consider in this case the circular function 



^« = ^-+7(51^8 • 



where A and B are any fixed numbers ^ satisfying the condition AB +1 z^ 0. 
Then the characteristic limits F^ and F^ of the function F{z) are finite and :^ 0. 
It has been just proved that F{z) assumes any arbitrarily assigned value except 
possibly Fi and F^ the same number of times in a primitive region. Hence the 
circular function /(z) assumes any arbitrarily assigned value, except possibly 
/i and /, the same number of times in a primitive region, q. e. d. 

The number of times that a circular function /(z) assumes in a primitive 
region any arbitrarily assigned value except possibly /i and /, is therefore a con- 
stant. This constant will be called the order of the circular function. 

§16. Let (z) be a circular function of the first order admitting the period o, 
and let this function be finite and :^ in the finite portion of a primitive region. 
Then one of its characteristic limits is 00 and the other is . The existence of 
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such functions can be established a priori. In fact such is, for example, the 
function 

i+Y'^^ + ----'^lr'^----' (11) 

which is denoted by the symbol 6* and whose period is 27W.* The existence of 
this function will be proved also a posteriori in §29. 

Let /(z) be any other circular function of the first order admitting the 
period «'. We can always choose two numbers A and B such that the charac- 
teristic limits of the circular function of the first order 

be finite and :^ 0. In fact, we only need to satisfy the conditions 



*{-4' 



Then the function F{z) has a pole and a vanishing point both of the first order 
in a primitive region. Let a be the vanishing point and /? the pole in the same 
primitive region. We can by means of the function 6(z) construct a circular 
function of the first order having the period o', whose characteristic limits are 
finite and whose vanishing point and pole in a primitive region are respectively 
a and ^ . In fact, such is the function 

@(z)= ^" ^ \J^-J. (13) 



Hence, by Theorem I, §14, 
and therefore 



F{z)-Ce{z), 

me(~z)-\-n 
/(")= ./» \ ' (14) 



PB{^.)W 



* That aU the properties of the exponential function can be derived directiy from its definition by 
the infinite series (11) is shown in most of the modern text-books on the elements of the Theory of Func- 
tions. See, for example, M6ray, op. cit. II, p. 207. 
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in which we have put 

m= \-{-AB—BC, 

n=BGB(j^a)-{l + AB)B(^^), 

p=G-A, 

q=AB(J^^)-CB(^a). 

Formula (14) expresses the following 

Theorem I. — Every circvlar function of the first order can he expressed as a 
linear fractional function of a given circviar funxition of the first order ^ which is 
finite and ^ in the finite portion of a primitive region. 

More generally we have the 

Theorem II. — Every circular f miction of the first order can he expressed as a 
linear fractional function of any other circvlar function of the first order. 

In fact, if ^ (z) were a given circular function of the first order with the 
period o", we would have by formula (14) 

and the elimination of Qf^zj between the last equation and (14) gives an 
expression of the form 

m''q>(^z)+n'' 

/« = -T?-^ ■ 

which proves the theorem. 

If we put d (z) = e* formula (14) takes the particular form 

/(.) = ??^±^. (15) 

CoBOLLABT. — All circular /unctions of the first order which remain finite and 
^ tn the finite portion of a primitive region have the form 
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In fact, let f{z) be a circular function of the first order which remains finite in 
the finite portion of a primitive region. Then its characteristic limits are 
and GO. Formula (15) shows that in this case either ?n=:g'=0 or n=j? = 0, 
so that/(z) has one of the two forms 

e^ or — e - , 

q p 

which proves the proposition. 

§!?• Formula (14) shows that 

The characteristic limits ai infinity of a circular function of the first order are 
different from any of the values of the function in the finite portion of a primitive 
region. It also shows that the two characteristic limits of such a function are 
different 

Picard's theorem (§12) in this case reads as follows: in the neighborhood of 
the essentially singular point of a circular function of the first order / {%) there 
is an infinite number of points at which the function assumes any arbitrarily 
assigned value except the two values /i and f^ , which are different and which 

the function assumes only at the point s = oo itself 

• 
§18. We will use the exponential function to derive a criterion for the 
manner in which a circular function tends to its characteristic limits. We will 

denote the function e - by the symbol u^ , and we will say that the positive 
direction of the line L is that for which lim t^„ = 0. This is in accordance with 

the former definition of the positive direction of the line L (§10). 

Let now/ (2) be a circular function with the period o), whose characteristic 
limit in the negative direction is infinite. If a positive integer n can be found 
such that 

when z tends to infinity in the negative direction, we will say that the character- 
istic limit of the function f{z) is an exponential inAnity of the n'* order. If the 
characteristic limit of / (2) in the positive direction is infinite and a positive 
integer n can be found such that 

lim [</(«)] =iV^j J ^. (16)' 
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when z tends to infinity in the positive direction, we will say again that the char- 
acteristic limit o//{z) is an exponential infinity of the n'* order. 

If the characteristic limit of /(z) is zero, we will say that it is an exponential 
zero of the n** order if a positive integer n can be found such that 

lim[»:/W] = Afj^^, (17) 



or that 



according as we deal with a characteristic limit of /(z) in the negative or in the 
positive direction. 

More generally, if a characteristic limit of /(z) is the number A, we will 
say that the function f {z) assumes at this limit the value A exponentially n times if 
a positive integer n can he found such that 

lim[u2(/(z)-^)] = JVrj^^, (18) 

^ '^' lim r /(^)-^ 1 =N\i^ , (18)' 

according as vye deal with a characteristic limit off (z) in the negative or in the posi- 
tive direction. 

These definitions are in perfect harmony with the ordinary definitions of 
vanishing points and poles. In fact, if the function /(z) has a vanishing point a 
of the order ;i or a pole ^ of the order /u, it is clear that in the first case 

and in the second case 

These ordinary definitions fail at the point z = oo. But they may be extended 
to this point, provided the variable be restricted to approach it in a certain 
manner only, namely, along any path which does not tend to become parallel to 
the line of periodicity at infinity. 

This restriction being imposed only on the point z = oo, it is clear that we 
can omit the word ** exponentially ^' when we speak of /(z) assuming a certain 
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value at one of its characteristic limits. Indeed, the specification of the place at 
which /(z) assumes this value, namely, the words "at the characteristic limits," 
implies that the variable is restricted to remain within a primitive region. Like- 
wise we may omit the word "exponential" when speaking of the zeros and the 
infinities of the function /(«) if we specify how many of them are situated at the 
characteristic limits. For instance, if we say that /{z) has n infinities in a 
primitive region of which p are at infinity, then these last p infinities are expo- 
nential infinities of/(z) in a primitive region while the other n — jp are poles. 

§19. It follows from the new definitions that a circular function of the first 
order assumes the valines of its characteristic limits only once in a primitive region. 
In fact, if© be the period of such a function, we have by formula (16) 

Let /i and /^ be the characteristic limits of f(z) in the positive {u^ = 0) and 
respectively negative (ti^ = oo) direction. Then 

yn A m 
We will first assume that p and q are not equal to zero. Then 

jim„.|yw-/.]=?£^{+», 

limr/(^)-/q =niff-np|JO 

which proves the proposition. If, on the other hand, 5=0 or jp = , the 

CP 
function /(«) takes one or the other of the two forms : G H or Gu^ -f G'. In 

**« 

either case the proposition becomes obvious. 

If we take into account the remark made in §17, namely, that a circular 
function of the first order assumes the values of its characteristic limits within a 
primitive region only at these limits, then the proposition of this paragraph may 
be enunciated in the form of the following 

Theorem. — A circular function of the first (yrder assume every assignable 
value only once in a primitive region. 
33 
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§20. Let /(z) be a circular function admitting the period o, and let in a 
primitive region ai, og, . • . . , a,, be its vanishing points of the respective orders 
of multiplicity ^, X,, . . . . , A-pj /?!, /?», . . • . , /3g its poles of the respective 
orders fiu (£2, • . • • y figi moreover, let the characteristic limits of /{z) be finite 

p « 

and :fzO. Then (§15) 2^« ^S''* ~ ^' ^ being the order of the circular 

1 1 

function. 

Let 6 {z) be a circular function of the first order admitting the period o and 

which is finite and :^ in the finite portion of a primitive region. Then the 

function 

is a circular function with the period ct, whose vanishing points and poles are the 
same and of the same respective orders of multiplicity as those of /(z). More- 
over, the characteristic limits of @(z) are finite and =f= 0, 

e - [- g MY' [- g W' . . . . r- e (a,)> 

Hence (Theorem I, §14) 

/{z)=Ce{z), (19)' 

». e. the function /{z) is a rational function ofQ{z). The degree of the numerator 
in (19) is equal to that of the denominator and to n, i. e. to the order of the 
function /(«). This fact is due to the condition that the characteristic limits of 
f{z) be finite and :^ 0. 

Let us now consider any circular function of the w*^ order. We can always 
find two numbers A and B such that the characteristic limits of the circular 
fimction of the n^^ order 

be finite and =^ (§16). Then, as has been just proved, F{z) is a rational func- 
tion of the circular function of the first order Q (z) , 

^^"a' + 6'e(z) + C[e(z)>+....+<;i'[e(2)]"' 
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in which a,a', g, ^ are all =#=0, and therefore/ (2) is again a rational function of 
d{z), namely, 

-, X _ ai + he{z)+ ....+g,[e{z)2^ 

^^^^~ a, + b,e{z) + .... + g,ie{z)y' 

where at least one of the coefficients o^ and a^ and at least one of the coefficients 
gi and ^2 ^^^ ^ 0> because otherwise the order of the function f{z) would be 
less than n. 

We have seen (§16) that every circular function of the first order can be 
expressed in form of a linear fractional function of any other circular function of 
the first order. Hence this 

Theorem. — Every circular function of the n** order f{z) can be represented as 
a rational function of any assigned circular function of the first order ^ (z) 

f(z\ - q + 6»(g) + — + y[ » (2)]" /oo\ 

where ai least one of the coefficients a and d and one of the coefficients g and ^ are 

The coefficients g and ^ cannot both vanish, because then f{z) would be a 
circular function of the order n — 1 at the most. For a similar reason a and a! 
cannot both vanish, because otherwise we could cancel the common factor ^ {z) 
in the numerator and in the denominator of the expression (20), and then the 
order of /(«) would be again n — 1 at the most. 

CoROLLABT. — Circular fwictions admit an algebraic addition theorem. 
In fact let us put ^ {z) = ti« in (20), then 

where P{u^ and Q{u^ are pol3momials in u^. If we denote ^{t) by »^ we 
shall have in a similar way 
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Eliminating u^ and v^ between the three equations (20y, (20)", (20)"', we obtain 
an expression of the form 

^[/(2)./(0./(2 + 0] = o, 

where F denotes an algebraic function. Q. e. d. 

§21. Let us take again ^{z) = u. in formula (20). According as a :^ or 
a' :^ we have the two forms : 

^^^ " Kk + i.+i«:^^ + .... + 6x ' ^ ^ 

•^^^~io + V. + i««* + ....+<<' ^ ^ 

where at least one of the numbers p or q \b equal to n, i. e. to the order of the 
circular function/ (2). 

A first result of these expressions is that if a cJiaracterietic limit of a circular 
function is infinite {or zero)^ then the function has an exponential infinity [or an expo- 
nential zero) of some order at this limit In fact, according as p^q or p^q^ 
formulas (21) and (22) show that 



{q>p) lim[«ry(e)] = -^{J^. 

and according as we have the form (21) or the form (22), 
[form (21)] lim [«:/(«)]= -g-{ J ^ 



tt„s=0 



[form (.2)] li„[/;a] =|.|*0 



The order of the exponential infinity or of the exponential zero in Itiiie negative 
direction is always \p — q\y the order of the exponential infinity i^;^ of the 
exponential zero in the positive direction always x. If i> >?, then the^bJ^arac- 
teristic limit in the negative direction is an exponential infinity (of the orde? 
p — q), and if /> < j then it is an exponential zero (of the order q — p). When 
the function /(z) has the form (21) then the characteristic limit in the positive 



{ 






^ 
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direction is an exponential infinity (of the order x), and if /(z) has the form (22) 
then this characteristic limit is an exponential zero (of the order x) . 

If one of the characteristic limits of /(«) is to be finite and z^ 0, we must 
have either ^ = j = n (if the finite characteristic limit is in the negative direc- 
tion) or X = (if it is to be in the positive direction), and if both characteristic 
limits are to be finite we must have 

p=zq=ni ;c=0, 

and we thus obtain again the theorem expressed by the equation (19)' (§20). 

The vanishing points and poles of /(«) in a primitive region are given respec- 
tively by the equations 

[form(21)] {«« + ^i^« +.... + apti: =0, 

[form (22)] l^« + ^«+^^« +••••+ «P^r " = 0, 
^*o + M- + +h,ul =0. 

To each root of these equations corresponds one determinate point in a primitive 
region. Hence we have in the first case p vanishing points and q — x poles ; in 
the second, p — x vanishing points and q poles. Combining these results with 
those obtained with regard to the exponential infinities and zeros, we shall have, 
if ^ ^ ? (then p = w), 

[form (21)] f2> vanishing points. 

iq — X poles ; (p — q)+x exponential infinities. 

P/oft\T f P — * vanishing points : x exponential zeros. 
orm (22)] y . ^^ ^- i • ^ •.• 

(q poles 'y p — q exponential mnnities, 

and itp < q (then j = n) , 

rf f2iM i-P v^^isJ^iog points ; q — p exponential zeros. 
{q — X poles ; x exponential infinities. 

rr ^22M \P — ^ vanishing points ; x + {q — p) exponential zeros. 
\q poles. 

This table shows that in all cases tJie circular ftmction /{z) of the n** order vanishes 
as many times as it becomes infinite in a primitive region, namely, n times. 
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More generally, we can now enunciate the following 

Theorem. — A circular f auction of the n*^ order assumes any arbitrarily assigned 
value exactly n times in a primitive region. 

Indeed to prove this theorem we only need to consider the function 
^ [z) =^f{z) — N where N is any arbitrarily assigned number, and to apply to 
the function ^ (25) the results previously obtained. 

Remark.— If f{z) is finite and ^/b in the finite portion of a primitive 

region, then it has the form 

f{z)=Gu±\ 

as can be readily seen from the formulas (21) and (22). 

§22. Let us put in evidence the vanishing points and poles of f{z) in a 
primitive region. Let ai, 02, • • • • , 04, be the vanishing points and ^1, Xj, . • • . , A^ 
their respective orders ; /?i, i32» • • • • » /^« th® poles and fii, (£2, • . • • , (iq their 
respective orders, in a primitive region of f{z) . We will denote the value of u^ 
at a vanishing point a« by v^ and at a pole ^^ by w^. Then both forms (21) and 
(22) of the function/ (2) will be contained in the formula 

where v may be a positive or negative integer or zero.* 
Let us put 

1 1 

Then, according as p>0 or p<[ 0, the characteristic limit of f(z) in the negative 
direction (w„= 00) will be an exponential infinity or an exponential zero, the 
order of multiplicity being always equal to |p|. And according as v]>0 or 
r -<0, the characteristic limit of/(z) in the positive direction {u„ == 0) will be an 
exponential zero or an exponential infinity, the order of multiplicity being 
always equal to | r | . 

If we differentiate the log of (23) with respect to s, we obtain 

*It wiU be noticed that the function (28) is a circular function when v is any rational number, but v 
must be an integer or zero if the period of / («) is to be <•>. If we had v = A , where « and $ are integers 
and the fraction is irreducible, then the period of/ (0) would be •». 
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and making z tend to infinity in the negative, respectively positive direction 

s=<.L/(z)J o ^' .:=o.L/(2;)J 6) 

««— • tt„=0 

A first result from these formulas is that the function /' (z), which is evidently 
simply periodic like /(«), tends to a determinate limit when z tends to infinity 
in a fixed direction while remaining in a primitive region. Hence (§10) this 

Theorem I. — TTie derivative /' {z) of a circular function f{z) admitting the 
period o is also a circular function having the same period. 

We have seen that when a characteristic limit of a circular function is finite 
and :^0, then p = (if it is the characteristic limit in the negative direction) 
or 1/ = (if it is the characteristic limit in the positive direction), and that 
p = y= if both characteristic limits of f{z) are finite and :^0. Hence, by 
(26), we have the 

Theorem II. — When a cfiaracteristic limit of a circular function f{z) is finite 
and ^ , then the corresponding* characteristic limit of the derivative function f (a) 
vanishes, i, e. it is an exponential zero. 

This exponential zero is, in general, of the first order, but it may be of an 
order higher than the first. In fact formula (26) gives according as /a (charac- 
teristic limit of /(z) in the negative direction) or /^ (characteristic limit •in the 
positive direction) is finite and :^ , 

/f=#=0 f{z)_2ni(^_ Kv. ^-6 fL.w^ I 

(y=0) 

In the first case we have 

lim [/'(«)«j = ^VJ5;^.r.-2>.«,4. 

«=• tt ( 1 1 J 

* i. e. in the same direction. 
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In the second, 






p 



K 



Hence, provided that^^*^. =#=5/^'^* ^^ ^^^* 2^^ ^ X~ ' *^^ correspond- 

1 1 1 ^« 1 ^« 

ing characteristic limit of/' (2) will be an exponential zero of the first order. But 

if in the first case 2^«^« = 5/^"^* ^^ ^^ ^^ *^® second 2~^ =2~ ' *^®^ ^'^^ 

corresponding characteristic limit of/' (z) will be an exponential zero of an order 
higher than the first. That it will in all cases be an exponential zero of a certain 
order follows from the fact that/'(z) is a circular function (§21). 

Suppose now that one of the characteristic limits of /(z) is not finite and 
zfz 0. Then either p :^ or v :^ 0. Formulas (26) show that in this case the 
corresponding characteristic limit of f (z) is an exponential infinity or an expo- 
nential zero, according as the characteristic limit of /(z) is infinite or zero; 
moreover, the order of multiplicity of the infinity or zero is the same for the 
function and for its derivative. Hence this 

Theorem III. — If a characteristic limit of a circular f miction is an exponential 
infinity (or an exponential zero) of an order m , then the corresponding character- 
istic limit of the derivative function is also an exponential infinity (or an exponen- 
tial zero) of the same order m. 

§23. The last theorem enables us to determine the order of the derivative 
function f (z) given the order n of the function /(z) and the number q of its 
distinct poles in a primitive region. In fact, let /3i, /?£» • . . . , /3g be the poles of 
/(z) in a primitive region and i^i, fi%, • • • • , (iq their respective orders of multi- 
plicity. Let also fi and fi^ be the respective orders of the exponential infinities 
of/(z) in the positive and in the negative direction. 

Each pole ^i of /(z) is a pole of the order (ii + 1 of the derivative function 
/'(z). And the characteristic limits of f (z) are exponential infinities of the 
orders fi and fi' respectively. The function f (z) has no other infinities in the 

same primitive region. Hence it becomes infinite exactly V/ti^ + (i +11' + q times 
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in a primitive region. But "^ji^ + ^tz + /u' = w , hence the order of/' fz) is w + g^. 

1 
We have thus the 

Theorem. — Ifq denote the numher of distinct poles of a circular function f{z) 
of the w** order in a primitive region, then the order of the derivaiive f miction f {z) 
w n + J. 

§24. Moray's Theorem.* — If the two characteristic limits f^ and /, of a circular 
function f{z) are finite^ then the sum of its residues with respect to points in a primi- 
tive region is equal to 

^i^^'~^'^' 

where as before f is the characteristic limit in the positive direction {u^ = 0) . 

Let us take two points a and 6 on a line Z^_i and their congruents on the 
line L^ as on the figure of §15. It is readily seen that the positive direction of 
the line X^_i is that from 6 to a. If then we take the points a and h suflSciently 
far from the origin of the plane we shall have 

\f(z)-M<B (27) 

for all the points on the line ojoi, and 

\f{z)-M<^ (28) 

for those of the line hV. 

Now, we know that the sum of the residues of/(z) with respect to all points 

within the parallelogram {aWa') is equal to the integral 

taken along the boundary of this parallelogram in the positive direction, which 
is obviously opposed to the positive direction of the line Z. We then have 

2niJ=ff{z) dz +ff{z) dz +ff{z) dz +ff{z) dz. 

*0p. cit. vol. I, p. 274. I have given this theorem in my lectures on the Theory of Functions at the 
Johns Hopkins University in 1895 before the appearance of the second volume of M. Moray's treatise. 
34 
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The first and the third of the integrals on the right-hand side of this equation 
evidently cancel each other. At the same time we have, by (27) and (28), 



//(z)dz — q/; 
b 

/a' 






and therefore if we let the points a and h tend to infinity in the positive, respec- 
tively negative direction, we obtain in the limit 

2ni/= G) (/, — /i) . Q. B. D. 

§25. Theorem. — Oiven a circular function f{z) of the n'* order and with the 
period co, let A and B he any two numbers other than the characteristic limits off{z) ; 
if a>if a^, • • • • , an and fti, ftg, . . . . , &,» be respectively the roots of the equations 
f{z) = A andf{z) = B in a primitive region, we shall have 

Let us first assume that/i and/i are finite, and let G be any number other than 
/i and/g. Consider the integral 



27tiJ f{z)—G 



2niJ i 



dz 



taken along the boundary of the same parallelogram as in the preceding para- 
graph. The path of integration being broken into four parts as before, we see 
first of all that 

As to the remaining two integrals, they vanish separately, when a and b tend to 
infinity in the positive, respectively negative direction. In fact, the character- 
istic limits of/' (z) being exponential zeros (§22), it is clear that 

lim [zf («)] = ; lim [z/ (2)] = , 
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therefore, provided the points a and b are suflSciently far from the origin, we 
shall have 

Az)-G <' 

for all points on the lines aa^ and bV, and the two integrals 






vanish in the limit. Hence in the limit 

On the other hand, we know that the integral on the left-hand side of the last 
equation is equal to 

1 1 

where Oi, Gj, . . . . , c„ are the roots of the equation /{z)=z G in a primitive 
region and /8i, i^a, . . . . , j3^ the poles of/{z) in the same region. Hence 

-2 «« + S^« = ^ i-g (^) (-o<i- ")• 

Suppose now that one or both of the characteristic limits of f{z) may be 
infinite. Let then A and B be numbers other than fi and /g, and consider the 
circular function of the n*^ order 



*(«)=7(^. 



whose characteristic limits are finite. The poles of <^ (z) in a primitive region 
are the roots of the equation /(z) = J. in the same region, i. e. the points 

«i, «j» • • • • » «n ; and the roots of the equation ^(2) = ^ j are the roots of 

the equation /(«) = 5, i. e. the points 61, 6$, . . . . , 6|». Then by the proposition 
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just proved 

r 1 1_ 

A> r A HA 

- (mod. 6)) 



S«'-2*-=^i°g 



Q. E. D.) 



A— A B—A 
1 1 



Vf,-A B-A 






CoBOLLART I. — If (he characteristic limits of a circular function are equal to 
each other, then 

n n 

The case when both characteristic limits are infinite is here included. 

Corollary II. — If only one of the characteristic limits of f{z) is infinite and 
the other be denoted hy f^ then 



2 ^'c — S \ = :^^i log {^Jf—T]^ (™^^- ") 



(30) 



the upper or lower sign to he taken axscording as Urn f {z)-= co in the positive or in 
the negative direction. 

§26. Let us now put f(z)=^, where ^ is a variable quantity, and let 
Zi, z^, • . • • y z^ be the roots of this equation. These roots are functions of f . 
By formula (29) 



s ^« = ^ ^^« (^D "^ ''^'''*^''*' 



provided f =#/i or /,. If we difiFerentiate this formula with respect to ^, we 
obtain 

^dz^ _ o i 1 1 1 



But-^^ being one of the values of -=^ corresponding to the value of ^, we have 
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Hence this 

Theorem. — Given a circular function of the n** order f{z) with the period q, 
lei Zu z%^ . . . . ^ Znhe (he points in, a primUive region at which the function assumes 
the same value ^^f orf, then 

Corollary. — If the characteristic limits of the function f{z) are equal to each 

other or infinite^ then 

" 1 

«!, 23, . . . . , 2« hevng the points in a primitive region ai which the function f{z) 
assumes the same valve other than (he value of the characteristic limits. 

§27. Theorem. — If two circular fwnctiona f{z) and ^ (a) have the same period, 
then (hey are connected by an algebraic equation. 

In fact, these functions can be presented in the form of rational functions of 
u^, i. e. (§20), 

The elimination ofu^ between the equations (32), (33) gives an irreducible alge- 
braic equation of the form 

^(/(^)» 4>(2))=0, (34) 

which proves the theorem. The degree of this equation is, in general, n inf{z) 
and m in ^(«), if m and n are the orders of the circular functions f{z) and ^{z) 
respectively.* This follows at once from the process of elimination, but there is 



•Let 






where at least one of the numbers p or g is = m ; and at least one of the numbers j/ or g^ is = n . If, 
then, we put for the sake of brevity 
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another way of arriving to this result. To each value of ^ (z) correspond within 
a primitive region n points, and in the whole plane an infinity of points, which 
may be all classified into n groups, each point of a group being congruent with 
any other point of the same group. To each of these groups corresponds a 
single value of /(z). Hence to each value of <^ (z) correspond n values of /(«). 
Likewise to each value of /(z) correspond m values of ^ (z). In general these 
n values of /(z), respectively the m values of ^(z) will be distinct, and there- 
fore the irreducible equation will in general be of the degree n in/(z) and of the 
degree wi in <^ (z) . But the degrees of the irreducible equation in /(z) and ^ (z) 
will be lesser if to several groups of points z always corresponds only one 
value of/(z) or ^ (z). It can be readily shown that in such cases the degrees of 



n 



m 



the irreducible equation in /(z) and ^(z) are ni = ^ and mx = j^ respectively, 
where 2) is a common divisor of the numbers n and m* and is equal to the 



the result of the elimination of Um between the two given equations may be written as follows : 

D «1 «» «« 







Vo 




Vo 










SB. 






Vo 



=0. 



(34y 



The letters Xq^ • . . ^x enter only in the first n lines of this determinant of the (m + n)^ order ; 
the letters Vo » • • • » y» only in the last m lines. Therefore this determinant is of the degree n in the 
function / (z) and of the degree m in the function ^ (z) . The equation (84/ being only another form of 
equation (84), it is clear that the latter will be of the degrees n and m iD/(je;) and ^ {z) respectively. 

To operate the elimination it will, in general, be necessary to add the following m + n — 3 equa- 
tions 

t*:[«(tt«)/W-P(tt-)]=0, 

K=l, 2, . . . ,n— 1 

K IQi (ti-)0(«) -Pi (ti*)]=0, 

« = 1, 2y . . . , TO — 1 . 

to the equations (82) and (83), in which case we obtain equation (84)^ as the result of the elimination. 
But in particular cases the number of subsidiary equations necessary to operate the elimination may be 
less than TO + n — 2. Then the degree of the equation (84) in f(z) and ^ (z) may be less than n and to 
respectively. 

*See M^ray, op. cit vol. II, p. 869. 
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number of groups of points z which always correspond to the same value of/(z) 
or ^ {z) . 

Corollary. — Every circular /miction f [z) of the n** order is connected with its 
derivative function f (z) hy an algebraic equation (§22, Theorem I). The degree of 
this equation is nin f (z) and n + q in f(z), q being the number of distinct poles 
of f{z) in a primitive region (§23). 

§28. Let us for the sake of brevity write w for/(z); wf for /' (z); and TTfor 
any polynomial in w. Then we may write the irreducible algebraic equation 
connecting the circular function /(z) with its derivative as follows: 

W^u/"" +W^uf^-^ + +Tr„.it// + Fn = (35) 

where at least one of the polynomials Wq, TTi, . . . . , Tr„ is of the degree n + 5 . 
First of all it is clear that W^ = constant, because otherwise the equation TFo= 
would determine points such that at these points v/ ^co while w is finite, which 
is impossible. We may therefore assume that Fi = 1 . Further, provided 
w ^fi or /g, we have 

J^^-^(_i L_l (36) 

This follows from the relation 

and from formula (31). 

§29. Without going into a detailed study of the problem of inversion, the 
solution of the following particular cases will be given here. 

Problem I. — Find all circular functions of the first order. 
Equation (35) becomes in this case either 

w'=c{w — a){w — P) (37) 

when 2'= 1 {the cJiara^teristic limits of w are finite); or 

u/ = au) + b (38) 

when 5 = {one of the characteristic limits ofwis infinite). 
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All circular functions of the first order are therefore the inverse of the 
functions defined by the integrals 

,= r ^ +^- ^=/'_^+c. (39) 

J c{w — a){w — p) ' Jaw + b ^ ^ 

The moduli of periodicity q of these integrals (which are the periods of the 
inverse functions) are, as easily verified, 

27ii 2ni 

c (a — p) a 

respectively. The functions w are then 

,=/(.) = ?^Zli^, (40) 

w = ^{z) = Ae'^'+B (41) 

respectively. The characteristic limits of the circular function/ (2) are 

/i = a; fi — ^, 
and those of the function ^ (z) 



/ dw 



If we put a = t ; /8 = — i ; o =1 in (37), then /{z) is the inverse of the integral 

dw 

which may be taken as the definition of the function tgz. In this case formula 
(40) takes the form 

w=/{z) = ^ tg (-^ 25 + 5) + (7, (42) 

and therefore we may say that the functions c* and tg z are the two types of the 
circular fwnctions of the first order. All such functions are comprised in one or 
the other of the forms (41) and (42). 

Problem 11. — Find all circular functions of the second order whose charojcter- 
istic limits are infinite. 
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In this case n= 2; 5 = 0, and taking into consideration that by formula 
(36) TFi = 0, equation (35) reduces to 

Hence all circular functions of the second order with infinite characteristic 
limits are the inverse of the functions defined by the integral 

dw 



f 



Va ^hw + cv? 



(43) 



If we put here 6 = 0; a=l; c = — l,we may take this for the definition of 
the function sin z. Then all the inverse of the function defined by the integral 
(43) will be comprised in the general formula 

w =f{z) - A sin (-^ z + 5) + (7. (44) 

Remark. — It will be noticed that the characteristic limits of a circular 
function are the essentially singular points of the inverse function. 

§30. To conclude, we will give some general propositions with regard to 
circular functions of the second order to show their analogy with elliptic func- 
tions of the second order. 

Theorem I. — Let f{z) he a circular function of the second order whose charac- 
teristic limits are equal to each other and to the number N. If y\yy%l>^ tlie points 
in a primitive region at which f{z) assumes the same value F ^ N, then 

/W = /(yi + yt— 2;). (45) 

For we have in this case Zi + z^^yi +^2 (mod. o), where Zi, z^ are the points 
in a primitiveregion at which the function assumes the same value /(z) (§25, 
Corollary I), and therefore /(zj) =/(2g) = /(y^ + yz — ^)i where z^ may be any 
point. 

Corollary. — If we take for the origin of the plane a point ^ (yj + yg)* then the 
function of Theorem I will be an even function, i. e.f{ — z)=f{z). 

Theorem II. — If N^^, then the function of Theorem I has two distinct pdes 
j8i, jSg of the first order or one pole ^ of the second order in a primitive region. In 
the first casef {z) is a circular function of the fourth order having ttoo exponential 
35 
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zeros of the first order and tvx> vanishing points of the first order in a primitive 
region, namely j the points \ (fii +Pi), i {^i +^2 + <^)f *^ '^ second casef (z) is of 
the third order and has two exponential zeros of the first order and one vanishing 
point of tlie first order in a primitive region^ namely y the point /8 + i o . 

Theorem III. — If N=^ oo, then the function of Theorem I has no poles in a 
primitive region, and f (z) is also a circular function of the second order. 

Let then ai and ag be the vanishing points of f(z) in a primitive region. The 
vanishing points of f {z) in a primitive region wiU he the points J (aj + o^) and 

i (tti + Og + 6)) . 

The last two propositions follow from the equation 
obtained by diflferentiation from the equation (45). 

NOVBMBBR 1, 1896. 



8ur un problbme concernant deux courbes gauches. 

Par Mr. G. Kobnigs, Profeasewr h la Sorhonne. 



J'ai doQn6 autrefois dans les Gomptes Rendus une formule g6Q6raIe qui 
fournit la repr6sentation sous forme explicite des surfaces r6gl6es rapport^es a 
leurs lignes asymptotiques. Cette formule 6tait fond6e sur la solution du 
probl^me suivant : 

Urhe courbe G kant donn^j en troumr une autre Gi qui lui corresponde point 
par point de sorte que le plan oscukUeur h chaque courbe aille passer par le point 
qui correspond sur Vautre au point de contact. 

Je me propose de donner ici la solution directe de ce problfeme. 

Soit le point if de la courbe G^ dont les coordonn^es a, y, z^t sont des fonc- 
tions donn^es d'un param^tre variable u. 

Le point M^ de Gi correspondant ^ M, doit etre dans le plan osculateur au 
point if ^ la courbe G] ses coordonn6es cci, y^, Zi, t^ sont done de la forme 

yi = ay' + ^y+yy, I ^jj 

Zi^Zazff -f 1^2/ + yg , I 

t^ = atff +fitf +yt,J 

oii les accents d6signent les d6riv6e8 prises par rapport h la variable t^ et a, (3, y 
d6signent des fonctions appropri6e8 de u. 

Maintenant, puisque le point if doit etre dans le plan osculateur en Mi h la 
courbe G^ il doit exister des relations de la forme 



pyi +<yyi + ^yi + i^y = o, 



(2) 
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Je dis que Ton peut toujours supposer que Ton a 

a 'J 

et alors, k cause de rhomog6Q6it6 des for mules pr6c6dentes, nous pourrons sup- 
poser p = a, <T = /J. 

Imaginons en effet, que Ton ait satisfait aux Equations simultan^es (1), (2) 
par un premier syst^me de valeurs des fonctions a, /S, ^, >l, /i, p, (T. II est clair 
que I'on aura encore un syst^me satisfaisant k ces equations en changeant 
a, j3, y en a.s, (i.e, y.c, car cela revient a multiplier a^, yi, Zi, ti par e. 
Designons par p^, a^^ %i, (ii les valeurs correspondantes de p, cr, X, /i, on aura 

pi {ex^T + 0-1 (Ml)' + ^exj^ + (i^x = 0, 

etc., ou en d6veloppant, 

piB.xi^ + {2p,^ + a,s)xi + (pic" + (r,€' + Xr6)x^ + (iix=0. 

En comparant aux relations (2) on voit qu'il faudra avoir 

Pig — 2pig^ + Oie _ 

P <^ 

les Equations que nous n'6crivons pas d6termineraient Jl^, Hi. Or nous voulons 

avoir JBL = -.^ ; il faudra done 6crire 
a p 

ae _ 206^ + /?c 

6quation diff6rentielle qui donnera e. 

On voit done que, par un choix convenable de f , on pourra toujours sup- 
poser que p = a, <y = j3. 

Les Equations (1) conservant leur forme, les Equations (2) auront alors la 
suivante 

axi' +fixi + Xx, + (ix = 0,^ 



= 4P,.a», I 



(5) 
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Si, de la premiere des Equations (l), on tire Xi pour en porter la valeur dans la 
premiere des Equations (2)' on trouve l'6qiiation du quatri^me ordre 

a?.3^^ + 2a (a' + /8) a"' + [a (a" + 2/3' + y) + /? (a' + (3) + aX] a!" 

+ [a (^" + 2/) + /3 (/3' + y) + fiX] a/ 
+ iay" + ^y' + Xy + fi-]x-0 (3) 

et Ton voit que y, z, t v6rifient aussi cette Equation. 

Soit 

^(iT) + 4Pj X'" + 6P,X" + 4PtX' + PtX = , (4) 

I'^quation lin^aire du 4*"* ordre v6rifi6e par x, y, z, t. 

Cette Equation doit etre identique h, I'^quation (3). On aura done 

a (a' +^) =2Pi.a»,^ 

a (a" + 2|3' + y) + /8 (a' + ^) + aX = QP^.a', 

ay' + ^y + Xy+fi 

Ces Equations se simplifient beaucoup. 

En eliminant A, entre la 2*™* et la 3*™* de ces Equations on obtiendra le 
syst^me suivant 

a'+/3=2P,a, j 

a(i{a"+2^' + y) + ^{a' + P) -a»(/?" + V) -«/?(/»'+ /) \ («) 

= 6P,a»i3 — 4P,a», ) 
a(i3" + 2/) + /3(/3' + y) + /3;i=4P^«) ,^. 

or" + ^y + Xy + (I =Pta\ i ^^ 

Les Equations (7) donneront X, (i quand a, fi, y seront connus. Ces fonctions 
a, ^,y sont li^es par les Equations (6), qui sont les seules dont nous ayons it 
nous occuper, car la connaissance de X, (i est secondaire. 

La premiere des ^nations (6) nous permettra d'eliminer a', a" de la seconde 
de ces Equations. 

La seconde de ces Equations s'6crit d'abord 

a^ (a" + ^') + ^ [aJ + ^) - a' (/3" + 2/) = 6P^'^—4P^'. 

La premiere des Equations (6) nous donne alors 

a' + /8=2Pia, 

a" + fi'=2Pia> + 2Pia= [4P!H- 2Pa a- 2P^, 
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en sorte que T^quation prec6dente deviant 

a/3 [(4Pf + 2Pi) a — 2P^] + 2P,a^ - a* (^3" + V) = 6P^^^ — 4P^». 

Aprfes reductions on trouve 

-i3" + (4Pf + 2P{ — 8P3)/? + 4P,a- 2y' = 0, (8) 

6quation ^ joindre ^ la premiere des equations (6) 

a' + i3=2Pia. (9) 

Posons 20=i3'+2y, (10) 

I'equation (8) devient 

0'=(2P| + P{-3P,)i3 + 2P3a. (11) 

L'6quation (10) nous permet de substituer la fonction d i la fonction y ; a, /8, 
sont li6es par les equations (9) et (11). 

Eliminons /? entre ces equations, nous aurons 

0'=2[P3+ APi' + 2P?-3PiPJa + (3P,-Pi— 2Pf)a'. (12) 

Or, en posant avec Mr. Halphen, 

30F= — P[' + 3Pj5— 6PiPx'— 2P8 + 6P1P2— 4P!, 

on trouve que Tequation (12) pent s'ecrire 

& = [(3Pj— P{— 2PJ)a]' — 30Fa. (13) 

Soit ?7une fonction arbitraire de w, et posons 

«=^' <") 

requation (13) devient 

^ = [(3Ps-P{-2P?)a]'-Cr', 

ou, en integrant et faisant rentrer dans Z71a constante d'integration, 

« = (3P, — Pf — 2P?) a—V. (15) 

Si Ton tient comple de la valeur de a on aura 

e=(3P,-Pf-2i1)^-l7-. (16) 
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Les formules (14), (16) donnent les expressions g^n^rales de a, d. L'6quation 
(9) donnera /? et T^quation (10) donnera y. II viendra en definitive : 

zr 



a = 



30 7' 



y = _i7-M3A-2P(-2Pl)3^-P,(^y+i(3^)". 



(17) 



L'expression V a 6t6 introduite par Halphen au titre d'invariant projectif des 
courbes gauches,* Si F= 0, la courbe G appartient par ses tangentes ^ un 
complexe lineaire. Dans ce cas, les expressions (17) tombent en d6faut. Mais 
si Ton se reporte a T^quation (13), on voit que cette Equation devient imm6di- 
atement int6grable et que a pent etre prise eomme fonction arbitraire. Les 
formules (17) doivent alors etre remplac^es par les suivantes 

a = a, \ 

P=2P^a — a\ \ (18) 

y = (3^8— 2P\ — 2P0 a — Pitt' + 4a". ) 

Les formules (17) ou (18), suivant le cas, resolvent done le problfeme qui nous 
nous 6tions propose, sans aucune integration ni quadrature. 

Appliquons ceci a une cubique gauche, pour laquelle on pent supposer que 
X, j/y z, t sont des polynomes du 3®™® degr6 d'un paramfetre u. Pour une telle 
courbe P6quation du quatri^me ordre se r^duit k 

X^= 0, 

les Pt sont tons nuls, Fest nul, nous sommes dans le cas des formules (18). On 

prendra ici 

a := a , /8 = — a', y = 4 a'^ 

On pent toujours supposer le tStra^dre de coordonn6es tel que x, y, z,t soient 
les polyn6mes suivants de u 

aj=ti^, y = w*, 2 = w, < = 1. 

* Aota ICathematioa, t ni ; Joarnal de T^le Polyteohnique, 47^™^ cahier. 
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Les formiiles (1), eu 6gard aux valeurs (18) dea, /3, y deviennent 



a^i 


= 


6au 


- 3a'u' 


+ ia""'/ 


Vi 


= 


2a 


— 2a'« 


+ ia"«', 


Zi 


= 




-a' 


+ ia"K, 


h 


= 






ia". . 



(20) 



En prenant pour a un polynome du 3^™® degr6 en u, on obtient une eeconde 
cubique gauche Gi, qui correspond point par point a la premiere dans les condi- 
tions indiqu6es par r6nonc6. 

Rapports avec lea lignes dsymptotiques des surfaces reglSes. 

Soient G, G^ deux lignes asyrnptotiques sur une surface r6gl6e, JIf, Mi les 
points oh une meme g6n6ratrice rectiligne coupe ces courbes. Le plan tangent 
en if i la surface, qui est le plan osculateur ^ (7, contient la g6n6ratrice rectiligne, 
il passe done en M^ ; de meme le plan osculateur en Mi ^ Gi passe par le point M, 
Les courbes (7, Gi sont done dans la relation indiqu6e plus haut, le plan oscula- 
teur en chaque point de Fune passant au point homologue sur I'autre. 

Cela 6tant, prenons une courbe G ligne asymptotique d'une surface r6gl6e ; 
les lignes asyrnptotiques Gi de cette surface r6gl6e correspondront i divers choix 
de la fonction U dans les formules (17) (ou (18)). Nous allons chercher quel 
lien existe entre ces fonctions. 

Soit Gi une ligne asymptotique correspondant a une determination particu- 
li&re de U. Un point quelconque de la g6neratrice rectiligne de la surface sera 
representee par les formules 

X=xi + l^.x, 

T=:ti +^<,. 

oh Xi, yi, Zi, ti sont fournis par les Equations (1), tandis que les Equations (2)' 
ont lieu; ^ est un paramfetre qui fixe la position du point (X, F, Z, T) sur la 
g6n6ratrice. 

Observons que X, F, Z, T, consid6res comme fonctions de w, ^ v6rifient 
requation 



(21) 



^ = ^^+«f+"f' (^^) 
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oii Ton a (formules (1) et (2)') 

a 

a 
a 
Comme X, F, Z, rv6rifient aussi P6quation 

^=0, (23) 

on voit, par le rapprochement des formules (22), (23), que u, ^ sont les para- 
m^tres des lignes asymptotiques, de la surface consider6e. 

On arrive done h ce r6sultat que si (7, Gi sont li6es par les formules (1), (2)', 
la surface r6gl6e representee par les formules (21) admet comme asymptotiques 
non rectilignes les lignes f = constante. Les formules pr6c6dentes r6solvent 
done la question suivante : 

Representer ecus forme explicite les coordonnees d^un point {X, F, Z, T) d!une 
surface r&glee enfonation de deux paramUres ^j u^de sorte que u = const reprS- 
sentent les ghiSratrices rectilignes e< ^ = const les lignes asymptotiques non rectilignes. 

II est a remarquer qu'en partant d'une ligne asyniptotique suppos^e donn6e 
la question se r6soud sans aucune integration ni quadrature. 

On salt que la recherche des asymptotiques d'une surface r6gl6e conduit k 
une equation de Riccati. Si, en effet, on voulait identifier la surface regiee repre- 
sentee par les formules (21) avec une surface regiee donnee k priori les calculs 
d'identification conduiraient a une equation de Riccati. 

II n'en resulte pas moins que les formules precedentes constituent un pro- 
cede d'etude indirecte des lignes asymptotiques des surfaces reglees, trfes propre 
a mettre en evidence des proprietes de ces lignes asymptotiques. 

Supposons, par exemple, que Ton veuille toutes les surfaces regiees £1 asymp- 
totiques algebriques. II suflBra de supposer que la ligne asymptotique Cd'oh Ton 
part est algebrique, en sorte que x, y, z, ^ et, par suite, P^ Pg, Pg, P4 seront des 
fonctions algebriques de u. Ensuite, il faudra prendre aussi pour Unne fonction 
algebrique de u. 

36 
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On peut faire une remarque g6n6rale au Bujet des expressions (21) ; si on 
remplace Xi, yi, 2^, ^ par leurs expressions (1) on trouve, par exemple, 

et de meme pour F, Z, T. 

Or, reportons-nous aux formules (17) qui donnent a, fi^ y. Le changement 
de y en y H- f revient ik ajouter k la fonction arbitraire U une constante arbitxaire 

-^ 

Done les diverses lignes asymptotiques d'une meme surface r6gl6e, admet- 
tant C7pour asymptotique, r^sultent des formules (1) et (17) en prenant pour U 
des fonctions qui ne different que par des constantes additives. 



The Linear Vector Operator of Quaternions. 

By James Bybnib Shaw, D. Sc. 



This paper has for its object the development of the algebra of the linear 
vector operator, entirely from a quaternion point of view, which amounts to an 
extension or development of nonions. It is presumed that so much of the theory 
of the linear vector operator is known as is developed in works on Quaternions, 
as Tait, 3d edition, or Hamilton's Elements. I consider first the expression of 
such an operator, as ^, in terms of three numbers, a, 5, c, which depend only 
on the three (latent) roots of ^, and a unit operator t, which depends only on the 
axes of ^. I then consider ^ as dependent on nine operators which are linearly 
independent, each of nullity two, three of vacuity two, and six of vacuity three. 
(For definitions of latent roots, axes, nullity, and vacuity, see Taber, ** Theory of 
Matrices," Amer. Jour. Math., vol. 12, pp. 355 and 362.) 



1. The function ^ may be written in the form 

^ = a + Jfc + ct^ (1) 

a, 6, c being scalars and t a linear vector operator such that t'. p = p or t' = 1 . 
The operator l involves implicitly six scalars, since its equation t' — 1 = deter- 
mines explicitly three of the usual nine scalars involved in every general linear 
vector function. The proof of the existence of this form of ^ will consist simply 
in determining explicitly each element of it. The three roots and three axes of 
^ are supposed known. 
. We have at once 

^« = a» -f 26c + (c^ + 2ai) t + (6* + 2ac) i\ (2) 

4)» = a» + 6^ + c» + 6a6c + 3 (ac« + hd? + cV) i + 3 {c?c + l?a + &h) ?. (3) 
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Whence it is easy to deduce the equation 

4)»— 3a.^» + 3 (a«— 6c)4> — (a« + J* + c^— 3afec) = 0. (4) 

But the cubic in ^ is 

^' — tw,^' + ?Wi^ — m = . (5) 

Therefore, equating coefficients of like powers of ^ , and reducing, 

a = \m^ = \{g^ H-fl^s + fl^s), (6) 

6c = i(w| — SWi) = i(gr? H- g^ + si — Ma — Ms — Mi)» (7) 

J8 + c^ = tjV (27?7i + 2?w| — 9?Wi?w,) 

= A^(2srJ + 2^1+ 2srS — Sflrjgrg— 3flr,^— Sflrfsr, 

— SmI — 3^1 — 3Mi + 1 2M2fl^3) . (S) 



Putting X' = l or;i = — i + i ^^ — 3 , the solution of these equations gives six 
possible sets of values of the form 

a = i(fl^i+ 9%+ 9s)> (9) 

b = ^{9i+ ^9z + ^'9z)> (10) 

c=i{9i + ^'9z+^B)' (11) 

The permutation of gri, g^, g^ gives the other five sets. These six sets are all the 
solutions possible, since equation (7) is of the second degree and (8) of the third. 
Substituting these values, we get 

4» = ifl^i (1 + t + t*) + ^92 (l + ^t + XV) + *(/,(! + Xh + Xl'). (12) 

Let xi = t(l + t +t« ), (13) 

X8=t(H-;it +XV), (14) 

X^ = ^(l+^h + XL'). (15) 

We derive from these immediately 

xj = X, , XjXj = = X3X1 , > (16) 

^4 = «8» «a»8 = = XsXfy J 

^ = 9i^i + 9%^ + J/8«8- (17) 

Now if pi, ps, ps are the axes of 4), i, e. solutions of the equation F.p^^p = 0, we 
can write ^ in the form 

^ _ 9i9i^' P2P3 ( ) + 9ip%^' PsPi ( ) + g^PsS. piPs ( ) (i8j 



X 



P1P2P3 
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Operating by Xi, we get 



X A = g,xi = yi^iPi^- P»P3 ( ) + g%X\9%S9?fii ( ) + g3*ip8^Pip» ( ) 

A3 • 



• PiPgPs 



(19) 



Operating by this operator on p = crpi + yp2 + ^psi where p is any vector, we get 

- a^fl'i^ipi + ygi^\92 + ^S'l^ips = ar^i^iPi + yS^^iPa + m^ifz • 
Hence, since x^ y, z are independent, 

fl^l«3p2 = fl'gJCip, , giXips = fl^s^ciPs • 
These equations are possible generally only if 



. ^ _ ^lPl^«£3_0 
O . pip2p8 

_ Xgp2/y.p3Pl() 

^2 ^ ' , 

O . P1P2P3 

^ _X3P8 ^-PlP2() 
Xs L- £_J . 

^ • PlP2p3 

Let • xipi = xpi + yps + 2p8. 

Operating by Xi, x,, ^r, in turn we obtain 



(20) 
(21) 
(22) 



y«2P2=0, 

2^8P3 = 0» 



/. a = 1 . 

/. y = • 
.-. g = 0. 



Treating each x in the same manner and substituting in (20), (21), (22), we have 



^ _ Pi^ps ( ) 

^ • Plp2p8 
^^ _ p2%Pl ( ) 

^ . plp2p8 
^ -- p3^PlP2 ( ) ^ 

^.P1P2P8 \ 



(23) 
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Therefore, finally, 

^_ Pl^p2p3() + ^V»g>8pl() + ^p8Ay.plp»() ^ 

^•PipgPs 
^i _ Pi%p8 ( ) + ^a^PsPi ( ) + ^Vs^' Pip> ( ) ^ 
^•PiPzPs 
^8 _ 1 _ pi^gPs ( ) + Pa^spi ( ) H- Ps^y ' pips ( ) 

^•PlP2P8 



(24) 



This completes the solution, as we now have a, b, c expressed in terms of the 
roots and l in terms of the axes. [We observe further that the six solutions 
mentioned are in the end one solution, as if we interchange g^ and g^ in (9-11) 
we likewise interchange p, and p, in (24).] 

If the axes are not given, we may determine the xs and l directly from the 
roots and ^ j or the numbers a^ b, c and ^, thus : 






(26) 



Hence, solving for xi. xj, Xt, 



*i = 



— (^ — 9t)il> — 9t) 1 
{9i — 9t){9i—9t)' 

^ (l> — 9»)i1> — 9i) 
i9»—9»)(9% — 9i)' 

— {^ — 9i)il> — 9») 
{9i — 9t){9i — 9t)\ 



«8 



(26) 



These values may be substituted in the values of i and t* in terms of xxi ^> ^' 
But we may also get t and i* thus : 



hence 



^ — a = 6t + ci*, 
^•— a»— 26c = (c« + 2ah) t + (6» + 2ac) i». 



ifx* 



' -?—w ' 

. _ Z4>» — (c' + 2a&) 4> + ac» + &a*— 26»c 



(27) 
(28) 
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These in turn will give «i, *,, xj in terms ofa,b,c and ^. 

2. If two operators are equal they must have the same a,h, c and t. 

For if ^ = a' + 6't' + c't'',| .^g) 

we have at once a = a' ; 

.: h + ci« = Vi! + (/«", (30) 

.-. Jt» + c =6'tt' +(/«'*, (31) 

,_ y pi^«P8t^'() + a.'fa/S'prfit^' + ^jpt/y.pipgt^'o ^32) 

Let the axes of 4 he pi, p^, p^. Then 

6tV + cp^ = y PV^M +c' (a^«P^ (33) 

^ «p,p,p8 /y.pip»p» 

Substituting for t* its value in (24), 

hXSp^ipi + cSp^pi = 0,\ (34) 

J;i»/S'p,p,pi + CASJ>ipjp{ = 0,) 

••• 'S'.p8p,p{ = 0, Sf>ipip'i = 0. (35) 



Finally, we must have then 

«ndpi = p,V (36) 

ps = p8. -' 
since tensors are not concerned. 

Therefore i = t' and c = </, 5 = 6'. (37) 

But it is to be observed that since (t*)* = t , and (t*)' = 1 , we cannot, knowing 

that 

^ = a' + J't' + c't", 

^ = a + 6t + ct* , 

assume that Vi' = &(, </('* = di* ; it is necessary to find the axes, and writing the 
forms (24) identify J with i or t* accordingly. (See Taber, " On Certain Identi- 
ties in the Theory of Matrices," Amer. Jour., XIII, p. 165.) . 
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3. The expression 

M^ + (6' + c8— 2a6c) ^ + h^(? — ah^ — a(? + a^hc 

msiy be called the Hessian of the cubic in ^. Its factors are 

€? — ah\ / I , 6' — ac"^ 



(*+^')' (*+^) 



When its axes are properly chosen it plays a part in the theory of the triangle. 
The expression 

V + h+-c A^ + x^r+Xc ; 

^V'^ W+Wc ) 

may be called the cubicovariant of the cubic m ^. It also is of importance in 
the theory of the triangle. 

The two invariants of the cubic in ^ are 

G=—{h^^(?)=in (9m^m^ — 2ml — 27m). J 
The discriminant is 

A = {h^ — (?Y = ^ (27w« — ISmm^m^ + 4ml + 4mm\ — m\m\) . (39) 

When this is negative the roots gi, g^^ gs are all real; when it is positive, two 
roots are imaginary ; when it is zero, there are two equal roots ; when 0=0 
and H= there are three equal roots. 

4. The vector function 

^1 = ^ — a = bt + ci^ 



has for its cubic 
Its roots are 



^8 _ sbc^j^ — (js 4. c3) = 0. (40) 



(41) 



«i — i {^9i —92 — 9z) = b + c, ] 
e% = i{^g2 — 9s - 9i) = ^'* + ^^» ' 
^3 = t {^99 — 9i — 92)=^b + 7}c, J 

Hence hi + ct* = e^x^ + e^x^ + e^, (42) 

Let V . u 
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represent Weierstrass' p function for the invariants 

flr, = 1 2ftc = i {ml — 3mi) , ) /^gx 

Then the periods satisfy the equations 

6)i + Og + Qs = . ) 

Now we may let 

Jt + ci^ = p.i//, (45) 

whence -i// = OiXi + <*>««» + ^s^s* (46) 

Further, 

( J, + e,^ _ ,^ = _ ^ii+}Mtiio = (^ y 



^y ^^ 



(47) 



sn' 



These results, startling at first sight, are useful in the geometry of the triangle. 

5. Let the transverse of ^ be ^. We have at once, since the roots are the 
same, that ^' has the same a, 5, c as ^. But i becomes 

'S'.pipafs 
We have easily 

d>-A^=2F.g() = ^'fr^-^P'P»0-^^^f^^ftO + ---- (49) 

o.pip»ps 

- flri7.(rpxFp^)() + ^,7.(F.p,Fp,p,)() + flr,y.(F.p3Fftp,)() ^^^^ 

.-. 2c — ^^ ^P^ ^P^» "^ ^' ^P* ^P«P' "*" ^» ^P" ^P'P* (51) 

_ (fl^» — 9s) Pi^PiPs + (g^3 — 9i) P»^- P8pt + (g'l — 9i) P«^PiP» (62) 

_ (g| — ga) Pi^' P»p8 + (g» — ^) P;;^^! + (^ — gg) p8<SbiP» (63) 

'S'. pipspj 

6. Let the tensor of ^ be defined as the arithmetical cube root of m, i. e. 

T.^= ^la* + b' + <^ — Sabd] = v'm"= v^^Ms- (64) 

37 
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Let the vereor of ^ be U,^, 

rr A. a I 6 _i_ c a ■*" 



Tp ' lip Tp Tp 

'^g^9i9» '>^9i9i9z '^gi9i3% 



Let 



whence 



9i =c*-^' 
'^919731 



a 



T.p 

h 



(compare Taber, Amer. Jour., XIII, p. 169 et eeq.) 
If /oe = i(e' + c'*+0. 



/,e = i(«' + ;u« + W)A 
/,e = i(e* + ^v+x«^**),) 



We see easily 



/iP - -^»=« ITT "^ TT "^ TT ■'■••• • (3n-l)!r 

/,e - i.„ =. j ^ + ^ + yy + . . . . (3„_2)| f • 



(55) 
(56) 



(57) 



(58) 



(69) 

(60) 
(61) 



(62) 



and 



Also 
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/oe = i(e*+26-*'co8.^) 

^d = i(6*-6-*'cos^--%/3.e-*'8m^), 

/,0 = i (e* - e-*' cos ^ + n/3 . 6-*' sin ^). 
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B+v = I IgS'i— jigs'* — ilg^s, 
Xe + A = — JlgflTi + ilgflra 



»7=Hg^i + y;i lg^«+ iJtMgflfjJ 



= Hg (i/a^ vr*) + ^ ig (^r W *) . 
»7=Hg(flr^Vr*)-^ig(^r*j/0 . 



V3 



«+>?= 



tn 



v3 g^i 



(63) 

(64) 
(65) 

(66) 
(67) 



7. Returning now to the solution given in §1, it was stated that the roots 
9ii 9%^ 93 might be permuted, giving six different solutions of the equations there 
given. These six solutions suggest six related functions which I designate as 
conjugates and co-functions. Of course a is the same for all. 

The first of these six is derived by interchanging gr, and g^ (but leaving the 
axes unchanged) ; whence, since this interchanges b and c, 

Oo.<^ = a + CL + bt\ (68) 

We have 

^ + Co.^= 2a + (6 + c){i + t»). (69) 

In this expression t + t' is an operator whose form is 

6+^2= 2 pi>Sip»p8 ( ) — P»>Sjp 8p i ( ) — p 3^pip2 ( ) ^ /^o) 

Hence its roots are 2, — 1, — 1, and axes p^, p^, pg. It is of much importance 
in the theory of the triangle. 

q> — Co.^ = {b — c){t — t*), (71) 
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wherein ,_t*= yii-g Pb^P^ ( ) — p2^ > PbPi ( ) ^ (72) 

^•Pip»P8 

- ,jr-^ (P8^P» + ft^Ps) T"> Pi ( ) ^ (73) 

^•PlP2pS 



Hence its roots are rfcv' — 3, and axes p, and p,. Having but two axes its 
nullity is one, hence vacuity must also be at least one, and since the extension 
annulled is that along p^, which is not an axis, its vacuity is just one. (Taber, 
Amer. Jour., XII, p. 365.) 

When ^ = Co. ^, b = c and gr, = gr,. (74) 

Obviously 

C0.4) = T^ IfoO +AO.t' +Ae.q[/ov + i/iv + t'An]. (75) 

8. The next of the six is got by writing g^, gi, g% for gi, gt, g^ respectively. 
It is the first conjugate of ^: 

X . ^ = a + ait + aV, (76) 

= gz^i-\'gi^ + g%ih^ (77) 

The second conjugate is x . x^ = x*^), 

i^.q^ = a + %%i + J^L\ (78) 

= g%^i -f- gzot^ + fl^i^s • (79) 

The properties of these two are indicated by Taber, Amer. Jour., XIII, as also 
of the parts of each, of ^, ;e^, x*^), viz. /Si^, Fi<^, 7j^. 

9. The co-functions of the conjugates have of course the same relation to 
the conjugates as the co-function of ^ has to ^. Thus 

Co. 3c . ^ = a + Xct + X'6t* (80) 

= x.Co.^, (81) 

Co.;e*.^=x*.Co.4). (82) 

The six operators 

^, Co. ^, x^^ x.Co. 4>, x*4>f«*-Co. ^ 

are the six related operators referred to in §7. 
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10. Various combinations of these produce coefficients of the forms 

a + h + c , 
a + Xh + A,*c, 

a*+b* + (^, a» + ;i&»+XV, a* + X*b* + ^; 
etc., which might be called triskew symmetric. 

II. — TTie Nonion Form of ^. 

1. Let there be any three vectors chosen, not coplanar, say a, P, y. Then 
we may write 

etc. If we write 

4>a = ai, ^^ = ^1, ^ = yi, (2) 

since any vector p may be expressed in terms of a, ^, y, we have in the most 

general case 

aS^ya,8.^y{) ^Syaa,S.^yO ySa^a,S.^y{) 

^ S.afiy "^ S.a^y "^ S.a^y 

aSl3yy,S.a^{) , ^Sray.S.a^Q ySafiy,S.a^{) , . 

+ v',S. ^y^, + vi'S . ya^y + v'j'S. a^ 

+ v',S. ^yyi + vi'S. yay^ + vi"S. ajSy, , ' (4) 

wherein the form of the v'a is evident by comparison of (3) and (4). 
The operators v are such that 

vi + vH + vH'^l, (5) 

vM^ = vi'\ \ (6) 
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They have the following multiplication-table 





v[ 


< 


< 


vi 


v'i 


v'i' 


v^ 


v'i 


v'i' 


vi 


v'^ 








vi 








vi 








v'{ 


W' 








v'i 








v'i 








< 


< 








v'J> 








v'i' 








< 





v[ 








r,' 








v'. 





y// 





v'l 








v'i 








v'i 





v'i< 





v'{' 








v'i< 








v'i' 





v's 








vL 








vL 








v^ 


vS 








v'i 








v'i 








v'i 


v'i' 








v'i' 








v'i' 








v'i' 



2. Of these nine operators 

v[^ vH, C 

have each a cubic of the form 

i;» — 1;2 = 0. (7) 

Both nullity and vacuity are two. 

The remaining six have, since they each annul extension in two directions, 

a nullity two ; and, since the axis is included in the extension annulled, vacuity 

three. The cubic is 

r« = 0. (8) 



3. When a, /?, y coincide with the axes, all the terms of q> vanish except 
the three involving 



W, v'i, v'i>. 



The roots are in this case 



S.^yai, S.ya^i, S.a^yi' 



4. Let us write 

r,= »/i + ri' -\-v'i' , 
v, = v'^-\- X\'i + Xv'i' , 
v^ = v'^+^v'i +XV', 



v^^v'i-^v'i' +ri , 
Vi = v'i^X*v'i'-\-Xv'^, 

v^ = v" + xv'i' +;is, 



r. = r(" + ri -\- v^ , 
V, = v'i' + >?v!, + Xv'i, 



(9) 
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Then it is easily verified that tfieae v^a have the multiplication-table : 
Vq vi v^ Vj V4 1/5 j/e 1/7 Vq 



"0 


Vo 


Vl 


Vi 


Vi 


Vi 


Vt 


Vt 


Vl 


Vi 


Vi 


Vl 


v» 


Vo 


>?Vi 


7i\ 


XVs 


XVj 


Xvi 


Xt't 


n 


Vt 


"0 


Vl 


^Vi 


Xrj 


XV4 


xs 


^*v. 


x\. 


Vi 


V, 


Vi 


Vi 


Vt 


Vl 


Vi 


Vo 


Vl 


Vt 


Vi 


Vi 


Vi 


Vt 


7?v, 


^\ 


X'v, 


Xv, 


XVi 


XVo 


Vl 


"» 


Vg 


Vi 


-kVi 


Xr« 


^, 


x\ 


XVo 


X'v^ 


Vf 


Vt 


V-l 


Vi 


Vt 


Vl 


v» 


Vi 


Vi 


Vt 


Vl 


"t 


Vi 


Vt 


XV, 


X\ 


XVo 


XVi 


^Vi 


Xvi 


v» 


Vs 


Vt 


Vl 


"kVi 


Xvo 


M 


^\ 


X,»V3 


as 



(10) 



For each we have i^* = 1 . Also 

VsV4 = Xv^Vs 

6. Since each of these vids satisfies the equation 

1/^ — 1=0, (11) 

it is a vid of the form t of the first part of this paper. Writing them out in full, 
we have 

"~ S.a^Y 

'~ S.a(iY 

^ _ aS^YJ) + Xjg/yyaO + XV/Sa;g() 
'~ S.a^Y 

^ -. myO + rSYaO + aSoi^i) 

'" S.a^Y 



Vi 



S.a^Y 



Vt- - - - g ^^^ 

_ y/y.;gy() + a/yya()+/3^.a/3() 
•~ S.a^Y 

_ y/y/3y() + X'a/yyg + X/?;Sx;g ( ) 
'"" /S.a;3y 

_ y^/?y()+Aa^a()+A«;3^.aig() 



(12) 
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The axes and corresponding roots are : 



l=ro: 

n- 

V,: 



a 



? . Y 

/8 , r 

a+ A,/8 + Xy a + V/S + Ay 

A»a+ /3+ y, a-\-X*^+ y 

v^-.'^^a-VT?^^- y, X«a+ /? + ^'y, o + X«/3H-;i»y 

vg: a+ i3+Xy Jl*a+ /3 + y, a + X»i8+ y 



a 

a 

a + 

a + 



1^+ y. 

r5:X»a+;i«i3+ y, 
r,: a+ /S+ y 





1, 


1 i 




^*, 


^ ; 




X, 


^'j 




;i«, 


%; 




x*. 


^ ; 




Ji', 


"K ; 




Ji, 


^•j 


ji*! 


1, 


X ; 


ji, 


^\ 


1 . 



(13) 



6. Since a, ^, y may be taken in an infinity of ways, any vector operator 
^ may be broken up into nine elements in an infinite number of ways. 

Since there are but nine nonion cube roots of unity, or nine solutions of the 
equation ^' = 1 , they are all expressed above, for any particular set of vectors 
{a, ^j y)j with their axes and roots. 

7. If the axes of ^ are a, j3, y, then 

4^ = ao + aiVi + a^v^ . (14) 

Any other operator may be reduced to this nonion form in terms of a, |^, y, 
giving 

8 



Since the v'b are all unit operators, it is plain that 



(16) 



Again, if if' = ;(r, then the coefficients of any one of the v's must be identically 
equal. For we can find a v, complementary to the one considered, whose 
product into it will give either vo, ^v^ or X\. Then if we multiply each side by 
this operator and take scalars, we have at once the result stated. 



8. We have 
^ = floai + OiOs + Ojoi + vi (OoOi + <h<4-\- aif4) + v, (Ooas + «iai + OjOo) 

+ n (<V»5 + ^'<hai + ^«8) + n (a^i + Tui^ai + 2?a^i) 



(17) 
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4^ = «o«o 4- aiai + a^a[ + v^ {a^[ + ajO^ -h a^'^ + rjj (aoa^ + a^a[ 4- Oga^) | 

+ v^ {arfii+ aia^+ ajjai)+ 1/4 (aoai+ aiai+ a,aO + H (aoa6+ «i«4+«2«^) /^ (18) 
+ ^'e («o^«+ «i«8+ «>«?) + ^1 K«7 + «!«« + a^^ + I'e «a^ + a^a!^ +a^^^ . ) 

It is easily apparent now that always 

S.^'^^S.'^, S.vi^^ = S.vj:4^, S.v^^= S.V2'4^. (19) 

Also 

^ — ^^ = (X — 1 ) I ^8 (— ^'«i«5 + «2«i) + n (— ^ Vs + o^ai) 

+ rj (— ;i'aiai + a^a^) + v^ (oiO^ — 7,^0^0^^) + v^ {a^a[^ — >?a^ai) 

+ v,{a,a!,-7?a^',)\. (20) 

We deduce from this that ^ = '\/^ only when each of these coeflBcients van- 
ishes ; that is, when either — 



First: 



i. e. when 



whence 



a; 



< 



Og ~ "oj" a^ o^ alt 

aj _ aj _ aj 



(21) 



ai = X^a. 



If 



(22) 



o^ = X" aj, «i = 1 or 2 or 3, 

or Second, when Oi : a, :^ A'"*, then a,, a^ , 05 , a^, o^ , o^ are all zero. 

[ci, Oj, etc., may be imaginary, or complex, whence we cannot break these 
up farther.] 

In the second case ^ and li^ are clearly ooaxai. In the first case, if 

wi = 3 and Oi = a,, gi + %% + Xg, = g^ + ^.^^g + A,Vs. 
m= 1, 
m= 2, 

hence in either case, ^ has two equal roots. 

Substituting the values of ao . . . . ag in (16) and reducing by (12), 

^- («o+ai' + <^)a>Sigy() I (a,^ + X«a{ + Xaj)j3/yya() 



Oi= «i, 9i + ^'9i + ^99=- 91+^99 + ^%, ■'■9t = 9Bn 
ai= Xog, flfi + XVi + >l^8 = ^^1 + '^Vi + 9t, •''9i = 93irW 
<h = ^*«j.. 9i + ^V» + ^fl'i = ^*9i + 9a+ ^s> ♦•• 9i = 92i' 



Sa^Y 



Sa^Y 



S.a^Y 



S.a^y 



or + 



Za^ySyai) 
S.afiy 

. 3a^a/Sya() 



or + 



+ 



S.a^y 
S.aPy 



(24) 
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Therefore, 4^ must have for two of its axes, two directions that are taken in the 
plane of the axes of ^ corresponding to the equal roots of ^. Further, since we 
might have expressed '^ in terms of 4^, and similar conclusions would result, 
hence ij/ must have equal roots, and we have finally : 

Two operators ^, ij/ are commutative only when (1) they have the same 
axes ; (2) each has a pair of equal roots, the planes of the two pairs being one 
and the same plane. The product will be of the same nature as the factors.* 

As a corollary, 4> and ^' are never commutative unless ^ = ^'. 

In this case a -L |S JL y and the nine unit nonions become much simpler. 

9. When ^ and ij/ are commutative, then 

^ = al, + a[v, + air, + a^ {v, + :i'^v, + ^'^v,) + a', [v, + X^v, + X^v,) , (23) 
in which a^ or a^ or both may be zero. 

10. There is a large field remaining here which is of great use in any appli- 
cation of Quaternions, aside from its importance as a part of the algebra Nonions. 

Illinois Colleqe, Atigtiat 1, 1895. 

*For a fuller discussion see paper read before the American Mathematical Society in August, 1896. 



On Certain Applications of the Theory of Probability 
to Physical Phenomena. 

By G. H. Bryan, So. D., F. R. S., 
Professor of Mathematics in the University College of North Wales. 



Since the discovery of the Principle of Conservation of Energy, it has been 
one of the chief objects of Mathematical Physics to account for all physical phe- 
nomena as far as possible by means of the principles of Theoretical Dynamics. 
The main difl5culty in doing so arises from the fact that the equations of motion 
of an ideal system always represent perfectly reversible motions, whereas in the 
phenomena of nature reversible processes are conspicuous by their absence. To 
account for the Second Law of Thermodynamics, as applied to irreversible trans- 
formations, something is needed besides the ordinary equations of dynamics, and 
the Theory of Probability suggests one possible way out of the diflBculty. 

According to the Kinetic Theory, the molecules of a gas are always moving 
about freely in all directions, and when they come within a certain distance 
apart, they repel each other and rebound in the same way that perfectly elastic 
bodies would do after a collision. As Lord Salisbury has said, '* What the atom 
of each element is, whether it is a movement or a thing or a vortex or a point 
having inertia . • • • all these questions remain surrounded by a darkness as pro- 
found as ever." But whatever be the correct answer to these unsolved enigmas, 
it is remarkable that determinations of the ratios of the specific heats of gases 
accord on the whole very fairly closely with the theory according to which the 
molecules of gases can, so far as thermal phenomena are concerned, be repre- 
sented by rigid bodies, whose energy is in most cases partly translational and 
rotational. The new gas Argon discovered by Lord Rayleigh and Professor 
Ramsay is peculiar in being the only gas besides mercury-vapor in which the 
energy is purely translational. 

Corresponding to the property that the entropy of a system of unequally 
heated bodies always tends to a maximum, it has been established by Boltzmann 
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that when a medium consisting of gas-molecules has been disturbed and is left 
to itself, a certain function tends to a minimum, and this minimum value is 
attained when the motions are distributed according to the well-known Boltz- 
mann-Maxwell Law. 

Now it has been objected, in the course of a controversy in Nature, that if 
the velocities of every molecule were all exactly reversed, the system would 
exactly retrace its steps, so that the function in question would increase instead 
of decreasing ; and it has further been suggested that since the number of direct 
motions is necessarily equal to the number of reverse motions, the chances are 
just as great that the function increases as that it decreases. The fallacy of this 
argument lies in the fact that the probability of an event depends not only on 
the number of ways in which it can happen, but also quite as much on the 
number of ways in which it can fail. And if this is greater for the reversed 
than for the direct motion, we may safely infer that in the ordinary course of 
events there will be a preponderance of direct over reverse motions. 

Thus if a number of bodies have been projected from a common point in 
diflFerent directions, it is theoretically possible to imagine their motions at any 
instant reversed, so that they all return to the point of projection, but if we were 
to attempt to throw them back we should find it practically impossible to bring 
them together again, because the chances of our failing would be so overwhelm- 
ingly great. 

In the problem considered by Boltzmann, a number of molecules of gas are 
supposed to start with their motions distributed according to a law different to 
that which they have in their equilibrium state, such initial distribution being 
presumably the result of an artificially produced disturbance. For example, the 
gas may have been unequally heated, or two portions of it at different pressures 
may have been allowed to mix. Because the molecules tend to assume their 
equilibrium distribution, it is none the more probable that if left to themselves 
they will ever tend to return to their initial state, as the odds are overwhelm- 
ingly against their doing so as a matter of pure chance. In the direct 'motion the 
number of ways that the molecules can move is limited by the initial conditions, 
in the reversed motion it is limited by the final conditions. Hence, in order to 
prove that there is in general a tendency among the molecules of a gas to assume 
the Boltzmann-Maxwell distribution, it is sufficient to show that the number 
of ways in which the molecules can move consistently with this distribution is 
greater than the number of ways in which they could move if their motions 
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were distributed in any other arbitrary manner. The following solution of this 
problem is due to Boltzmann, whose original investigations are, however, very 
lengthy. 

Case I. — Let there be a finite though large number {n) of molecules, and 
suppose that the kinetic energy of each molecule must have one or other of 
a discrete series of values e, 2e, Ze, ... .pe. Taking the total energy T of 
the system as equal to Xe, let us investigate the probability that it should be 
divided between the molecules in a given manner, each value of the energy 
being a priori equally probable for any single molecule. If Wq, Wi, W2, • • • • Wp 
be the numbers of molecules having energies 0, e, 2e, . . . .pe^ the number of 
permutations of the molecules satisfying this distribution will be 

P— ^' (1) 

WqI Wil .... Wp\ ' 

where Wq, Wi, w^^ . . . . Wp are subject to the conditions 

Wo+ Wi +....+ Wp = nj (2) 

Wi + 2i/?3 + • • • • +P^p = ^' (3) 

The most probable distribution is that in which the number of permutations is 
greatest. Let JJ denote the logarithm of the denominator of P, that is, let 

jff= logKO + logK!) + . ... (4) 

We have therefore to make H a minimum subject to the conditions (2), (3). 
Now when n is very great, w ! may be replaced by its approximate value 

^(2,)(-21)", (.) 

where e is the base of the Napierian logarithms ; therefore by substitution 

Passing to the limiting case in which the energy is capable of continuous 
variation, let f{x)dz denote the number of molecules whose energy is between 
X and X + dx. Then we may put 

^0 = ^/(O) , Wy^=zef{e)....Wp = ^f{p^) » (6) 

where e^=.dx in the limit. Hence the problem reduces to finding the mini- 
mum of 

n=£f{x)\\ogf{x)-l\dx, (7) 
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subject to the conditions 



The solution is 



n=r/{x)dx, (8) 

T= rx/{x)dx. (9) 

• 

f{x)dx=Ge''^dx. (10) 



This therefore is the most probable distribution of the energy among the mole- 
cules on the hypothesis that all values of the energy are a priori equally probable 
for any one molecule. If m is the mass of a molecule, the most probable number 
of molecules with velocities between v and t; -f- ^^ is 

Ge-^^'^^'rnvdv. (11) 

This is the Boltzmann-Maxwell distribution of speed for a system of monatomic 
molecules moving vn one plmie. 

Case II.— To obtain the Boltzmann-Maxwell distribution for molecules 
moving in three dimensions, it is necessary to make a different assumption with 
regard to the a priori probabilities for the individual molecules. We therefore 
assume that \i u, Vy w be the velocity components of a molecule along the axes 
of coordinates, all values of w, v,w are a priori equally probable. 

The problem of determining the most probable distribution now reduces to 
finding the minimum of H where 

H=fff{/log/-l\dudvdw, (12) 

subject to the conditions 

n^=J J J fdudvdWf (13) 

T= \mCCC{u^ + ^ + vf)dudodw. (14) 

Case III.— Let the gas consist of molecules moving about freely or in a 
field of external force, each molecule having r degrees of freedom and its motion 
being specified by the generalized coordinates q\, q^, • • • • qr ^^^ the correspond- 
ing generalized momenta, pi^ p^, • • • • Pr* Then it has been shown (see Watson, 
"Kinetic Theory of Gases") that throughout the motion of a molecule the mul- 
tiple difierential 

dpi . dp^ • • • • dpr • dqi . dq^ • • • • dq^ 
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is constant. We are therefore justified in assuming that the a priori probability 
that the coordinates and momenta of a molecule lie between the limits of this 
multiple differential is independent of the actual values of the coordinates and 
momenta. As Boltzmann puts it, we may suppose an urn filled with tickets, 
each ticket inscribed with a set of values of ^i, ^j, . . . . 5^,., the number of tickets 
in which the values in question lie between the limits dpi . .. . dq^ being meas- 
ured by the product of the multiple differential dpi . . . . dqr into a constant. In 
the case of a mixture of gases, there would have to be a number of urns equal to 
the number of gases, and the number of tickets drawn from each urn would have 
to equal the number of molecules of the gas in question in the mixture. We 
suppose that a drawing from the various urns has been made, and that the 
energy of the assemblage of molecules represented by the selected tickets is 
known, and the problem is to find what is a posteriori the most probable distri- 
bution of the values of jpi, j?,, . . . . g^^ consistent with this energy condition. 
[The terms a priori and a posteriori probahility are defined in any text-book on 
algebra.] 

The final result is that if /(pi . . . . q^ dpi ... .dqy. denote the number of 
molecules whose coordinates and momenta lie within the limits of the multiple 
differential, then the most probable distribution is found by making H a mini- 
mum, where 

S^J,f\f^ogf-l\^r.>..dq,, (16) 

and the sign of summation ^ refers to the different kinds of molecules when a 
mixture of several gases is considered. 

The expression H is in every case BoUzmann^s minimum function. 

Case IV. — The particular assumption as to the law of a priori probability 
precludes the above investigations from furnishing a complete proof of the Boltz- 
mann-Maxwell Law. In a subsequent paper Boltzmann has removed this 
restriction and has considered the a posteriori probabilities corresponding to any 
assumed law of a priori probability. In other words, we start with a large 
number {N) of molecules having a given distribution of energy, and from them 
a smaller number (n) are selected, and their mean energy is found to have a 
certain value which may be either the same or different from that of the 
original N. It is required to find the most probable law of distribution in the n 
selected molecules, or generally the probability of any given distribution. 
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Boltzmann first considers the case where the original molecules follow 
the Boltzmann-Maxwell Law for two-dimensional space and points out the neces- 
sary modifications for space of three dimensions. In the general case, supposing 
/i » /» I •• ' • fp to denote the a priori probabilities of a molecule having energies 
6, 2e , . . . .p€j the a posteriori probability of a combination in which the numbers 
of molecules having these energies are Wq, w^, . • . . Wp ib proportional to Ci where 

a = /S'^/r ..../?' — 1 ^, , (16) 

*" ^ Wq\ Wil w^l . . . . 

where as before 

The approximate expression for w ! now gives 

log n .= 2^i log fi —^Wi log Wi 4- const., 

and Boltzmann finds the following results : 

If the mean energy of the selected n molecules is equal to the mean energy 
of the original N, the most probable distribution of energy in the latter is iden- 
tical with the distribution in the former. 

If, however, the mean energy of the smaller number is unequal to that of 
the larger, the most probable distribution is that given by the form 

«„=^/^. (17) 

It thus appears that even the Theory of Probability does not furnish us with a 
condvsive proof of the Boltzmann-Maxwell Law. That the law in question rep- 
resents accurately the state of the molecules in a perfect gas, and approximately 
their state in an ordinary gas, cannot be doubted, but directly we attempt to 
generalize the law by applying it to assemblages of densely crowded molecules 
we are confronted with the necessity of making some assumption or other, and 
the above treatment shows that even probability considerations do not afford a 
sure way out of the diflSculty, 
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On Three Septic Surfaces. 

By John E. Hill. 




If, in the general cubo-cubic transformation between two spaces,* we cause 
the principal sextic of one space to degenerate into a twisted quintic of defi- 
ciency 2 , C5, and into a right line, CJ, meeting O5 twice, to the general cubic 
surface, S^^, upon which G[ lies, there will correspond, in the second space, a 
septic surface, aSJ? 5., upon which Ci is triple and Cg is double. If, however, the 
principal sextic of the first space breaks up into a twisted quartic of the 
second kind, C^^j and into a conic, G2, meeting O4 four times, to the general 
cubic surface, /SJ, passed through CJ, there will correspond, in the second space, 
a septic surface, a^V 41 , possessing 0^ doubly and O2 triply. If, however, finally, 
the principal sextic of the first space degenerates completely, to the general cubic, 
Ss, passed through the two transversals, Al, B[, and one line, (7i, of the remain- 
ing ingredients, (7(, Di, E^, 11, there will correspond, in the second space, a 
septic surface, /SJi^,iMMMM», possessing Ai, -Bj, Gi triply and A» -Ei» -^1 doubly. 
It is the purpose of this paper to study some of the properties of these three 
septic surfaces by means of their plane representations. 

The general plane section of the surf ace, ^i»!immmm«» is imaged, in its 
simplest plane representation, by a quartic curve passing through nine simple 
fundamental points ; this surface, therefore, possesses only the nine lines whose 
images are these points and only the 36 conies whose images are those lines of 
the representative plane which join these points, two by two. Three of these 
conies, however, are the double lines possessed by the surface ; for, if we number 
the fundamental points 1, 2, 3, 4, 6, 6, 7, 8, 9, the lines, say, 89, 97, 78 are the 
images of -4i, B^ and G^ respectively; so that the surface possesses, in fact, but 
33 proper conies. There are 9 sheaves and 126 isolated examples of nodal 

* See the article, ^^ On Quintio Surfaces," in the Mathematical Beyiew, yoI. 1, No. 1. 
39 
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cubics upon the surface, imaged, respectively, by the 9 sheaves of lines centering 
at the fundamental points and by the conies determined by the fundamental 
points taken five by five ; of these last cubics, however, those imaged by the 
conies 12345,12346 and 5 6 7 8 9 are the triple lines, A^, B^ and G^. 

By dose study of the relations existing between the images in the represen- 
tative plane, we see that no two lines of the surface meet, while each line meets 
two conies each once, to which, consequently, it is coordinated. On the other 
hand, each conic meets two lines in such a way that, as mentioned above, to each 
line there is coordinated two conies. Two conies meet or do not meet according 
as they do not or do have a common coordinated line. There are, moreover, 
three pairs of conies in which the ingredients of each pair meet twice. To make 
this last fact clear, we must first consider the relations that exist between the 
simple and multiple lines, and the multiple lines and the conies of the surface. 

Each double line is met by two and but two simple lines, and this in such a 
way that there are six of the nine simple lines of the surface that do not meet 
a double line. On the other hand, five simple lines meet each triple line and in 
such a way that there is no simple line that does not meet a triple line. Four 
simple lines are common to A^ and Bi, one common to A^ and Gi and one 
common to B^ and Oj. Consequently, of these nine simple lines, each one of 
six meets two triple lines while each of the remaining three meets one triple 
and two double lines. Since A^ and Gi determine a plane, the line common to 
both is the residue of the section of S^'^^ determined by that plane ; and similarly 
in the case of B^ and G^. 

Each double line is met once by 21 conies and not at all by the other 12. 
Of these 21, however, there are 6 that still meet a double line twice; for, since 
Ai and B^ each meet /)i, E^ and F^, there are six planes thus determined whose 
residue sections of S^^ are conies ; two of these six conies meet A twice, two 
meet JEi twice and two meet Fi twice and in such a way that no two of 
them are common to any two of the three lines, A» ^i» -^iJ these three pairs 
of conies are imaged, respectively, by 67 and 57, 68 and 58, and 69 and 59. 
Each triple line is not met at all by 10 conies (counting the double lines), is met 
once by 20 and twice by six ; and there is no conic that does not meet a triple 
line. Moreover, of the 33 proper conies, there are 12 that are met twice by a 
triple line while the remaining 21 are met once. This, therefore, leaves but 21 
isolated planes, whose sections consist of conies and quintics. 
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Each of the 1 2 conies determines, with the triple line that meets it twice, a 
plane whose residue is still a conic. The 12 conies, therefore, must, apparently, 
group themselves in pairs and form with the triple lines siz plane sections of 
/S^\ In fact, however, we easily see, from the plane projection, that but three 
pairs are so formed, the remaining six conies each pairing with a double line to 
make up those sections with the triple lines that were mentioned in the last 
paragraph. So that) counting the double lines as conies, we see that 15 of the 36 
conies group themselves in nine pairs (each double line entering as ingredient 
into two such pairs) in such a way that there are three of such planes through 
each triple line. Excluding the double lines, the 1 2 conies form three pairs and 
two triplets ; each pair forms with G^ a complete plane section, "while neither 
ingredient of any pair meets A^ nor 5i, but each meets each double line once. 
The two triplets are composed of conies that each, in the one case, meets A^ 
twice and B^ once and, in the other ease, meets A^ once and B^ twice ; not one 
of such conies meets (7i, but each meets one double line once. 

The remaining 21 conies group themselves into an octuplet, a 1 2-tuplet and 
an isolated ease. The octuplet is composed of conies that meet two triple and 
the three double lines each once and, further, divides itself into two quadruplets 
according as to whether J.^ or B^ is the second triple line that is met. The 
1 2-tuplet is distinguished by conies that meet the three triple lines and one 
double line each once and, consequently, still separates itself into three quadru- 
plets according to which double line it is that is met. Altogether, therefore, the 
33 conies group themselves into an isolated case, three pairs, two triplets and 
five quadruplets. The isolated ease is that conic that meets -4i, -B^, /)i, E^ 
and F^ each once, without meeting Ci. 

Of nodal cubics, which include both plane and twisted curves, we have 
already noted nine sheaves and 126 isolated eases (including the three triple 
lines). In each sheaf there are eight cubics that break up into a line and a 
conic ; such are imaged by the lines of the sheaf that pass through any one of 
the remaining eight fundamental points. In three of such last eases, the conic 
becomes a double line and the planes are, in fact, identical with the planes of 
the sheaf of planes through that double line, being, really, planes in which the 
residue quintic degenerates into a quartic and a right line, two such degenera- 
tions taking place in each sheaf. 

Every cubic of the nine sheaves is met once by one and but one line, except 
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that in each sheaf there is one cubic that is met three times by such Kne, viz. 
the cubic of that plane in which the residue quartic breaks up into a cubic and 
a line. This will become apparent when such quartics are considered. Each 
cubic of these nine sheaves fails to meet eight conies while it meets each of the 
remainder once. No two cubics of the same sheaf meet, but each meets each 
cubic of the other sheaves once. In six of the nine sheaves, each cubic meets 
one triple line twice, each of the other two triple lines once and each double 
line once; in the remaining three sheaves, each cubic meets two triple lines 
twice, the third triple line once, one double line once and the remaining two 
double lines not at all. If we count the triple lines as isolated cubics, each cubic 
of the nine sheaves meets 70 isolated cubics once and the remainder twice. 

Each isolated cubic meets five lines once while it fails to meet the other 
four. Including the double lines, it meets six conies twice, 20 conies once and 
ten not at all. It meets each cubic of four sheaves twice and each cubic of the 
remaining five sheaves once. It meets five of its kind thrice, 40 twice and 60 
once, while it fails to meet the remaining 20. As will be noted below, in 
eleven cases the residue quartic breaks up into a triple line and a simple line. 
The relations of these cubics to the multiple lines of the surface will be more 
easily pointed out when we come to consider the complete sections. 

There are no plane cubics other than those thus enumerated. 

Plane quartics can only exist in three ways : (a) such as complete the sec- 
tions of the planes of the above-noted cubics ; (b) those that are the residues of 
planes having the triple lines as axes, and (c) such as are ingredients of degen- 
erate cases of plane quintics and sextics. Of (a) there are 123 isolated cases 
imaged as conies through four fundamental points, their fifth points being deter- 
minate points, and nine sheaves imaged as non-singular cubics through eight 
fundamental points; of (b) there are three sheaves imaged the same as the 123 
isolated cases of (a) except that their fifth points are undetermined in the projec- 
tion ; while of (c) there are, as we shall see below, six cases that are the part 
ingredients of degenerate quintics of the sheaves through the double lines, but 
which, however, are identical with six of the quartics of the nine sheaves of (a). 
So that, altogether, we have three sheaves and 123 isolated examples of unicursal 
plane quartics and nine sheaves of plane quartics, (2=1. 

Each quartic of the nine sheaves meets eight simple lines once, while it fails 
to meet the ninth. This is as it should be, since the general plane section meets 
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each line once, and all degenerate examples of such sections must preserve this 
property ; and as we saw above that each cubic of the nine sheaves met one 
line and failed to meet the other eight, it becomes evident that the quartic asso- 
ciated to that cubic must meet those eight once and fail to meet that one. How- 
ever, as we have already noted that in eight cases in each sheaf the cubic breaks 
up into a line and a conic, it is plain that in each sheaf there are eight quartics, 
each of which meets one line four times and one conic eight times. 

In each sheaf there is one quartic that breaks up into a cubic and a line ; 
we have already referred to this case when considering the associated cubics. It 
is that quartic of the sheaf whose projected cubic, passing through the eight 
fixed points of the sheaf, still passes through the ninth point, which point, as we 
know, is the center of the sheaf of lines that represent the associated cubics. 
This quartic, therefore, must break up into the cubic that is imaged by the cubic 
through the nine fundamental points and into the line imaged by the ninth point. 

Except in the 72 cases noted above, however, each quartic of these nine 
sheaves, harmonious to its associated cubic, meets eight conies twice and the 
remainder once ; while, counting the triple lines as isolated cubics, it meets 70 
such cubics twice and the remainder once. Each such quartic, moreover, meets 
each of its companions of the same sheaf once, and of the other sheaves twice. 

Moreover, each such quartic meets its associated cubic three times ofi^ of the 
multiple lines and, consequently, meets it nine times upon these lines. The 
cubic is imicursal, the quartic of deficiency one, and the section must possess 
three double and three triple points. Therefore, the intersection of these two 
curves must be such that the cubic has its node upon one triple line and the 
quartic its two nodes upon the other two triple lines ; each curve passes through 
the node or nodes of the other and both still intersect each other upon the three 
double lines ; the three remaining points of intersection are, consequently, points 
of contact of the plane of the section, and we thus obtain, at once, nine sheaves 
of tritangent planes. Moreover, there are 12 of such planes in each sheaf that 
are quartuply tangent ; for Cayley, in the fourth volume of Crelle, p. 167, shows 
that the number of curves of a sheaf of vH^'^ curves possessing a common double 
points, which still possess another double point, is 

3(n— 1)»— 7a; 
this, forn= 3, a = 0, gives 12. We thus obtain (since this additional double 
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point can be nothing else than the image of a point of contact of the plane con- 
taining the imaged quartic) 72 quarti-tangent planes. 

Each of the 123 isolated quartics meets four lines once and fails to meet the 
remainder. Including the double lines, it meets 10 conies twice, 20 once and 
fails to meet the other six. It meets the cubics of five sheaves twice apd those 
of the remaining four sheaves once. Of the associated quartics of these sheaves, 
it meets those of four sheaves thrice and those of five sheaves twice. It meets five 
of its own kind four times, 40 three times, 60 twice and 20 once, counting the 
special quartics in the planes through the triple lines. As was noted above and 
as will be shown below, in eleven cases these quartics break up into a triple line 
and a simple line. 

Each of these quartics meets its associated cubic four times ofi^ of the mul- 
tiple lines and, therefore, meets it eight times upon them. Since both curves are 
unicursal and since the section must have three double and three triple points, 
there are two classes of intersections, and the planes are so classified, (a). The 
quartic has its nodes upon the three triple lines ; the cubic passes through these 
nodes, intersects the quartic still upon two double lines and has its node upon 
the third double line ; there are, therefore, three varieties of this case. (b). The 
quartic has two of its nodes upon two of the triple lines, upon the third of which 
the node of the cubic lies ; the two curves each pass through each other's node 
or nodes that lie upon the triple lines and intersect still upon two of the double 
lines, upon the third of which the third node of the quartic lies; there are nine 
varieties of this case. The four residue points of intersection of the two curves 
are, consequently, points of contact, and we thus obtain 1 23 new quarti-tangent 
planes. 

Finally, we have the quartics of the three sheaves of planes through the 
triple lines, imaged as conies through four fundamental points. We have already 
seen that each triple line is met by five lines in such a manner that four of these 
fifteen lines are common to Ai and Bi, one common to Ai and Gi and one 
common to Bi and Gi, leaving the necessary remainder of nine. In such planes, 
therefore, the quartic breaks up into a cubic and a line, the cubic being imaged 
as a conic through five points ; this fifth point, being a point of its intersection 
with the image of the axial triple line, is the image of the residue line. In four 
of these 15 planes, however (the four though, in fact, being but two counted 
twice), the plane becomes still further specialized, in that the cubic itself degene- 



Hill: On Three Septic Swrfaees. 295 

rates into a triple line ; that is, the conic that images this cubic becomes iden- 
tical with the conic that images the triple line in question. This is as it should 
be, since we know that A^ and B^ each meets G^ and determine planes whose 
residues must be simple lines of the surface ; these two planes, therefore, count 
once in each of the sheaves through A^ and B^ and twice in the sheaf through G^. 
The remaining 11 planes are identical with the 11 cubo-quartic planes already 
referred to, in which the quartic breaks up into a triple line and a simple line. 

Further, we have already seen that, including the double lines » each triple 
line is met twice by siz conies ; such planes, therefore, are determinate planes, 
in which the residue quartic breaks up into two conies. These cases, however, 
have already been treated in the discussion of the group of conies and notice 
taken that, since A^ and B^ each meet each double line once, while G^ meets 
none, three conies group themselves with the double lines to form conio-pairs in 
the sheaf through J.i, three more similarly in the sheaf through B^, while 
the remaining six group themselves in pairs in the sheaf through Gy^ nine planes 
(three in each sheaf) being thus determined ; in siz of these planes, then (three 
through Ax and three through B^, the quartic breaks up into a double line and a 
conic and in the remaining three (those through Cj) it breaks up into two unde- 
generate conies. 

The relations that these quartics bear to the simple lines, conies, plane cubics 
and other plane quartics of the surface, are the same as those already noted in 
the case of the 123 isolated quartics of the surface. 

The quartics of the sheaves through A^ and B^ have a triple point that lies, 
in the one case, upon B^ and, in the other case, upon A^ , while the axis meetfi 
Gx and the three double lines. Since the section is thus complete and the 
quartic meets its axis four times, all such planes have triple contact along each 
of four sheets of the surface. 

The quartics of the sheaf through Ci are trinodal, having a node upon each 
of the double lines, while the axis meets A^ and B^ ; the section being thus com- 
plete and the quartic meeting its axis four times, these planes also have triple 
contact along each of four sheets of the surface. So that, altogether, the surface 
possesses three sheaves of planes of this kind. 

We have still to examine the special planes of these sheaves. 

The six planes, each of whose sections consists of a triple line, a double line 
and a conic, have a sextuple contact along one sheet of the surface, triple contact 
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along two sheets and double contact along a fourth. This can best be seen by 
an example. Let the section be imaged by jlj, D[ and 67. This last meets 
Ai twice, but only meets D'l once ulterior to the fundamental points ; but since 
the conic imaged by 67 lies in the same plane with Dj, it must meet D^ twice ; 
one intersection must have been, therefore, absorbed in the projection of the 
multiple lines; but the only multiple line, besides Ji, that is met by A is A; 
consequently, one point of intersection of the conic with D-i must be at the point 
where Di meets B^ ; in fact, when we consider the complete section, we see that 
this must be so. The axis A^ meets (7i, E^ and -Fj, while Dj and the conic meet 
B^ ; this completes the section and leaves the intersection of Ai and 2>i, the two 
intersections of Ai and the conic and the remaining intersection of 2>x and the 
conic to be reckoned as points of contact. We thus obtain the species of contact 
noted in the first sentence of this paragraph. 

The three planes, whose sections each consists of a triple line and two unde- 
generate conies, can be, in the same manner, shown to have triple contact along 
four sheets of the surface and ordinary contact along a fifth sheet. Ci , the axis, 
meets both Ai and B^, while the two conies intersect upon the double lines ; this 
leaves, for points of contact, the fourth point of intersection of the two conies 
and the four points in which the conic meets 0^. We see that three points of 
intersection of the two conies are absorbed in the projection of the double lines, 
as is also evident from the plane representation. 

The two planes, whose sections each consists of two triple lines and a simple 
' line, have contact still more highly singular. In both cases, Oi is an ingredient 
and, therefore, meets the third triple line, while the second triple ingredient 
meets the three double lines and thus completes the section. The intersections 
of the three ingredients thus remain as points of planar contact. Each of these 
planes, therefore, has a 9-tuple contact along one sheet of the surface and triple 
contact along two other sheets. 

There remains, to be examined, those planes, whose sections of the surface 
each consists of a triple line, a simple line and a nodal cubic, four of which 
occur in each of the sheaves through Ai and Bi and three in the sheaf 
through Gi. 

The first eight planes have triple contact along four sheets of the surface 
and ordinary contact along a fifth sheet. An example will plainly reveal 
this. Let the section be imaged by 12345, 46789, 4. The axis A^ meets 
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Oi, Z)i, El, Fi, accounting for all the multiple points of the section with the 
exception of the triple point upon Bi ; as A^ does not meet Bi , the node of the 
cubic must lie upon Bi at the point where the line of the section meets Bi (this 
is also evident from the plane representation) ; there remains, consequently, for 
points of planar contact, the intersections of Ai with the cubic and the simple 
line and the remaining intersection of these last two. 

The three remaining planes can be, in the same manner, shown to have a 
triple contact along four sheets and ordinary contact along a fifth sheet. Of such 
singular planes we have, therefore, altogether fourteen examples. 

We have how to consider the plane quintics, of which 21 isolated examples 
complete the sections through the 21 unabsorbed conies, while the remainder 
are the residues of the three sheaves of planes through the double lines. 

The planes of the 21 quintics are tritangent planes and are of two kinds. 
The quintics, being of deficiency one, have five double points or one triple point 
and two double points. In the one species of plane, the quintic has three nodes 
upon the triple lines and the two nodes upon the two double lines ; the conic 
passes through the nodes upon the triple lines and intersects the quintic still 
again upon the third double line. There are, consequently, three varieties of 
this species of plane. In the second species of plane, the quintic has a triple 
point upon one triple line and double points upon the other two triple lines ; 
the conic passes through the two double points and still intersects the quintic 
upon each of the three double lines. There are, then, also three varieties of this 
species of plane. 

Each one of these isolated quintics meets seven lines and fails to meet the 
other two ; including the triple lines, it meets 21 of the isolated cubics once, 
70 twice, and 35 three times, while it meets the associated quartics analogously ; 
it meets each cubic of seven sheaves twice and of two sheaves thrice, while it 
meets the associated quartics analogously; it meets the quartics of the three 
sheaves in exactly the same manner as it meets the other unicursal quartics. 

The quintics of the three sheaves have precisely the same relations to the 
simple lines and plane curves of the surface as the quintics just discussed. 
There are, however, to each sheaf, two planes in which the quintic breaks up 
into a line and a quartic. These six planes have already been remarked, in the 
discussion of the plane quartics, as planes in which the cubic broke up into a 
40 
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conic and a line. Such quartics are, consequently, common to the sheaves in 
question. 

These special planes are planes having double contact along three sheets of 
the surface and ordinary contact along a fourth sheet, while the general planes 
of the sheaves each has double contact alone along three sheets of the surface. 
The contact takes place as follows : In the general plane, the axis meets both Ay 
and By^ ; through these points the quintic passes, has a triple point upon Gi and 
two double points upon the two double lines; the remaining three points of 
intersection of the axis and the quintic are points of double contact. In the six 
special planes, the axis meets ^i and B^ ; the quartic passeet through these 
points and has one double point upon Gi and another double point upon one of 
the two remaining double lines ; the residual line passes through the node upon 
Gi and meets the quartic again upon the second remaining double line ; the two 
residue intersections of the axis and the quartic, the intersection of the axis and 
the line and the remaining intersection of the quartic and the line are thus left 
as points of double and simple contact. 

Of plane sextics, there are nine sheaves of deficiency, d= 2, being the resi- 
dues of the sheaves of planes through the simple lines of the surface ; such sextics 
are imaged as nodal quartics through the nine fundamental points with the node 
at the image of the axial line. These planes are of two kinds. In five of the 
nine sheaves, the section is of such sort that the sextic has a triple point upon 
one triple line and double points upon the other multiple lines ; the line of the 
section passes through the two double points of the eextic that lie upon the triple 
lines. In the remaining four sheaves, the section is of such sort that the sextic 
has a triple point upon A^ and Bi and a double point upon Gx and one double 
line, while the line of the section passes through the node at Gi and still inter- 
sects the sextic upon the two remaining double lines. In both of these kind of 
planes, therefore, the line still meets the sextic twice, the points of intersection 
being the two points of contact of the plane (imaged by the node of the imaging 
quartic). This quartic may, however, have another double point, in which case 
the sextic of the surface has another node and the plane becomes tritangent ; in 
each sheaf, therefore, there are 20 tritangent planes, giving, altogether, 180 new 
planes of this sort. 

Each sextic of these sheaves meets the eight remaining lines once ; counting 
the double lines, it meets eight conies once and the remainder twice, while it 
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meets the associated quintics analogously ; it meets the cubics of eight sheaves 
thrice and those of the other sheaf twice and the associated quartics analogously ; 
it meets 70 of the isolated cubics twice and the remainder three times, and it 
meets the associated quartics analogously. Each sextic of the sheaf meets each 
of its kind of its own sheaf six times and, of the other sheaves, five times. 

Finally, we have a quintuply-infinite sheaf of plane septics, of which all the 
above-enumerated curves form degenerate examples. These curves are the curves 
of the general plane section, and their properties have already been remarked. 

Of twisted curves we have, upon the surface, of order not greater than six, 
the following : *Nine sheaves of twisted cubics, imaged as lines through one fun- 
damental point, and 1 26 isolated twisted cubics imaged as conies through five 
fundamental points; one net, 126 sheaves and 162 isolated examples of twisted 
quartics of the second kind, imaged, respectively, by the arbitrary lines of the 
plane, the conies through four fundamental points and the nodal cubics through 
seven ; nine sheaves of twisted quartics of the first kind, imaged by non-singular 
cubics through eight fundamental points; 84 nets, 504 sheaves and 513 isolated 
examples of twisted quintics, d = , imaged, respectively, by conies through 
three points, nodal cubics through six points, and by 504 trinodal quartics 
through eight points and nine triple-pointic quartics through nine points; 36 
nets and 36 sheaves of twisted quintics, d = 1 , imaged, respectively, by non- 
singular quartics through seven and by binodal quartics through nine funda- 
mental points; 36 webs, 630 nets, 1332 sheaves and 756 isolated examples of 
twisted sextics, d = 0, imaged, respectively, by conies through two points, nodal 
cubics through five points, 1260 trinodal quartics through seven and 72 triple- 
pointic quartics through eight points and 504 triple-pointic and trinodal quintics 
through nine and 252 6-nodal quintics through eight points; 84 webs, 288 nets 
and 126 sheaves of twisted sextics, (i= 1, imaged, respectively, by non-singular 
cubics through six, binodal quartics through eight and 5-nodal quintics through 
eight points; and nine webs of twisted sextics, rf= 2, imaged by nodal quartics 
through nine fundamental points. There are no twisted quintics of deficiency 
greater than one and no twisted sextics of deficiency greater than two upon the 
surface. 

The twisted cubics meet the simple lines, the multiple lines and the various 
plane curves of the surface in the same manner as the plane unicursal cubics do; 
e. g. four sheaves of the twisted cubics meet A^ and B^ once, Oj twice and the 
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double lines each once ; those of one sheaf meet Ai twice and the other multiple 
lines each once ; those of the sixth sheaf meet Bi twice and each of the other 
multiple lines once, while those of the remaining three sheaves meet Ai and Bi 
twice, Gi once and either Z)i, E^ or F^ once, respectively. 

Each quartic of the net fails to meet any line of the surface and, therefore, 
meets each associated sextic four times ; it meets each conic once and the asso- 
ciated quintic and each quintic of the three sheaves, analogously ; it meets each 
cubic of the nine sheaves once and the associated quartic analogously ; it meets 
each isolated cubic twice and the associated quartic and each quartic of the three 
sheaves analogously ; it meets each triple line twice and each double line once ; 
and it meets the twisted cubics in the same way as it does their plane corres- 
pondents. Any two of these quartics meet once. 

The other twisted quartics of the surface meet all other curves of the surface, 
just as the plane quartics, of the same species, do. 

Each quintic of the 84 nets meets three lines once and fails to meet the 
remainder and, therefore, meets the plane sextics of three sheaves four times 
and those of six sheaves, five times ; counting the double lines, it fails to meet 
three conies, meets 18 once and the remainder twice, while it meets the associated 
quintics and the quintics of the three sheaves analogously ; it meets each of the 
cubics of three sheaves once and those of the remaining six sheaves twice and, 
consequently, meets the associated quartics analogously ; counting the triple lines, 
it meets 15 of the isolated cubics once, 60 twice, 45 thrice and the remainder 
four times, while it meets the associated quartics and the quartics of the three 
sheaves analogously. Each triple line is met once by each of the quintics of 
10 nets, twice by each of those of 40 nets, thrice by each of those of 30 nets and 
four times by each of those of the remaining four nets. It meets each twisted 
quartic of the net twice, and the other twisted curves, previously mentioned, are 
met by it in the same manner as their correspondents in the plane sections are. 
Each quintic of these 84 nets meets each of its own kind as follows: it meets 
each of those of the same net once, each of those of 18 nets twice, each of those 
of 45 nets thrice and each of those of the remaining 20 nets, four times. 

Each quintic of the 504 sheaves meets one line twice, five lines once and 
fails to meet the remaining three ; it meets the associated sextics analogously ; 
counting the double lines, it meets three conies thrice, 15 twice, 13 once and 
fails to meet the remaining five ; it meets the associated quintics and the quin- 
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tics of the three sheaves analogously ; it meets each of the cubics of one sheaf 
once, each of those of five sheaves twice, and each of those of the remaining 
three sheaves thrice ; it meets the associated quartics analogously ; counting the 
triple lines, it meets ten of the isolated cubics four times, 35 thrice, 46 twice, 31 
once and fails to meet the remaining five ; it meets the associated quartics and 
the quartics of the three sheaves analogously ; it meets each twisted quartic of 
the net three times ; it meets each twisted quintic of ten nets twice, each of 
those of 25 nets thrice, each of those of 33 nets four times, each of those of 15 
nets five times, and each of those of the remaining net siz times ; it meets all 
other previously mentioned twisted curves in the same manner in which it meets 
their correspondents in the plane sections. Each triple line is met not at all by 
each of the quintics of 20 sheaves, is met once by each of those of 124 sheaves, 
is met twice by each of those of 180 sheaves, is met thrice by each of those of 
140 sheaves, and is met four times by each of those of 40 sheaves. Each double 
line is met not at all by each of the quintics of 70 sheaves, is met once by each 
of those of 182 sheaves, is met twice by each of those of 210 sheaves, and is 
met thrice by each of those of 42 sheaves. Each quintic of these 504 sheaves 
meets each of its own kind, of its own sheaf, twice and each of those of the other 
sheaves from three to seven times, according to the number of coordinated lines 
they have in common. 

The remaining loci of the surface and their configuration with the other 
curves of the surface can be easily calculated a^long the lines already followed. 

The general plane section of the surfacej 8$^ 5., consists of a septic curve pos- 
sessing one triple and five double points and is imaged, in the simplest plane repre- 
sentation, by a septic curve which passes through 19 fixed points of which one is 
triple and five are double for the curve; these are the fundamental points of the 
projection. This surface possesses, then, only the 13 lines imaged by the 13 
simple fundamental points and which, therefore, must be double chords of the 
double quintic that still meet the triple line ; this is also apparent from the plane 
representation. These lines do not meet each other. 

Since every plane through the triple line cuts out a quartic curve and since 
there is only one sheaf of plane quartics, imaged by the lines of the plane that 
center at the triple fundamental point, the image of the triple line must be the 

sextic curve, P. 2* 6*. 7 . 8 .... 19, and, consequently, the image of the 

double quintic must be the 12**'**', 1\ 2^ 3^ . . . . 6'. 7*. 8^ . . . . 19^ where 1 repre- 
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Bents the triple fundamental point, 2 .... 6 represent the double fundamental 
points and 7 .... 19 represent the simple fundamental points. 

The five double fundamental points and the five lines that join the triple 
to the double fundamental points image the ten conies possessed by the surface ; 
these conies, consequently, occur in pairs, being, in fact, degenerate cases of the 
plane quartics of the sheaf. These conies do not meet the lines of the surface, 
but are each met by the double quintic thrice and each, of course, meets the 
triple line twice. 

Since the conies occur in pairs as degenerate cases of the quartics of the 
sheaf, and since the surface possesses no other plane quartics than these, the 
plane cubics possessed by the surface can only occur in the 13 planes determined 
by the triple line and a simple line, being the residual sections of the surface by 
such planes; such planes, therefore, are degenerate planes of the sheaf of planes 
through the triple line, in which the residual quartics break up into lines and 
cubics. These 13 plane cubics are imaged, then, by the lines of the plane that 
join the triple fundamental point to the simple fundamental points. 

Since no two lines of the surface meet, and since all conies occur in pairs, 
the surface can possess no plane quintics. 

Of plane sextics, however, there are 13 sheaves, being the residual sections 
of the surface by the planes having for axes the simple lines of the surface ; 
such are, consequently, imaged by septic curves through all the fundamental 
points, having triple points at the triple point, double points at the double 
points, and a sixth double point at the image of the axial line. In each sheaf, 
one plane breaks up into the triple line and a cubic, being the planes already 
mentioned. 

These curves, with the septics of the general plane section, complete the 
list of plane curves possessed by the surface. Of such septics, there is a single 
sheaf. 

Each cubic of the 18 planes fails to meet any line except the one coordinated 
to itself, and fails to meet any other plane curve except the sextics, each of 
which it meets three times. It meets the double quintic four times. 

No plain quartic meets a line nor a plane curve except the sextics, each of 
which it meets four times. It meets the double quintic six times. 

Each plane sextic meets each of the residue 1 2 lines once, each conic twice, 
each cubic thrice and each quartic four times. Two sextics of the same sheaf 
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meet four times, of diflferent sheaves five times. Each sextic meets the double 
quintic eight times and the triple line four times. 

Each sextic and its associated line meet twice ofi* of the multiple curves 
and four times upon them ; the sextic has a double point upon the triple line 
and three more upon the double quintic ; the line passes through the node upon 
the triple line and meets the sextic still twice upon the double quintic. Of these 
13 sheaves of bitangent planes, there will be, after the formula of Cayley, 312 
that are tritangent. 

The general planes of the sheaf of planes through the triple line have 
triple contact along four sheets of the surface since the triple line meets the 
double quintic twice and the quartic residue has its three nodes upon the double 
quintic ; the four points of intersection of the triple line and the quartic are 
points of planar contact. 

In the 13 special planes of this sheaf in which the quartic degenerates into 
a line and a cubic, the triple line meets the double quintic twice, as before, while 
the nodal cubic has its node upon the double quintic and still meets the asso- 
ciated line twice upon that curve; the intersections of the triple line with 
the simple line and with the cubic and the third intersection of these last two 
with each other are all points of planar contact; these 13 planes, thus, have 
triple contact along four sheets of the surface and ordinary contact along a fifth. 

The five planes in which the quartic degenerates into a pair of conies 
have, similarly, triple contact along four sheets and ordinary contact along a 
fifth. There are, therefore, altogether 18 planes which possess this order of sin- 
gular tangency. 

Of the twisted curves upon the surface, the rational twisted cubic which is 
imaged by the triple fundamental point is a distinguished one. This cubic fails 
to meet any line of the surface and only meets one conic of each pair. It meets 
each plane cubic and each plane quartic each once and meets each plane sextic 
twice. It meets the triple line twice and the double quintic six times. 

Besides this distinguished cubic, the surface still possesses 15 other twisted 
cubics, of which 10 are imaged by the lines that join any two of the double fun- 
damental points and the remaining five by conies passing through the triple and 
any four of the five double fundamental points. These 15 cubics behave in the 
same manner as the one already discussed. 

The surface possesses 65 twisted quartics of the second kind, imaged by lines 
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joining the double to the simple fundamental points, and one sheaf of such quar- 
tics imaged by the lines of the plane that center at the triple fundamental point. 
It still possesses 144 isolated examples of such quartics, of which one is imaged 
by the conic determined by the five double fundamental points, 130 imaged by 
conies determined by the triple, three double and one simple fundamental point 
and 13 imaged by cubics through all the multiple and one simple fundamental 
point having their nodes at the triple point. 

The surface does not possess any twisted quartic of the first kind. 

Of twisted quintics, d=0, the surface possesses 16 sheaves and 1378 isolated 
examples. Five sheaves are imaged by the sheaves of lines of the plane that 
have, for centers, the five double fundamental points ; 10 sheaves are imaged 
by the conies of the plane that pass through the triple and any three double 
fundamental points; and the remaining sheaf is imaged by the nodal cubics that, 
having a node at the triple point, still pass through the five double points. Of 
the 1378 isolated examples, 78 are imaged by the lines that join the simple 
fundamental points, two by two ; 65 are imaged by the conies that pass through 
four double and one simple fundamental point; 780 are imaged by the conies 
that pass through the triple, two double and two simple fundamental points; 65 
are imaged ^by the cubics that, having a node at one double point, still pass 
through the remaining multiple points and one simple point ; and 390 are imaged 
by the cubics that, having a node at the triple point, still pass through four 
double and two simple fundamental points. 

Of twisted quintics, c? = l, the surface possesses 286 isolated examples which 
are imaged by non-singular cubics determined by all the multiple and three simple 
fundamental points. 

The surface possesses no twisted quintic of deficiency higher than one. 

Of the 209 twisted quartics possessed by the surface, all but one each meet 
one line of the surface. This one, being the distinguished quartic imaged by 
the conic determined by the five double fundamental points, fails to meet any 
line of the surface, but meets each conic once, each plane cubic and each plane 
quartic twice, each plane sextic four times, fails to meet any twisted cubic and 
meets each other twisted quartic once. Of the remaining 208 twisted quartics, 
each of 65 meets four conies twice, two conies once and fails to meet the re- 
mainder and fails to meet any plane cubic; each of the residue 143 meets five 
conicB once, fails to meet the other five, fails to meet one plane cubic and meets 
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the other 12 each once. Each of these 208 quartics meets each quartic of the 
sheaf once, esich sextic of 1 2 sheaves four times and each sextic of one sheaf 
three times; it meets 60 of its kind twice, 130 once and 18 twice; while each of 
65 meets one twisted cubic twice, 10 once and fails to meet five, at the same 
time that each of 143 meets two twice, eight once and fails to meet six. Each 
of these quartics meets the triple line twice and the double quintic seven times, 
except that the distinguished quartic meets this last curve nine times. 

No quintic of the sheaves meets a line of the surface. Each one meets one 
conic of each pair once but fails to meet its companion. Each meets each plane 
cubic once, each plane quartic once and each plane sextic five times. Each 
quintic of five sheaves meets one twisted cubic twice, 10 once and fails to meet 
five ; each quintic of 10 sheaves meets one twisted cubic twice, eight once and 
seven not at all ; while each quintic of the sixteenth sheaf meets every twisted cubic 
once. Each quintic of the five sheaves fails to meet 13 of the 65 twisted quar- 
tics but meets the remaining 52 once ; it meets the distinguished quartic once, 79 
of the 130 once and 52 twice, and it meets the 13 twice ; each quintic of the 10 
sheaves meets 39 of the 65 once and 26 twice ; it meets the one once, it meets 
39 of the 130 twice, 78 once and fails to meet 13, and it meets the 13 twice; 
each quintic of the sixteenth sheaf meets each of the 65 twisted quartics twice, 
meets the one once, each of the 130 once and fails to meet the 13. 

Of the 1378 isolated twisted quintics, (2=0, 1248 each meet two lines, each 
once, and 130 each meet one line once. Each of these same 1248 meets one conic 
from each pair, meets 11 cubics once, failing to meet the others, meets each 
quartic of the sheaf once, meets each sextic of 1 1 sheaves four times and each 
sextic of two sheaves three times ; on the other hand, each of the above-men- 
tioned 130 meets each conic of four pairs but fails to meet one conic of the fifth 
pair, meeting its companion twice; it meets 12 plane cubics twice and the thir- 
teenth once ; it meets each quartic of the sheaf twice ; it meets each sextic of 1 2 
sheaves five times and each sextic of the thirteenth sheaf four times. Each of 
the 1248 meets five twisted cubics twice, 10 once and fails to meet the sixteenth ; 
it meets 11 twisted quartics thrice, 113 twice, 75 once and fails to meet 10; it 
meets each twisted quintic of one sheaf thrice, of 10 sheaves twice and of five 
sheaves once ; on the other hand, each of the 130 meets eight twisted cubics once 
and fails to meet the other eight; it meets 96 twisted quartics twice, 104 once 
and fails to meet nine ; it meets each quintic of eight sheaves twice and meets 
4X 
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each quintic of the other eight sheaves once. Bach quintic of these 1378 twisted 
quintics meets each other one once, twice or thrice according to their mutual 
relations to the lines and conies of the surface. 

Each twisted quintic, <?= 1, meets three lines of the surface, meets every 
conic, meets 10 plane cubics twice and three once, meets each quartic of the sheaf 
twice, meets the sextics of three sheaves four times and of 10 sheaves five times ; 
it meets each of the twisted cubics once, 112 twisted quartics twice and 97 once, 
each quintic of the 16 sheaves twice, 720 of the 1378 isolated twisted quintics 
thrice, 580 twice and 78 once. Each of these 286 twisted quintics meets 30 of 
its kind once, 135 twice and 120 thrice. 

The remaining loci of the surface and the relations that exist between 
themselves and between them and the other surface curves can be easily dis- 
cussed along the lines already followed. 

In the surface, /85IJ41, the general sections consist of septic curves possessing 
two triple and four double points, imaged, in the simplest plane representation, 
by sextic curves, having in common five double and nine simple fundamental 
points. 

These . nine simple points image the only lines possessed by the surface ; 
these lines are all non-planar, one being a chord of the triple conic and the other 
eight being chords of the double quartic that still meet the triple conic. 

There are 16 simple conies upon the surface ; five of these are imaged by 
the double fundamental points, 10 by the lines that join these points, two by 
two, and the sixteenth by the conic determined by these points. The first 15, 
consequently, form triplets or quadruplets in such a manner that while neither 
the first five meet each other nor the last 10 meet each other, these last are so 
associated to the first five that each of these five meets four of the 10 while each 
of the 10 meets two of the five ; these 15 conies can be therefore grouped into 10 
triplets or five quadruplets. The sixteenth conic meets each of the first five 
but fails to meet any of the last 10. Moreover each one of the 10-let joins itself 
to each one of two out of the 5-let to form a pair that is distinguished as being a 
degenerate example from the sheaves of trinodal twisted quartics that are imaged 
by the lines of the representative plane that center at the double fundamental 
points, four of such examples occurring in each sheaf. None of these simple 
conies meets a line of the surface. 

The triple conic is imaged by the sextic 1* 5^. 6^. 7 .... 14, where 6 
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is the image of the chord of the triple conic and the double quartic is imaged 

by the hyperelliptic 9"*^ 1^ 6». 7^ 14*. So that, as stated above, the 

remaining eight lines are the double chords of 64^ that still meet G^. 

Each of the simple conies meets the triple conic twice and the double 
quartic thrice. 

There are no plane cubics or quartics upon the surface. 

Since there are no line pairs upon the surface, the only plane quintics that 
the surface can possess are the 16 that are the residue sections of the planes 
through the 16 conies. Five of these are imaged by sextic curves through the 14 
fundamental points having a triple point at the image of its associated conic 
and double points at the other four double fundamental points; 10 are imaged by 
quintic curves through all the fundamental points with double points at three of 
the double points ; and the sixteenth quintic is imaged by the non-singular quartic 
that is determined by the 14 fundamental points. Each of these quintics is met 
by each line once. 

The nine sheaves of plane sextics, whose planes have for axes the lines of 
the surface, are imaged by 6-nodal sextics through all the fundamental points 
with nodes at the five double and one simple fundamental point ; in the sheaf 
through the line whose image is 6, one sextic degenerates into the triple 
conic of the surface. Each sextic meets each of eight lines once and each conic 
twice. 

The configuration of the plane quintics among themselves is analogous to 
that of the conies among themselves. Two sextics of the same sheaf meet four 
times ; of different sheaves, five times. 

Of the plane septics of the general plane section, there is one web. 

The nine sheaves of planes through the lines of the surface are, ordinarily, 
bitangent. The line meets the curve twice off of the multiple curves and four 
times upon them ; the sextic is of deficiency four, while, in eight sheaves, the 
line is a double chord of the double quartic still meeting the triple conic. In 
such sheaves, therefore, the sextic has a triple and a double point upon the triple 
conic and two double points upon the double quartic, while it meets the line 
upon the double conic at the double point and twice again upon the double 
quartic ; the residue intersections of the line and the sextic are points of con- 
tact ; in each sheaf there are 33 planes that are tritangent. In the ninth sheaf 
the sextic is 6-nodal ; two nodes, through which the line passes, are upon the 
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triple conic and the other four upon the double quartic ; in this sheaf there are 
also 33 tritangent planes, making altogether, so far, 297 tritangent planes. 

The planes of the conies and the quintics, which curves meet seven times 
upon the multiple curves and three times off of them, are tritangent ; the quintics, 
being of deficiency three, have two double points upon the triple conic and one 
upon the double quartic ; the associated conic passes through the nodes upon the 
triple conic and still meets the quintic thrice upon the quartic; the three 
remaining points of intersection of the conic and the quintic are points of planar 
contact. This makes, altogether, 313 tritangent planes. 

The plane of the triple conic has triple contact along two sheets of the 
surface. 

There are 90 isolated twisted cubics upon the surface, of which 45 are 
imaged by the lines joining the double to the simple fundamental points and 45 
by the conies determined by four double and one simple fundamental point 
This completes the list of cubics possessed by the surface. 

There are 10 sheaves and 576 isolated examples of twisted quartics of the 
second kind. Five sheaves are imaged by the lines that center at the double 
fundamental points and five by the conies that pass through four double funda- 
mental points ; four times in each sheaf, a quartic breaks up into a pair of non- 
planar conies and nine times into a non-planar cubic and a line. Thirty-six of 
the isolated quartics are imaged by the lines that join the simple fundamental 
points two by two ; they are special examples out of sheaves of quintics ; 360 
are imaged by conies passing through three double and two simple fundamental 
points, and are also special examples out of sheaves of quintics ; and 180 are 
imaged by nodal cubics through the five double and two simple fundamental 
points, node at a double point. 

There are 126 isolated twisted quartics of the first kind, imaged by non- 
singular cubics through all the double and four simple fundamental points. 

Of twisted quintics, d=^ 0, therq are 144 sheaves and 3452 isolated examples. 
Nine sheaves are imaged by the lines that center at the simple fundamental 
points, 90 sheaves by the conies through three double and one simple funda- 
mental point and 45 sheaves by nodal cubics passing through all the double and 
one simple fimdamental point. Of the isolated quintics, 840 are imaged by 
conies through two double and three simple fundamental points ; 1680 by nodal 
cubics through four double and three simple fimdamental points, with node at a 
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double point; 72 by nodal cubics through all the double and two simple funda- 
mental points, having the node at the simple point; and 840 by trinodal quartics 
through all the double and three simple fundamental points, with the three nodes 
at three double points. 

Of twisted quintics, d=l, there are 84 sheaves, imaged by non-singular 
cubics through all the double and three simple fundamental points and 1890 
isolated examples, of which 630 are imaged by non-singular cubics through 
four double and five simple fundamental points and 1260 are imaged by binodal 
quartics through the five double and five simple fundamental points. 

Of twisted quintics, c2=2, there are 180 isolated examples, imaged by 
uninodal quartics through all the double and seven simple fundamental points, 
node at a double point. 

A distinguished twisted curve of the surface is the 9^^^ imaged by the cubic 
determined by the nine simple fundamental points. 

Each twisted cubic meets some one line of the surface once. Each of the 
first 45 meets 12 conies once and fails to meet the other four, while each of the 
second 45 meets each of eight conies once and fails to meet the other eight. 
Each of the first 45 meets each of 12 plane quintics twice and each of four thrice, 
while each of the second 45 meets each of eight plane quintics twice and each of 
the other eight thrice. Each of these 90 twisted cubics meets the sextics of one 
sheaf twice and those of the remaining eight sheaves thrice ; the sextics that are 
met but twice have for their axis the line that is met by the cubic considered. 
Each twisted cubic of each set of 45 meets 32 of its own set once and fails to 
meet the other 12, while it meets, of the other set, eight twice, 33 once, and four 
not at all. Each twisted cubic meets the double quartic four times, while 80 
meet the triple conic thrice, the other 10 meeting it twice. 

Each quartic of the 10 sheaves of twisted quartics fails to meet any line of 
the surface ; it meets eight conies once and fails to meet the other eight ; it meets 
the plane quintics and the plane sextics in a manner analogous to the way in 
which it meets, respectively, the conies and the lines ; it meets the triple conic 
four times and the double quartic six times; it fails to meet any of its own 
sheaf but meets each quartic of eight sheaves once and each quartic of the 
remaining sheaf twice. 

Each quartic of the 576 isolated quartics, d= 0, meets some two lines of 
the surface ; it meets one conic twice, 10 once and fails to meet five ; it meets 
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the plane quintics and the plane sextics of the surface in a manner analogous to 
the way in which it meets, respectively, the conies and the lines ; the triple conic 
is met by 128 of these quartics three times, and is met four times by the 
remainder, while each of the 576 quartics meets the double quartic five times ; 
each quartic of these isolated quartics meets 10 twisted cubics twice, 70 once and 
fails to meet the remaining 10 ; it meets each twisted quartic of five sheaves 
twice and each one of the other five sheaves once ; and, finally, it meets, of its 
own kind, 105 thrice, 280 twice, 166 once and fails to meet 24. 

Each of the 1 26 twisted quartics, ^ = 1 , meets four lines of the surface ; it 
meets each conic once ; it meets the plane quintics and the plane sextics in a 
manner analogous to the way in which it meets, respectively, the conies and the 
lines ; it meets 50 of the 90 twisted cubics twice and 40 once ; it meets each 
quartic of the 10 sheaves twice ; it meets, of the isolated twisted quartics, d = 0, 
160 thrice, 320 twice and 96 once. Each of these 126 twisted quartics, d= 1, 
meets, of its own kind, 5 four times, 20 thrice, 60 twice and 40 once. It meets 
the double quartic four times, while the triple conic is met four times by 70 and 
three times by the remaining 56. 

Each quintic of the 144 sheaves of twisted quintics, d= 0, meets a single 
line of the surface while, of the 16 conies, it meets one twice, 10 once and fails to 
meet five ; it meets the plane quintics and the plane sextics of the surface in a 
manner analogous to the way in which it meets, respectively, the conies and the 
lines of the surface ; each quintic of the nine sheaves meets 80 twisted cubics 
once and fails to meet 10 ; each quintic of the 90 sheaves meets 32 twisted cubics 
twice, 52 once and fails to meet six, and each quintic of the 45 sheaves meets 
64 twisted cubics twice, 24 once and fails to meet two ; each quintic of these 
144 sheaves meets each twisted quartic of five of the 10 sheaves twice and each 
one of the other five sheaves once; each of these quintics meets 140 of the 
isolated twisted quartics, d = 0, thrice, 320 twice, 108 once, while it fails to 
meet eight ; it meets, of the 126 isolated twisted quartics, d= 1, 70 thrice and 
56 twice ; it meets the double quartic seven times, while the triple conic is met 
by the quintics of three sheaves four times and by each of those of the remain- 
ing sheaves five times ; and, finally, each quintic of each sheaf fails to meet any 
quintic of its own sheaf, but of the quintics of the remaining 143 sheaves, it meets 
each one of 40 sheaves thrice, each one of 85 sheaves twice and each one of 18 
sheaves once. 
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The relations borne by the remaining enumerated twisted curves, as well as 
the number, configurations and relations of those not enumerated, can be easily 
calculated and expressed by a continuation of the processes already employed. 

In conclusion, it is only necessary to state that the ordinary singularities of 
these surfaces, such as the class and rank, the number of inflexional tangents, 
the class of the developable, the number of double tangents, the class of the 
spinode-torse and of the node-couple-torse, etc., are readily calculated from the 
general formulas. 

COLUIIBIA. UNIVBBSITY. 



On Sylvester ^s Broof of the Reality of the Roots of 
Lagrange^s Detertninantal Equation. 

By Thomas Muib, LL. D. 



(1). Of the various proofs that the roots of the equation 
Oj — X (I2 <h • • • 

61 63 35 2>3 • • • 

C\ Cj Cg —*" QC • • • 



= 



are all real when the determinant is axisymmetric none is more elegant than 

Sylvester's, which appeared originally in the Philosophical Magazine, IV, pp. 

138-142 (1852). In this account it is desirable to examine whether it be not 

readily applicable to prove the extension of the theorem which has been recently 

formulated,* viz. that 

The n**** equation 

11— a 12 13 

21 22 — X 23 .... 

31 32 33 — a.... 



= 



nil have all its roots real if in the case of every pair (ij v of the n— 1 indices 

2, 3, 4, • . . • , n t(?e have 

1(1 . [IV . vl = (ll . Vfl . Iv 

and 1(1. (il=: +. 

(2). For shortness' sake, let us consider the equation of the 4*^** degree, viz. 



Oj — *c fl^ (h ^4 

Ci (^ Cg- a; C4 

di d^ d^ d^ — X 



= 0, 



*PhUos.Hag. 
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in which case we have to establish the reality of all the roots when it is given 
that 

<h^4f^ = aj>^d2 , a^i = + , 
a^c^icli = ^A^i ^4^1 = +> 

it being noted however that these three conditional equations imply another, viz. 

l>9p4^ = l>4fHds, 

and that, along with the three conditions as to sign, they also imply three others 
of the latter character, viz. 

1>2P% = +, 

64^= +, 

so that, in fact, the determinant is given axisymmetric as to sign. 
Denoting, then, the above equation of the 4^ degree by 

/(«) = o, 

we have for the product of the two determinants f{x) and/( — a?), 

(llf(^2J^y ^4 ^ &i , 62 , &8 t ^4 gj > gg > ^8 » C4 rj| , da , c^ , (?4 

ai,bi,Ci,di ciijbiyCijdi Oi , fej , Cj , rfi ^i , 61 , Cj , di 

(hj<h^^sy^i fen ^8 » ^3 y ^4 jj4 Cj *C%f<Hy^4 <^i » ^ 1 <^ » ^4 

(^lJ<^2 9<^B}^i ^1 > fe» t ^8 > ^4 gj > Qb I ^8 > ^4 ^ di,d2,dg,d^ 

aS>fes»C8i^ <'8>fe8>^8>^ «8»fe8»^»^U «8 > ^8 i ^ » ^ 

^^1 > <^ I ^8 » ^4 ^1 ) ^2 y ^8 » ^4 gl > ^2 » ^8 > C4 C?l » <^ » ^ » ^4 ^2 

«4 > *4 > ^4 » ^4 «4 > *4 » ^4 » ^4 ^4 1 *4 > ^4 > ^4 ^4 » *4 » ^4 > ^4 

where — ^ — ^ — ^— is used for shortness' sake to denote the bipartite 
m,n,p,q 

(a, 6, c, djm, n, jp, q), 

i. e. am + bn + ep + dq. Expanding this determinant according to descending 
powers of u?, we obtain 
42 
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x' 



\ai bi Ci di 



, bi 62 63 64 _j_ Cl Cg Cs ^4 



+ 



«! a, 03 a4 
61 5, 63 64 
^1 cTg a3 a4 
di d^ rfs e?4 

fei 63 63 *4 

did^d^d^ 



V 



«! Oj a, a4 




61 63 63 64 


. 


ca Cj C3 C4 




«! aj 03 a^ 




Ci C3 C3 C4 


. 


di d^ d^ d^ 





+ 



Oi a, aj a^ 
bi 63 63 64 

Ci C3 C3 C4 

(2| d^ d^ d^ 



a^ bi Cj di 
(i%biC^ d^ 
ai 61 C| di 
^4 64 C4 c?4 
O) 63 C3 <?3 
^4 64 C4 (^4 

ai bi Ci di 
a^ &3 C3 £^3 

^3 ^3 ^^S <h 

tti fej Cj C?i 
ag 63 Cg dj 

a^ 64 C4 ^4 

aj fei Cj c?! 
Og 63 C3 dj 

«3 ^S ^8 ^ 

a4 64 C4 ^4 



+ 



+ 



+ 



did^d^d^ X 
a^b^c^dj 



ai 03 Oj a4 

^ CjB Cg C4 

61 62 ^8 ^4 

Cj C2 C3 C4 
^1 ^2 ^3 ^4 

(f 1 cJg c^s d^ 

Oi a^ a^ a^ 
bi 63 63 64 
did^d^ d^ 

\ 6a feg 64 

Ci Cj Cg C4 

di d^ d^ d^ 



a^ bi Cj di 

Og 63 Cg dg 

CI3 &2 Cg cZs 

Og &g Cg {2g 

ag &g Cg c^ 
a^ 64 C4 ^4 

^1 ^1 ^1 ^ 
ag *3 ^ ^a 
a4 64 C4 d^ 

ag 63 Cg da 
<h h ^8 ^ 

a4 &4 C4 ^4 



and all that remaiDS is to show that the coefficients of this expansion are all 
positive. 

Now the coefficient of — x^ is 

«1 + (h^l + «8^1 + «4^ 

+ b^a^ + fe| + fegCa + 64^3 
+ c^ag +0363+0! + 04dg 

+ ^l«4 + ^*4 + ^3^4 + ^ I 

and every individual term of it is seen to be positive because of the sign-condi- 
tions. 

The coefficient of a* is the axisymmetric square array of 36 terms : 

ki^al* +|ai63ll«iC,| + |ai64ll«i^| + |«a63||6iC3| + |a264||6ici2| + |a3J4||ci(«^ 
+ |ai^||aife3| + |aiCg|« +|«iC4l|ai(i3| + |a2C3||6iC3| + |a2C4||6i(ij|+]a8C4||cid3| 
+ |aidJK64| + |aid3||aiC4| + |aid4|* + |a2d8ll&iC4| + |a2C^4l|6id4| + |«8^4lki^4| 
+ |6iCg||a3fe3| + |6iCg||a3C8| + |6iC4||a2dg| + |62Cg|^ +I63 C4l|6ad8| + |feg cJIcgC^gj 
+ \b,d,\\a,b,\ + \b,d,\\a^c,\ + \b,d,\\a,d,\ + \b,^^^^ +\hd,\\c,d,\ 

+ \Cid^\\(hb^\ + \cids\\asC^\ + \c^d^\\a^d^\ + ^^^ 
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where six of the terms are clearly positive and fifteen require examination. 
Taking the first of the latter, viz. laifesl-laiCgj and multiplying and dividing by 
&3, we see that it 

= I a^ 63 1 . («! O2&8 — <h^i h) "^ hi 

which, on account of the conditional equation OgftgCirzajJiCg, 

= |a.S.r-|, 

and therefore is positive because b^ and C3 are given alike in sign. The same 
mode of proof suffices for all the others except the three in the second diagonal 
of the square, in which cases the introduced multiplier is the product of tioo 
elements. For example, 

|«8^4 I . I CiC^i I = I 0364 I . (Og 6401^2 — ^ h^dl) "^ «3*4» 

= + 
because aj and c^ are alike in sign, and also bi and d^. 

The coeflScient of — «* is the azisymmetric square array of sixteen terms, 

|«i*«cj|' +K*|C4||aiJ«<^H-|ai6$C4||a,Cij<^| + |ajjJ8C4l|6,c,(?j| 

+ |«iM»| |«i*i<'4| + |aiMi|' +\aibsdi\ loiCjrfJ + logJjdil |6iCj,d«| 

'^\aiCsd»\ \aib,Ci\ + \aiCidt\ \aib3di\ + \aiC,di\* +|««C8<^4| \biCtdi\ 

+ \biCsds\ 1 086,041+1610,^4! \<hbsdt\ + \bic,di\ Kcs*^*! + |*«C8<^<I* 

where four of the terms are clearly positive and six require examination. 
Taking the first of the latter, viz. 1 016,04 1 | ai6g(^| and multiplying and dividing 
by C4, we obtain 

|oi6,C4|.| |a,6,|<28C4 — |a,da|68C4 + |6i<^|a,C4}-^C4 

^ ^^ =|oi6jjC4|.||ai6,|(i8C4 — |ai64|. -^6,04+ 10,64!-^. 08C4}"^C4, 
= |Oi6,C4|.| |Oi6,|dBC4 — |ai64|ci(4 + |o264|c,<^}-5-C4, 

= |oi6,C4|.|ai6jC4|.-^ 
^4 

= + 

because C4 and d^ are alike in sign. For the five other terms, exactly the same 
mode of proof suffices. 
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Lastly, the coefficient of a^ is manifestly | o^ 5), c, <24 1 *. 
The theorem is thus established. 



(3). There are several results obtained in the foregoing which are well 
worth fuller notice. 

In the first place, it should be observed that not only is the coefficient of 
each power of x positive, but it is shown to be so by reason of the fact that every 
term of it is positive, exactly as in Sylvester's original case. 

Secondly, it should be noted that in dealing with the coefficient of x* we 
proved that each minor of the 2" order bears a simple ratio to its conjugate 



minor, viz. 



\<hW 

|«1*4| 

\<hh\ 
|a,C4l 

\<hCi\ 

I Ml I 

\hiCt\ 
\hc,\ 



: ai<^ 


\::h ■ 


: a dg 


|::i4 : 


: 6i<% 


|::a, : 


'Ihd, 


::a4 : 


:\cid. 


1 iioah' 


:\a,d. 


: : C4 : 


:|6xc, 


::a, : 


: b,d. 


::a,C4 : 


: c,d. 


::a4 : 


: |5iC4 


::atds: 


: hd,\ 


::a, : 


: 0,^4 


::«« : 


:\b,d. 


::C4 : 


: Ctd, 


::b, : 


:\c,d. 


::6, : 



di , 

ds , 

hi , 

h , 

ds , 

d% , 



Thirdly, in dealing with the coefficient of u? it was shown that each minor 
of the 3^ order bears a similarly simple ratio to its conjugate minor, viz. 

I a, Jj ^4 I • I *i ^ ^8 I • • «4 • ^ » 
|«i&8^4| ' \(^i<Hdi\ ::h:c^, 
\(hhdi\ : 1^1 c^d^l iia^: Ci, 
{a^c^d^l : 16108^4! ::a^:bi. 
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(4). A little examination suffices to make evident that only six ratios are 
involved in all these proportions, viz. the ratio of each non-diagonal element to 
its conjugate. All the proportions except three can thus be combined as follows : 



^ — 

A = 
A- 

d,- 

^ — 



(h^B 



61 Cj 

agJa 



a^d^l _ 






bid,\ 

\c^d,\ 
04^8! _ 



agCgdJ 



dih\ 



b^c^d^l 

I as &8 c?4 1 

\c^bid^\ 



di<h\ 



^8^1 I _ 1 ^8^41 _ 
64^1 _ ^4^81 



di fej Cg 



4i«i| 



(^0,1 



C4ai| _ IC468I _ 



c^a^d^l 

\dz(hCs\ 
O4 ai b^ 



d^aih^ 



It therefore appears that we can formulate the following general theorem : If the 
determinant of the 4^ order | ai 62 Cj (^4 1 fvJfil the specified conditions j the ratio of any 
non-diagonal element pq to its conjugate qp 



— 1/^'^ 



\qp.rr 



\pq.8s 



\qp.8S 



_ \pq.rr.ss\ 
~ \qp.rr.8s\ 



In the case of the three excepted proportions the ratios which occur are com- 
pounded of these six, viz. 

^3 C4 04 Cg 

b^di 



bids 

(hbj ^^ ^4^3 — 

a^ds _!^^_ 

61 C4 64 Cl 



«2C4| 



^8^41 



a^ds 



61 C4 



(5). Another important property of the determinant |ai&8C8d4| is that every 
term is equal to its conjugate. 

To establish this we have to prove seven identities, for of the total twenty- 
four terms ten are known* to be self-conjugate. The first four 



*Proc. Roy. Soc. Edinburgh, XVII, pp. 7-18. 
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«2 *S ^1 ^4 = ^ *1 <^8 ^4» 

a^ 6g C4 di = a^ h^ c^ d^ , 

Oi &3 O4 ^2 = Oi &4 Cg e^, 

are readily got from the conditional equations by multiplying by d^^ Cj, 6,, ai 
respectively. Each of the remaining three is got from a pair of the conditional 
equations by multiplication and division, thus — 

from the 1"* and 4*** equations 

and /. a^h^c^d2^=^azhiC^d^\ 

from the 2* and 4*** equations 

Og \di • 63 C^cZg = ^4^1^^ • ^4 ^^3 

and .•. 0,68^4^1 = ^4^1^^; 

and from the 3* and 4'** equations 

03 C4 <?i . 64 C| (^8 = ^4 <^l ^8 • ^8 ^4 ^ 

and .*. a^h^c^di^=^a^h^Cid^. 

(6). Finally, it should be noted that the conditions here given for the reality 
of the roots of/ (a) = are exactly the conditions for the determinant /(a) being 
transformable by multiplication of rows and columns into an axisymmetric 
determinant in which x is involved in the same way as before the transformation. 



Concerning the Twisted Biquadratic. 

By Dr. J. C. Kluyver, Leyden. 



Among the covariant figures of the twisted biquadratic R there exists a 
determinate tetrahedral quartic surface F, whose relation to the curve will be 
the subject of the following paper. 

Let R be given as the intersection of two quadrics S and S', then, by a 
known theorem, the coordinates of a point on the curve are rational expressions 
of the elliptic functions, obtained by inverting the elliptic integral 

where A', ^, ^, 0, A denote in the usual manner the common invariants of S 
and Sj and in this way to each point on the curve a determinate argument u 
becomes affixed. 

If we make the lower limit ^^ of the integral a root of G^(i^) = 0, the 
doubly-periodic function ^ {y) will be even, and therefore it will only be some 
linear transformation of Weierstrass's function fu. At the same time the 
derived function l^\u) will be odd and ^'(w) =it VG^ (^) will have the four zeros 
0, ui, Oj, 6)3, where oi, cjg, 0)3 ^^^ three half-periods, satisfying the relation 

^1 + ^8 + ^8 = 0. 

Every plane now intersects R in four points, the arguments of which have a 
sum equal to zero, and consequently on a quadric through R every right line of 
the first system meets the curve in two points, whose arguments have the con- 
stant sum 1?, whereas for the right lines of the other system that sum is equal to 
— V. For the four cones, which pass through R, the two systems coincide, 
hence with these surfaces are associated the values t; = 0, %, o,, 03. 

We can ask for the value of v, belonging to the quadric S+fiS^. Evidently 
to a given value of 11 there are corresponding two values of v, only differing in 
sign, conversely v being given, only one value offi can be found. From this we 
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infer that (i is some linear function of f (v), but as we have for the four cones 
(r (/£) = 0, and as the roots of the same equation are precisely the values which 
^ {v) assumes for t; = 0, (^i, o^, CJ3, it is clear that the parameter (i of the quadric 
S + fiS' is simply equal to J (v) . 

It is now possible to discriminate the quadrics of the system S + iiSf accord- 
ing to the different values of t;, and in doing so, we are led to consider the sur- 
faces corresponding to rational parts of the periods. More particularly, we may 
notice the six surfaces belonging to the quarter-periods, which, according to 
Ameseder,* were first studied by Voss.f We shall call, for shortness, these 
surfaces the Yossian quadrics of the curve J2, and shall denote them by JHTi, jB,, 
j?i, JS^a, Hi, J9ui, the six associated values oft; being 

-y "2"^^' "2"' "T^^' "2"' T^ '' 

From these we get only three distinct values of 2t;, therefore the Yossian quad- 
rics may be arranged in three pairs of conjugate surfaces : Hi and H^y H^ and i7„, 
El and Hj^, each pair corresponding to one of the three half-periods. We next 
examine the values of the parameter (i for the Yossian quadrics. By the prop- 
erties of the function ipu we know that if pO , fHJi , ipo^ , ipi^ are the roots of a binary 
quartic, the roots of its sextic covariant are the values of pt; for the quarter- 
periods. Now since ^(v) is only a linear transformation of pt;, the same theorem 
holds good for ^(v), and so it is apparent that the required values of ^i are 
the zeros of the sextic covariant T{(i) , derived from the fundamental quartic 

Let us suppose that the two quadrics 8 and 8' are a pair of conjugate 
Yossian quadrics, then and 00 form one of the three pairs of conjugate roots of 
T{p), hence in the quartic G{jii) only even powers of ii occur, and we thus get 
the theorem : For each pair of conjugate Yossian quadrics the common inva- 
riants & and will vanish identically. Reciprocating this theorem, we can prove 
that as soon as the invariants & and are vanishing, the quadrics 8 and 8' are a 
pair of conjugate Yossian quadrics with respect to their intersection. 

It is easily shown, by means of the special values of t;, that on any one of 
these Yossian quadrics we can place the sides of an infinity of skew quadrilate- 

*^^XJeb6rConfigarationen auf der Baumcurve 4ter Ordnung, later gpeciee " ; Wiener SitEungsbe- 
richte, Bd. 87, p. IIM. 

\ " Die Liniengeometrie in ihrer Anwendung auf die Flachen 2ten Grades '^ ; Math. Annalen, Bd. 10. 
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rals inscribed in the biquadratic J2. Moreover we can find on each of these 
surfaces four chords XT of the curve R, such that three times the argument 
of either extremity added to the argument of the other one is equal to zero. 
Otherwise stated, we can find on a Vossian quadric four chords XY^ each of 
which is the intersection of the osculating planes in its extremities. So for 

example on jBi, corresponding to i? = -^, we have only to join the points 
Xand Fwith the aflBxes 



X... .-^ +6)sj, — -^+a)j, ^+(i)^, 



Sqi 



+ 6)8, 



4 4 4 4 

to obtain four chords JTF possessing this characteristic property. 

In all we have 24 of these chords, which we shall call the chords of cwroa- 
ture of R. Their position with respect to R and with respect to the self-conju- 
gate tetrahedron Oi 0^ 0^ O4, associated with that curve, is very symmetrical, 
but as it is amply discussed in the cited paper of Ameseder and in other papers 
dealing with the theory of the biquadratic, it may suffice to mention here that 
the chords of curvature can be divided into three groups of 8 , all chords of one 
group meeting the same pair of opposite edges of the tetrahedron Oi 0^ O3 O4. 
In the accompanying schematical diagram one of these groups is represented ; 
through four of the eight chords ABy BG, GDy DA, forming the sides of a skew 






E 



G 



Oi O4 

quadrilateral ABGD whose vertices lie upon the opposite edges 0^0^ and O1O4, 
the Vossian quadric H^ can be described, similarly through the other four EF, 
FGj OH J HE passes the conjugate quadric H^. Further investigation proves 
that each of the three pairs of points Oi, O4; A, G; E, G on the edge 
O1O4, likewise each of the three pairs 0,, 0^] B, D] F, H on the edge 
0, Oj, may be regarded as the pair of foci of the involution defined by the two 
remaining pair of points. Thus, then, it is evident that the complete group of 
43 
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eight chords can be constructed without ambiguity as soon as one of them, AB 
for instance, is placed at random on the edges 0, O3 and 0^ O4 of the self-conju- 
gate tetrahedron, which henceforth we shall use as the tetrahedron of reference. 

Let AB h% represented by the equations a; = a«?, y = a2;, where a denotes 6*, 
then we can write down the equations of all the chords of the group as follows : 

lyz=az ly = az 'y= — az ly= — clz 

ly = ah ly = ah ly = — a'z '-y = — ^^^ 

But though the eight chords are now defined, they fail to determine completely 
the equations of the Vossian quadrics Hi and ffj^ and of their intersection B. 
Introducing two arbitrary constants X and (i^ we only know that these equations 
can be thrown into the form 

ff^ = fi{a? + iJ) + (y« + 12?) = ; 

for each of these quadrics contains the four sides of one of the previously con- 
sidered quadrilaterals, and, as an easy reckoning shows, the conditions fl' = , 
6 = 0, characteristic for a pair of conjugate Vossian quadrics, are fulfilled. Pass- 
ing now from H^ and -Sj to the remaining pairs of Vossian quadrics, we get 
without much difficulty for their equations 

f jBi = V/tJIi + iA/^H^ 

— (V^ + W^){7?^^ — 2*) + (^117+ *VX)(y»— wW]iX) = , 

= iyl _ iV]I){a?s/^ +^) + ( V^ — i^/^Xf + t^\/i5l) = , 
J^g =VJ[Hl+^nH^ 

n^= - ^~ilHi + ^xn, _ _ ^ _ 

From these equations we infer that the 24 chords of curvature become perfectly 
defined, if we choose a determinate value for the as yet arbitrary constant VjtiX , 
but obviously, by doing so, we do not succeed in determining the biquadratic 
R, because this curve is represented by the two equations of Hi and jB^, wherein 
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the constants % and ^i occur separately. Hence we have arrived at the theorem : 
There is an infinity of biquadratic curves that have the same chords of curvature 
in common with a given curve J2. 

Let us take \/(ik = a^ then we are at once enabled to derive from the 
equations of Hi and E^^ the locus of these biquadratics. Any one of them is now 
represented by 

I (V + iV) — X(V + *V)=0, 

where X is a variable parameter, and hence, by eliminating X, we find the 
required locus to be the tetrahedral quartic surface 

F=ix^ + y^ + z^ + w^= , 

the equations of the 24 chords of curvature, right lines on F^ being now in fact 

I. n. 

(Chords, meeting 020^ i O1O4). (Chords, meeting OsOi , OtO^)' 

{ar==taic, fx==ta'ti7, fy=±:ato, {y^=±:a?w^ 

nL 

(Chords, meeting OiOs, O8O4). 

{25 = ±aU7, (25 = i: a?W ^ 
sc = i: ay , ( sc = ± a?y . 

Prom the preceding it follows immediately that the surface ^ is a covariant of 
the curve R we originally started with, that is to say, the quaternary quartic F 
is a combinant of the two quadrics S and S^ we have used to define analytically 
the curve R. And indeed, assuming S and /S" respectively to be J3i + fiH^ and 
Hi + ylHj^^ and denoting by 17 the reciprocal quadric of 8 with respect to ;S", and 
by W the reciprocal quadric of 8^ with respect to 8^ there is no diflficulty to 
show that F is identical with 

2 CT/S" — 2 U^8— ff8' — d8^\ 

a quantic which may be readily recognized as a combinant of 8 and 8^. 

Considering the two equations representing a biquadratic R on Fj we see 
that two such curves cannot have a point in common, an arbitrary quadric how- 
ever, described through i2, intersects the surface F still in a second biquadratic 
J2', who of course meets R in eight points. Hence there exists upon F a second 
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system of biquadratics Bf, such that a quadric containing a curve R also con- 
tains a curve Iff, and vice versa ; or, what is the same thing, every chord of a 
curve B is at the same time a chord of one of the curves JB'. This result can be 
established analytically. If the biquadratic B of the first system be given by 
the equations 

I (V + iV)— ;i(2/2 + iz2) = 0, 

then we have only to alter the sign of iu^ and to write f£ for X to obtain a second 
biquadratic J2', 

1 {3^ — iyf)—(i{y' + i;?) = 0, 

also situated on the tetrahedral quartic surface, and there is no difSculty in 
seeing that through both curves we can describe the quadric 

/= a?(X + ii) + y\l —X(i) — i^{l + 1^) + iif^(ji — X) = 0. 

Now if we try to find the coordinates of the eight points P, in which the curves 
B and Bf meet, we get the four equations 

and so it becomes evident that the quadric / whereon both curves lie, is the polar 
quadric surface, with regard to F, of any one of these eight points P. Hence, 
since the tangents in P to the curve of intersection of F and this polar quadric 
are the two inflexional tangents in P, the two systems of biquadratics B and B' 
are proved to be identical with the asymptotic curves of the tetrahedral quartic 
surface F. 

In drawing this conclusion we have arrived at a known result,* but at the 
same time the foregoing deductions allow us to add something to it, viz. the 
theorem that the tetrahedral quartic surface is completely determined as soon as 
one of its asymptotic curves is given. 

And indeed if we start with the biquadratic B and describe through B an 
arbitrary quadric /, we can easily determine on / the biquadratic E of the other 
system, it being suflicient to observe that in their meeting-points P, each of the 
curves B and E touches one of the right lines of the quadric/* 

* This result was first obtained by Lie (*^ Ueber die Reciprocit&ts-Yerhaltnisse des Beye'schen Ck>m- 
plezes '' ; Gdttinger Nachrichten, 1870, p. 58.) 
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Let us next consider the right line, who joins two points P and Q on the 
biquadratic R. As it meets the surface F in two points such that the polar 
quadric of either point passes through the other, we deduce from the ordinary 
theory of poles and polars that the line i^ cut harmonically in the two points P 
and Q and in the two remaining points where it meets the quartic surface again. 
All right lines, cut harmonically by the surface Fj obviously constitute a complex 
of the sixth degree, and as the two cones, projecting from their common point P 
the two biquadratics R and jB', make up together a cone of that degree, we may 
enimciate the theorem : The system of the chords of the asymptotic curves on the 
tetrahedral quartic surface is identical with the complex of lines, meeting the 
surface in two pairs of harmonically conjugate points. 

Having thus noticed the most important properties of the systems of biquad- 
ratics on Ff there remains to observe that, as well as the curves i2, the curves R' 
have their chords of curvature in common. These 24 new right lines, complet- 
ing the set of 48 right lines on F, will be found to be 

I. II. 

(Chords, meeting OiO^ , Oi04). (Chords, meetiDg O^Oi , O^O^y 

y=±:a'z' ly=±a2 ' (« = ± a^x ' U = i: asc ' 

in. 

(Chords, meeting OjOa ,0,04). 
• \z = ±:aw iz = ± a?w 

and from these equations we readily can get an idea of the position of these 24 
lines with respect to those of the other system. So, for example, is it easily 
verified that the lines AF, FG, OH, HA and EB.BG, GD, DE, the sides of the 
two skew quadrilaterals AFGH and EBGD, if drawn in the diagram above, 
would represent the eight chords of the first group. Moreover, it becomes now 
plain that we should consider the sides of any one of these skew quadrilaterals, 
formed by four chords of curvature, as a broken-up biquadratic R or jB', each of 
the two systems R and R! containing six of these singular curves. 

We conclude with some remarks about the invariants of the biquadratics on 
the surface J^. A biquadratic is known to possess only one absolute invariant -4, 
and if this invariant has the same value for two biquadratics, they can be trans- 
formed, one into another, by a linear substitution of the coordinates. In this 
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case we shall say that the two curves are of the same type, and we will now ask 
to find on F all the biquadratics of the same type as a given one R represented 
by the equations 

These two quadric surfaces determine a binary quartic 

A'^^ + ^f + ^f + ef + A, 

the invariants /and J of which we have to combine in order to find P:1%J^ as 
the expression of the absolute invariant -4, belonging to the considered biquad- 
ratic. Working out the necessary calculations, the invariant A of the curve R 
with the parameter ^ becomes 

(:i^ + i4X^ + iy 

In this expression we recognize the well-known forms of the theory of the octahe- 
dron, and remembering the 24 so-called octahedral substitutions, we infer that 
we have a set of 24 curves R of the same type, the 24 corresponding values of 
the parameter 7^ being 

e^ X. e^ X-^, e^ (^J , a« (3-^), e« (^), e« (^ 

(&=0, 1, 2,3). 

Quite the same result is arrived at when we consider the biquadratics IP of the 
second system 

\ {a^ — iv^) — fi{y^ + i;?)z=zO. 

Giving the parameter (i one of the 24 foregoing values, we obtain a further set of 
24 curves fi', all of the same type as the curve jB with the parameter X . 

It thus being proved that there are in all 48 curves of a given type, we will 
now try to give some indications about their very symmetrical arrangement all 
over the surface F. In the first place we seek the locus of the meeting-points of 
a curve R and a curve R' of the same type, that is to say, we eliminate Jl and (i 
between the equations 

ix? = X+(i, y^^l — Xfi, 9? = —i{l+fiX), v^ = i{(i — X) 
in the understanding that X and fi are connected by one of the 24 octahedral 
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Bubstitutions. Considering the several cases, one after another, we shall find 
that the required locus is made up by the 24 curves of intersection of the surface 
F with the following set of 24 quadrics Q^ arranged in six groups of four : 



^x* =0, ra* + w^=0, 

2/2 z=0, 7?—v^= 0, 

»^ + y' + a' + ^ = o, 

oi?—y^ — 7? + v^ = o, 

-a^ + y^ — «* + «^ = o, 

l — x^ — y^ + s? + v}' = 0, 



2/2 — w^ = 0, 



^ ^2 ^ ^ _ 0, 
2? — -m;*= 0, 
a? — 2/» = 0, 
a5* + 2/* = 0, 



V + 2^» + 2? + M?2=0, 
X* — y* + a^ + w?* = 0, 

a? + 2/* + ^ — ti;^=0. 



Now we can, if we like, define these quadrics as geometrical loci. For it is pos- 
sible to establish a correspondence between the six Yossian quadrics of a curve 
i2 and those belonging to a curve Iff of the same type in such a manner that by 
moving the curve B along the tetrahedral quartic surface, the curve of intersec- 
tion of each corresponding pair of Yossian quadrics describes one and the same 
quadric Q. There is however a more direct way to determine these quadrics 
Q if we only consider those points on the surface F where two right lines of 
different systems cross. Such points we have met already on the edges of the 
self- conjugate tetrahedron. In fact there are on each edge four points, where 
two chords of curvature of the biquadratics R cross two chords of curvature of 
the curves J?'. 

Gounting^ these points, as is naturally, four times as a meeting-point of two 
right lines of different systems, and combining them with the 192 crossing-points 
found elsewhere on the surface, we obtain a total number of 288 of these special 
points. And by the help of them we can determine the quadrics Q , as any one 
of these surfaces passes through 48 of these points. 

If, then, in this way these quadrics Q have been constructed, we can get by 
their aid some idea of the arrangement of the set of 48 biquadratics of a given 
type; for in fact these quadrics Q in some sort link together in their eight 
common points each pair of curves R and Rf. And this arrangement becomes 
more simple and less intricate by considering the already indicated division of 
the quadrics Q into six groups of four. Starting with a given curve R and 
seeking for all biquadratics on JP^that can be linked to R, directly or indirectly, 
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by means of the four quadrics Q of one group, we shall come to the conclusion 
that no more than four curves of each system can be found. So then we get a 
perfectly regular configuration consisting of four curves R and four curves E, all 
of the same type, any pair of curves of diflferent systems meeting each other on 
one of the four quadrics Q. 

Again, taking in particular the first group of these quadrics Q, we see that, 
starting with any curve -B, we can construct a special configuration in which each 
pair of consecutive curves is linked together by one of the faces of the self- 
conjugate tetrahedron, the two curves touching each other in four distinct points. 

A final remark may be added about the linear substitutions of the coordi- 
nates by which the tetrahedral quartic surface F is transformed into itself. It 
is possible to show that the homographic transformation, which has the effect of 
changing a curve jB with the parameter ^ into one of the 47 other curves of the 
same type, does not involve the constant X , and therefore by each of these trans- 
formations the surface F is transformed into itself Now by introducing the 
elliptic argument, as we have done before, it is immediately apparent that a 
biquadratic can be transformed into itself in 32 different ways. Hence we are 
justified in stating that there are 32X48 = 1536 distinct linear substitutions of 
the coordinates which do not alter the equation of the surface F^ a statement 
already made by Schur.* 

* ^' Ueber Flaoher yiorter Ordnung," Math. Annalen, Bd. 20, p. 2M. 



Calcul Geometrique B^gle. 

Par Ren6 de Saussure. 



Dans un article pr6c6dent, intitul6 ** Etude de g6oin6trie cm6matique r6gl6e,"* 
j'ai montr6 comment Pon pent 6tudier la g6om6trie de la droite en consid6rant 
Pespace r6gl6 comme la representation de la surface ponctuelle d'une sphere 
imaginaire de rayon t=V — 1. La m6thode expos6e dans cet article 6tait pure- 
ment g6om6trique, c'est-i-dire d'un emploi relativement restreint ; je me propose 
de reprendre le meme sujet au point de vue analytique, ce qui m'am6nera k 
6tablir les regies d'un nouveau calcul g6om6trique et h en montrer les principales 
applications.f 

Je diviserai le sujet en cinq parties: 

P. — Rhgles de Gakul. 

Rappelons d'abord en peu de mots le principe qui nous a servi de base pour 
r^tude g6om6trique de Pespace r6gl6 ; on consid^re une sphere imaginaire fon- 
damentale de rayon i et Pon fait correspondre a chaque point de sa surface une 
droite rSelle de Pespace, ce qui est possible, puisqu'une surface imaginaire contient 
une quadruple infinite de points ; il en r6sulte qu'a toute figure compos^e de 
points sur la sphere correspond une figure compos6e de droites dans Pespace et 
s'il existe certaines relations entre les points de la figure sph6rique, les memes 
relations existeront entre les droites de Pespace, de sorte que Pon pent d6duire 
la g6om6trie r6gl6e de la g6om6trie sph6rique. 

En effet, deux droites A et B dans Pespace d6terminent une grandeur com- 
plexe de la forme P + QI, P 6tant la plus courte distance des deux droites, Q 
leur angle et / un symbole unite ; cette grandeur complexe que nous avons 

♦ Voir vol. XVIII, No. 4. 

fLes premiers principes de ce calcul ont 6t6 expos^ dans les Ck>mpte8 Rendus (Stances du et du 
16Novembrel896). 
44 



330 Saussure: Galcvl Gkm^lriqm RSgU. 

appel^ distangle dee droites A ei B (par abr6viation pour distance-angle), corres- 
pond sur la sphere & la longueur p + gi de Tare de grand cercle imaginaire 
d6termin6 par deux points a et 6. L'arc p-\-qi est la mesure lin6aire de la 

distance des points a et 6, tandis que Texpression ^^v^ est la mesure angulaire 

de cette meme distance, puisque i est le rayon de la sphere ; on doit done con- 
sidSrer le distangle P + QI form6 par deux droites -4. et J5 comme la mesure 
Un6aire de Tintervalle compris entre ces droites, tandis qu'on prendra pour 

mesure angvlaire du meme intervalle I'expression — "y ^ , qui est bien homo- 

g^ne et de degr6 nul, si Ton regarde le symbole / comme T^quivalent d'une 
longueur. Cette mesure angulaire, que nous avons nomm6e codistangUj sera 
designee par le symbole (XB), de sorte qu'on a par d6finition: 

Le codistangle est la grandeur fondamentale de I'espace r6gl6, comme I'angle est 
celle de la g6ometrie sph^rique; mais, pour qu'il y ait parfaite identity entre la 
g6om6trie regl6e et la g6om6trie sur une sphere imaginaire, il est nScessaire de 
soumettre les codistangles ^ des regies de calcul s'^cartant ud pen des regies 
ordinaires, parce que la constitution de I'espace r6gl6 n'est pas absolument iden- 
tique Sr celle de la sphere imaginaire ainsi que nous le verrons bient6t. 

Lorsqu'on op^re avec des angles imaginaires de la forme ^ . ^ , on traite 

% 

le symbole i comme une lettre ordinaire et I'on pose *^= — 1, de sorte que le 

r6sultat est toujours r6ductible a un angle de la meme forme. Si Pon opSre 

avec des codistangles, rien n'autorise a poser P = — 1 , mais on pent pr6sumer 

que toute fonction d'un codistangle sera un nouveau codistangle : 

p / ^i + Ix{ \ _ yi + Iy% ^ 

Xi et yi 6tant des longueurs, x^ et y, des angles. Cette Equation complexe doit 
etre 6quivalente ^ deux Equations ordinaires entre les quantitSs a^i, yi, a^, y^; on 
a en effet, d'apr^s la formule de Taylor : 
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c'est-fil-dire : 



F (^^^) = ^^^ / + etc. 



Le premier terme du second membre est pr6cisement un codistangle de la forme 
yii" y» . ji j^'y ^ pj^Q ijgy ^Q s'occuper des autres termes du d6veloppement, car 

ces termes sent d'une nature essentiellement difF6rente et irreductible, puisqu'ils 
contiennent des puissances de / au d6nominateur. On rejettera done ces termes 
comme n'ayant pas de sens dans l'6quation. C'est ainsi qu'on aura : 



( Xj + Ix2 \ a?i cos gg + /sin x^ 
~~T~) 7 ' 

( Xi + Ix^ \ — Xi sin aTjg + /cos jr, 
~~r~J I 

tang (^+^«) = ^^"^ J — . 



sm 



cos 



(1) 

(2) 
(3) 



Ed r6sum6, on voit que le sjmbole / pent etre traits comme une lettre ordi- 
naire dans tons les calcula, pouirvu qu'apr^s chaque operation, I'on supprime les 
termes qui ne repr^entent pas des codistangles. Les regies fondamen tales de 
calcul seront done les suivantes : 



a\ + I<h ^ h + Ih — («i + hi) + I(a^ -f h^) 
J— f J J , 

\ J ; 7 — -. 

J /Xi -{• /x.\ dx, + Idx. 

^(r^r-) = — r— • 



(4) 



(5) 
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II est facile de voir qu'avec ces regies spSciales de calcul, toutes les formules 
ordinaires d'analyse subsistent, lorsque les lettres qui entrent dans la formule 

repr6senteut des codistangles. Soit par exemple : a = ^^ "y ^ , h = -^^ — -* , 
etc., on verifiera sans difficult^ que : 



{sin*a + cos^a = 1 , J d sin x = cos xd 



(2 sin x = cosa;c2a;, 

hda 



et ainsi de suite. II en resulte que toute relation entre les angles d'une figure 
sph6rique subsistera aussi entre les codistangles de la figure correspondante dans 
I'espace r6gl6. C'est ainsi que la trigonom6trie sph6rique pent etre g6n6rali86e 
de mani^re a constituer une trigonom^trie de I'espace r6gl6. 

IP. — Trigonometrie r&glSe. 

Trois points a, y, 2 d6terminent sur la sphere un triangle sph6rique; trois 
droites X, T, Z dans I'espace d6terminent une figure que nous avons appel6e 
tridistangle. Les trois codistangles {YZ)^ (ZX), (XF), correspondent aux trois 
cot 6s du triangle sph6rique. Si le triangle xyz est trirectangle, la figure corres- 
pondante XTZ sera un trifedre trirectangle, car les trois cot&i d'un tel tridist- 
angle sont bien 6gaux k —- , puisque dans ce cas : 

_ <> + ^l n 

Si maintenant m est un point quelconque de la sphere, on salt que : 

cos* (mx) + cos* (my) + cos* (mz) = 1 . 

Cette formule de trigonom6trie sph6rique doit subsister dans I'espace r6gl6, c'e8t4- 
dire que, si XYZ est un triMre trirectangle (ou si Ton veut un syst^me d'axes 
de coordonn^es rectangulaires) et M une droite quelconque de I'espace, on doit 

avoir : 

cos* {MX) + cos* (MY) + cos* (M2) = 1 . (6) 
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Gette relation constitue une formule de trigonometrie r6gl6e et pour I'interpreter, 
il suffit d'identifier les deux membres apr^s avoir ramen6 chacun d'eux a la 

forme normale — T. ^ , au moyen des regies de calcul prScMemment Stabiles. 

Soient done ai, ^i, yi, les plus courtes distances ^i a^^ ^%i Y%i los angles compris 
entre la droite if et chacun des axes X, F, Z; la formule devient: 

^, (-ax + /«»-) ^ ^o,, (A + -^/^«) + cofl« (21+^») = 1 . 
ou plus simplement : 

La formule (2) permet de mettre cette Equation sous la forme : 

^ r — ai sin a^ + /cos g^ n* - 

et en effectuant les carr6s, d'apr^s la formule (5) : 

>ri — 2ai sin o^ cos a>+/ cos' Og _ ^ _ +/ 
^ 7 J-. 

On a done, en identifiant les deux membres : 



{ 



cos* 02 + cos' ^2 + COS* /g = 1 , 

ai sin 2a, + ^i sin 2^2 + /i sin 2/^ = 0. 



C'est ainsi que loute formule de trigonometrie sphSrique conduit ^ une formule 
identique de trigonometrie r6gl6e, d'od I'on d^duit deux formules : la premiere 
n'est pas autre chose que celle qui a servi de point de depart, parce qu'elle 
n'implique que la direction des droites ; mais la seconde est ime formule nouvelle, 
qui 6tablit une relation non-seulement entre les angles, mais aussi entre les 
. distances des droites consider^es dans Tespace. Les nouvelles formules que Ton 
obtient ainsi ont toirjours une forme aussi simple et aussi sym6trique que possible 
et il serait souvent difficile, ou en tout cas assez long de les 6tablir par les 
m6thodes ordinaires de la g^om^trie analytique. 

Nous n'avons consid6r6 encore, soit dans les triangles sph6riques soit dans 
les tridistangles, que trois elements, savoir les trois cotSs. La plupart des 
formules de trigonom6trie sph^rique contiennent en outre les angles compris 
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entre les c6t68, mais on peut toujours remplacer ces angles par les cdt6s du 
triangle polaire. De meme, tout tridistangle ABO contient, outre ses trois cdt68 
{BU), {GA)f {^^^1 trois 616ments qui ne sont autre chose que les c6t6s du 
tridistangle polaire XYZ, form6 par les trois perpendiculaires communes aux 
droites A^ B ^i G prises deux ^ deux.* Toute relation entre les c6t6s et les 
angles d'un triangle sph6rique, existant aussi entre les 616ments correspondants 
d'un tridistangle, on aura par exemple : 

cos (BD) = cos {UA) cos (IB) + sin (Ul) sin {IE) cos (YZ) . 
En operant comme pr6c6demment, c'est-^dire en posant : 



(BG) = '^i±^, (r^) = ^J^» 



et permutant circulairement, on trouvera en identifiant les deux membres de la 
formule apr^s les avoir ramenSs k la forme normale : 

cos a, = cos i| cos c, + sin b^ sin Cg cos a^j, 

ai sin Oi = (&i — Ci cos x^) sin Jg cos Cg + (ci — bi cos Xg) sin c, cos 6g 

+ Xi sin Xi sin 6| sin c,. 



I 



Dans le cas particulier oik le codistangle (7Z) est 6gal a -2" , on dit que le 

tridistangle ABC est rectangle le long de la droite A-, pour que cela ait lieu, il 

faut que a^i = et og = -^ , c'est-Jl-dire que les trois droites Y, Z et A ferment 

2 

un triMre trirectangle ; dans ce cas, on a simplement : 

cos {W) = cos (UI) cos (IS) , (7) 

c'est-S,-dire : 

{cos a^ = cos &2 cos Cg, 
Ul sin a^ = &i sin b^ cos Cg -f~ c^ sin Cg cos &2- 

Lorsque les droites A^B^ G sont infiniment voisines I'une de I'autre, on peut 
d6velopper les cosinus de la formule (7) en s6rie et n6gliger les termes d'ordre 
sup6rieur, ce qui donne : 

d(JSa/ = d{GA)^ +d(ABf. 

•Voirvol.XVm, p. 811. 
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C'est le thSor^me de Pythagore pour I'espace r4gl4, th^or^me qui est ^uivalent 

aux deux relations : 

idol =dli + ddi, 

i doi da^ = dhi dh^ -^r dcidc^. 
Enfin dans tout tridistangle rectangle infinitesimal on aura aussi : 



sin (yi±Jy£\ — <^^i + Idh^ 

\ 7 ) ~ da.+ lcUu, ' 
tang ^— J— ; - dc,+ Idc, ' 



(8) 



c'est-i-dire que par exemple le sinus du codistangle appuy6 sur la droite B est 
6gal au rapport du c6t6 oppos6 (Ua) k Phypot^nuse (BG) , etc. La definition 
gSom^trique des fonctions circulaires est ainsi 6tendue aux fonctions trigono- 
mStriques d'un codistangle. Du reste on tirerait aussi des formules (8), en efifec- 
tuant les divisions dans les seconds membres : 



dbo 
siny,= * 



da, • 



dc» 



db, d£u — dut dha 

.y, cos yg = — i » ' « 



d<4 

— da^ dfj, 

d^ 

dbi dc^ — dci dh^ 

cos* ^2 ~ ^ 



dct dci^ 
— y, smy, = -l^» 



Vi 



IIP. — Ohmkrie regies synthetiqve. 

Toutes les figures sph^riques que nous consid6rons se composent de points et 
de lignes situes sur la surface meme de la sphere fondamentale. Les figures 
r6gl6es qui leur correspondent se composent done de droites et de congruences de 
droites dans I'espace, car toute courbe sph^rique imaginaire contient une double 
infinite de points. 

C'est ainsi que la congruence qui correspond ^ un grand cercle de la sphere 
et que nous avons appel6e recticongrueTice^ est formSe de toutes les droites qui 
rencontrent une droite donn^e P sous un angle droit ; la droite P est le pole de 
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la congruence car elle fait avec une droite quelconque du lieu un codistangle 

6gal h = ~ "2" ' ^° ^^^* ^^^ ^^ recticongruencee sont les gSod^siques 

de Tespace r6gl6. 

La congruence circvlaire, c'est-drdire celle qui correspond k un petit cercle de 
la sphere, est fonn6e de toutes les droites tangentes k un cylindre de revolution 
et 6galement inclin6es sur les generatrices de celui-ci ; I'axe du cylindre est le 
pole de la congruence, car le codistangle compris entre cet axe et une droite 
quelconque du lieu est constant 

On definira de meme la congruence elliptiqve comme le lieu des droites qui 
ferment avec deux droites donn^es, des codistangles dont la somme est constante, 
et ainsi de suite. Nous avons montr6 que toutes les congruences qui corres- 
pondent ainsi ^ des courbes spheriques, sont fonn6es de normales k une surface 
d^veloppable ; ces congruences sont dites analytiquea* Nous avons aussi d^fini 
la tomgente & une congruence le long d'une de ses generatrices D^ comme etant 
la recticongruence passant par D et par une generatrice infiniment voisine D ; 
le pdle T de la tangente est done la perpendioulaire commune ^ J9 et a 2>^ ; ce 
pole est d'ailleurs le meme quelle que soit la generatrice voisine que I'on con- 
sid^re, pourvu que la congruence soit analytique. De meme, la normale h la 
congruence le long de D est la recticongruence perpendioulaire k la tangente ; le 
pole N de cette normale forme done avec les droites D et T vn trifedre trirect- 
angle. La congruence circulaire oactdatrice le long de D est celle qui est deter- 
minee par D et deux autres generatrices voisines (n'appartenant pas a la meme 
tangente). Le pole K de cette congruence circulaire est situe sur la normale ; 
c'est Yaxe de courbure de la congruence et le codistangle (KB) est le rayon de 
cawrhure. Enfin, etant donnees deux generatrices A ei B d'une congruence 
analytique, on entend par arc AB la somme des codistangles eiementaires 
engendres par une droite qui passerait de la position J. ^ la position B sans 
quitter la congruence; cette somme est independante du chemin suivi entre 
Aei B. 

Les formules relatives aux arcs de courbes spheriques subsisteront evidem- 
ment pour les arcs de congruence. Ainsi par exemple, un arc de cercle a trace 

* Voir vol. XVIII, p. 814. 
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8ur la sphere avec ud rajon angulaire r et correspondant k un angle au centre a, 
a pour valeur : 

8=:o sinr. 

De meme, si A et B sont deux g6n6ratrice8 d'une congruence circulaire dont le 

pole est X (Fig. 1), le rayon de la congruence sera r = ^'"^ ^^ , rj 6tant le rayon 



hS 




Fia. 1. 



du cylindre focal et r^ I'inclinaison de j1 ou £ sur les g6n6ratrice8 de ce cylindre ; 

le codistangle au centre correspondant k Tare AB sera o = ^^ T. ^ , c^ 6tant 

Tangle form6 par les normales au cylindre 61ev6es aux points de contact des 
droites j1 et £ et % le segment intercepts par ces normales sur I'axe- du cylindre. 
Si done une droite passe de la position A h lei position B en restant tangente au 
cylindre et en faisant constamment le meme angle avec les generatrices, la somme 

8 = ^^ "y ^^ des codistangles 616mentaires engendrSs par cette droite ne dSpendra 

pas du chemin suivi et Ton aura comme sur la sphere : 



Si + /gg _ / 6)i + Jbg \ 



^.= (eL+=.)sm 



c'est-^-dire, en identifiant les deux membres : 

f«, = 6), sinrg, 

Uj = 6)1 sin r, + ricj, cos rg, 

valeurs que Ton pent v6rifier en effectuant directement les sommes ^i et s^ entre 
AetB. 

Le principe de duality, si utile en g6om6trie sph6rique, existe aussi dans 
Tespace r6gl6, car k toute propri6t6 d'une figure composee de droites correspond 
une preprints correlative de la figure polaire. Ainsi on sait qu'un quadrilat^re 
45 
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sphSrique est inscriptible dans un cercle lorsque la somme de deux angles 
opposes est 6gale a la somme des deux autres angles, et Ton en d6duit au moyen 
de la figure polaire qu'un quadrilatfere sph^rique est circonscriptible lorsque la 
somme de deux c6t6s opposes est 6gale ^ la somme des deux autres cot^s. 

De meme, quatre droites A, B, G, D dans Tespace d6terminent une figure 
ayant quatre c6t6s (IE), {STT), {UFj et (S3); si les droites P, Q, R, S qui 
forment les poles de ces cdt6s satisfont a la condition : 

(SP) + (g3?) = (pg)+(M). 

les droites A, B, G, D appartiendront a une meme congruence circulaire, c'est-S.- 
dire qu'il existera un cylindre de r6volution tangent k ces quatre droites et dont 
I'axe est 6galement incline sur chacune d'elles. 
En posant : 

(SP) = ei+^., (pg)=VM^, (QS)^<bJr_Jc, ^^^d^^ 
la relation pr6c6dente devient : 

Ainsi ces deux 6galit6s expriment, soit que la figure A BCD est inscrite dans une 
congruence circulaire, soit que la figure PQRS est circonscrite k une congruence 
de meme nature. 

Pour exprimer que quatre droites PQRS forment une figure inscriptible, on 
pent aussi se servir du th^orfeme de Ptol6m6e (pour les quadrilatferes sph6riques) : 

.i„(f)»i«(f)=.in(f ).o(f ) +,in(9).n(f). 

En posant : (P7?) = ?L+J^2 et (QJS) = 2^L+^« ^ ce thgor^me fournit les deux 
relations suivantes entre les angles et les distances des quatre droites : 

sin ^ Bin ^ = sin ^ sin 4- + sin A sin ^ » 
2 2 2 2^2 2 ' 

Xi cos -^ sin -^ + pi cos -^ sin -^ = ^i cos ^ sin -^ 
z Z ^2 2 2 

+ J, cos -|- Bin 4- + ci cos -g- sin -^ + <ii cos A sin A . 
^2 2 2 2 2 
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Du reste il existe toujours entre quatre droites quelconques P, Q, R, S une 
relation identique k celle qui existe entre quatre points quelconques d'une 
sphere; en appelant a,/3, y,5, ^, 77 les cosinus des quatre e6t6s (]^), (PQ), 
(qH), (5^ et des deux diagonales {QjS), (PJT), on a done: 

a' + i8* + y* + «* + f + )7'-^V-ay-/?5« 

— 2a/3^— 2y5^— 2a5>7- 2/?y>7 + 2ay^)7 + 2^5g>7 + 2a/3y« = 1 . 

Cette Equation complexe fournira deux relations entre les angles et les distances 
des droites. 

Pour faire passer une congruence circulaire par trois droites donn6es 

j4, J5, (7, il sufl5t d'en determiner le rayon B= ^ "^ * ■ Dans ce but, on 

pourra employer toute formule donnant le rayon du cercle circonscrit k un 
triangle sph6rique ABC. On aura par exemple, en employ ant les memes nota- 
tions qu'en trigonometric r6gl4e : 

** cob[S—{YZ)} 2 

et Ton en d6duit par la m^thode ordiDaire : 

rtangi2.= i5Hglif^. 
I ^ ^ cos(*«— a,)' 

I * cos* a a,) ^^ ^** — ^) + (^1 — ^) *»°g (i ««) si^ (^2 — ^) 

I ^ cos*(«2— cB,) + tang»(ia,) 

Des sv/r/aoes rSgUes. Jusqu'ici, nous avons consid6r6 la congruence, ou plus 
exactement la congruence analytique, comme la forme fondamentale de I'espace 
r6gl6. Mais la meme m6thode permettra d'6tudier les surfaces r6gl6es, en con- 
sid6rant celles-ci comme parties constituantes de congruences analytiques. 

Deux generatrices voisines d'une surface r^glSe d^terminent une recticon- 
gruence tangente k cette surface le long de la g6n6ratrice consid6r6e ; la normale 
est la recticongruence perpendiculaire k la tangente ; trois g6n6ratrices infini- 
ment voisines d6terminent la congruence circulaire osculatrice ; le pole de cette 
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congruence est Vaxe de courbure de la surface r6gl6e et le codistangle compris 
entre cet axe et la g6n6ratrice en est le rayon de courbure. 

Etant donn6e une surface r6gl6e quelconque, il existe toujours une con- 
gruence analytique et une seule contenant cette surface * De plus, les 616ments 
de courbure, de contact, etc. d'une surface r6gl6e sont les memes que ceux de la 
congruence analytique qui con tie nt cette surface; ceci r6sulte de la definition 
meme de ces 616ments. 

Ainsi les formules de la g6om6trie sph6rique s'appliqueront aux surfaces 
r6gl6es aussi bien et meme mieux qu'aux congruences, puisquHl n'y a aucune 
restriction a faire sur la nature des surfaces r6gl6es que Ton consid^re. 

Cherchons par exemple Texpression du rayon de courbure d'une surface 
r6gl6e. Soient 2), ly, D' trois g6n6ratrices cons^cutives de la surface, X I'axe 
de courbure correspondant ; Tet T' les poles des tangentes relatives aux genera- 
trices D et Dy c'est-Jl-dire que T est la perpendiculaire commune i i? et D' et 7^ 

la perpendiculaire ^ Zy et DK Le codistangle {DD) = d8^= ^ j — ^ est alors 

r616ment d'arc de la surface regime ; {TT) ^do=i — ^— j= est le codistangle de 

contmgence et (DX) = r = -^— ^^ — - , le rayon de courbure de la surface. On a 
done, comme pour les courbes sph^riques : 

tangr=^. 
on en efifectuant les calculs et identifiant les deux membres : 

tangr. = -^. 

I _ ddidci^ — dcdids^ 

j^^ ^ do\ + d4 * 

Ces valeurs de rj et de r^ d6terminent sur la normale la position de I'axe de 
courbure X. 

•Voirvol. XVIII, p. 834. 
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Les poles T, T^ etc. des tangentes forment une surface r6gl6e r6ciproque ou 
polaire de la surface (2)); cette surface polaire (r) a meme axe de courbure 
que (2>) ; en appelant^ le param^tre de distribution de la surface {D) et 91 celui 

de la surface polaire (7), on a^ = -^, 7t=-^^et Ton tire des Equations 
pr^6dentes la relation : 

i> — 7t = ri (tang r^ •+- cotang r^ . 

Nous reparlerons des surfaces r6gl6es apr^s avoir d6fini les difif^rents syst^mes de 
coordonn6es dans I'espace r6gl6. 



IV®. — G&omkrie analytique riglSe. 

On d6finira la position d'une droite dans Pespace, comme celle d'un point de 
la sphere imaginaire, au moyen de deux coordonnSes complexes. 

1**. GoordonnSes polaires. On se donne le pole X d'une recticongruence fixe 
et Ton prend comme droite origine une certaine g6n6ratrice de cette congru- 
ence (Fig. 2). La position d'une droite quelconque M sera d6finie si I'on d6finit 




Fia. 3. 
d'abord la position de la droite P (perpend iculaire commune k et k M), au 
moyen du codistangle (P^) =0 = ^^ "j- ^ ; ensuite la position de la droite 
M dans la recticongruence dont le pole est P, au moyen du codistangle 

Ce syst^me correspond aux coordonn6es polaires sur la sphere, car {OM) = 9 
n'est pas autre chose que la cokUitude de la droite M et (PX) = co est bien la 
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longitude, puisque ce codistangle mesure Finclinaison des congruences P et X 
Tune sur I'autre. L'6quation p = const, repr^sente une congruence circulaire 
dont le pole est 0, c'est-^dire un parallMe de I'espace regl6, tandis que a> = const. 
repr6sente un mSridien. 

Toute relation entre p et a> repr^sente une congruence analytique et cette 
relation est identique a Pequation en coordonn6es polaires de la courbe sph^rique 
correspondante. 

2^. Goordonnees tripolaires. On definit souvent la position d'un point m 
sur une sphere au moyen des distances sph6riques de ce point a trois points fixes 
X, y, Zj formant un triangle trirectangle ; ces trois coordonn6es a, /3, y du point 
m ne sont pas independantes et Ton a: cos^a + cos*/3 + cos^y = 1. Pour 
trouver la position du point m lorsqu'on connait ses coordonn6es, on decrit des 
cercles ayant respective ment pour poles les points x, y, z et pour rayons les arcs 
^y fii Y] c^s ^^^^^ cercles ont un seul point commun. 

On pent d6finir de meme la position d'une droite M dans Tespace, au moyen 
des codistangles compris entre cette droite et trois axes fixes X, F, Z formant 
un triMre trirectangle. Les coordonn^es tripolaires de la droite Jf sont ainsi : 






et Ton a encore : cos* a + cos* ^ + cos* y = 1 . 

Pour trouver la position de la droite M lorsqu'on connait ses coordonn6es 
tripolaires, on d6crira des congruences circulaires ayant respectivement pour 
poles les droites X, F, Z et pour rayons les codistangles a, /?, y ; ces trois con- 
gruences ont une seule droite commune. II est done n6cessaire de savoir d6ter- 
miner g6om6triquement Fintersection de deux congruences circulaires dont on 
se donne les poles X, T et les rayons a , /3 : on d6crit autour de la droite X un 
cylindre de rayon aj et autour de la droite Y, un cylindre de rayon /?i ; la droite 
cherch6e M devra etre tangente ^ ces deux cylindres ; de plus, elle doit faire 
avec X un angle 6gal i a, et avec T, un angle 6gal ^ /?3 ; la direction de M est 
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ainsi d6termin6e par Fintersection de deux cones de meme sommet dont les axes 

sont respectivement parallMes k X et ^ F et dont les generatrices font avec ces 

axes les angles a^ et /?| . On m^nera done ^ cbacun des deux cylindres un plan 

tangent parallMe ^ la direction trouv^e et Tintersection de ces deux plans sera la 

droite cherch6e Jf ; il j a en general deux solutions. 

Comme exemple de ce genre de coordonn^es, cherchons la valeur de la plus 

courte distance V^ et de Tangle T^ compris entre deux droites Jf et Jf' dont les 

V 4- IV 
coordonn^es tripolaires sont a, /8, y et a', /3', y'. En posant — ^— y — ^ = F, on 

aura, comme pour la distance de deux points sur la sphere : 

cos F= cos a cos a' + cos /3 cos /3' + cos y cos /, 

ou plus simplement : 

cos F= 2 cos a cos a'. 

En ramenant chaque membre de cette Equation ^ la forme normale et identi- 
fiant, on aura : 

f cos T^ = 2 cos a, cos oi, 

I T^ sin F, = 2 (aj sin a, cos Og + af sin a^ cos a,), 

Equations qui d6terminent F^ et F,. On voit que la condition n6cessaire et suffi- 
sante pour que les droites Jf et Jf se rencontrent est Fj sin F, = 0, c'est-i-dire : 

2 (ai sin o^ cos a, + a[ sin (4 cos o^) = 0. 

Lorsque les droites Met JIf sont infiniment voisines on pent poser: a' =za + da, 
etc. ; on a alors, en n^gligeant les quantit6s d'ordre sup6rieur : 

dF« = 2cos^a.da« 
et Ton en tire : 

\dV^ . dVf = 2 (cos cLfidai — ai sin a^da^) cos a^da^' 

Si les coordonnSes (Xi, /^i, yi et a,, /9|, y, sont fonctions d'un meme param^tre, 
la droite Jf dScrira une surface r^gl^e et la condition pour que cette surface soit 
d6veloppable sera exprim6e par I'^quation : rfFi^Fj = ou : 

2 {cosa^doi — Oi sin O} (Za^) cosasc2a)= 0. 
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L'expressioD du codistangle de deux droites en coordonn^s tripolaires, montre 
aussi que l'6quation d'une congrueuce circulaire de rayon r, dont le pdle a pour 
coordonn6es a, b, c, est: 

cos a cos a + cos & cos ^ + cos c cos y = cos r , 

a^ Pj Y ^tant les coordonn6es courantes. 

3"". Goordonneea cartesiennes. La position d'un point sur la sphere peut aussi 
etre rapport^e k deux grands cercles fixes qui se coupent h angle droit et qui 
sont les axes de coordonn^s (Fig. 3). 




Eia. 8. 



Soit X le pole du grand cercle yz et y celui du grand cercle xz ; le point z 
est I'origine des coordonn6es. Etant donn6 un point quelconque m sur la sphere, 
on trace les grand cercles ym et xm qui interceptent sur les axes de coordonn^es 
les arcs za et zb; les tangentes de ces arcs servent de coordonn^es au point m . 
On posera done : 

tang {za) = ^, tang (z6) = 17, 

RSciproquement, ^ et 97 6tant donnas, les arcs za et zb sont connus et la position 
du point m se trouve sans difficult^. Toute relation lin^aire entre ^ et rj repr6- 
sente un grand cercle de la sphere ; en particulier, I'^quation : 



e'-e~^" 



-rl' 



repr6sentera le grand cercle passant par les deux points (^', >?') et (^", 17") . Toute 
Equation du second degr6 entre ^ et 17 repr6sente ime conique sph^rique et en 
g6n6ral, on dira qu'une courbe sph6rique est de degr6 m lorsque son Equation en 
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f et >7 est de degr6 m ; ceci revient k dire qu'une courbe sphSrique est de degr6 
m lorsqu'elle est coup6e en m points par un grand cercle quelconque ou encore 
lorsqu'elle pent etre consid^r^e comme I'intersection de la sphere avec un c6ne 
concentrique de degr6 m. 

De meme, consid^rons dans I'espace trois droites fixes X, T, Z formant un 
triMre trirectangle : les recticongruences X et F joueront le r61e d'axes de 
coordonn6es et se couperont suivant la droite Z, qui est ainsi la droite origine 
(Fig. 4)- 




Pia. 4. 



Etant donn6e une droite quelconque Jf, on construira la droite P qui 
mesure la plus courte distance de Jf 2l F et par le point de rencontre de P et de 
F, on minora une droite A normale au plan PY\ cette droite A est la droite 
d' intersection des recticongruences {ZX) et (JfF). On construira de meme la 
droite B intersection des congruences {ZY) et (ifX); les coordonn6es de la 
droite Jf seront alors : 

^ = lL+j!=tang(^). 



— *7i + h% _ 



n = 



=tang(Z^), 



B6ciproquement, | et t; ^tant donnas, on peut d6terminer la position des droites 
A^\.B\ il suffit pour cela de trouver la valeur des codistangles : 

(23) = a=^i±^ et (^) = 6 = ^L + Z*?. 
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Or on a par definition : £ = tang a, c'est-^dire : 

a2=tang-^^2, 



i£ _ «i r 02= tang *. 

^' cos^o,' ou: \ _ gi 
g2 = tanga„ l"*' 1 + £J 



et des valeurs analogues pour hi et 5,. Les droites A ei B 6tant connues, les 
droites P et ^ le sont aussi ; la droite cherch6e M est alors la perpendiculaire 
commune Jt P et S. ^. 

Toute Equation lin6aire: -4g + 5>7 + 0^= 0, oil A, B, G sont des con- 

stantes de la forme ^ "y * , reprSeentera une recticongruence dont le pole a pour 

A B 

coordonn^es — ^^^ et ^ . Soient par exemple deux droites if' et W* de coordon- 

n^es (g', rf) et (g" yi'^) , on demande les coordonn^es de leur perpendiculaire com- 
mune N] la recticongruence {M^ M^') a pour Equation : 

ou: (^'_^')g «(g/_g^/)^ + (gV/_gV) = 

et son pole qui a pour coordonn6es : 

est la droite cherch6e -R^. 

Toute relation de la forme /(g , >;) = repr6sente une congruence analytique 
dont le degr6 sera 6gal ^ celui de la fonction / et la recticongruence tangente le 
long de la droite (g', y/) a pour 6quation : 

»7-'7'=^'(|-f). 

Seconde definition de la congruence analytique : 

Quel que soit le systfeme de coordonn6es employ^, toute Equation >7 = P(g) 
entre les deux coordonnSes d'une droite reprSsente une congruence, car cette 
Equation 6quiyant k deux relations entre les quatre quantit^s >7ii »7s, ^i, i% dont 
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depend la position de la droite. R6ciproquement, si Ton se donne a priori deux 
relations : 






la droite (|, ri) d^crira une congruence, mais pour que vi soit fonction analytique 
de f , )7 = F{^), il faut que : 

\Vx = F, = k,F'{Q, 

c'est-^-dire que les fonctions F^ et F^ doivent satisfaire aux conditions : 

Lorsque cela a lieu on dira que la congruence est analytique. Gette nou- 
velle definition de la congruence analytique est un peu moins g6n6rale que la 
definition g6om6trique donn^e pr6c6demment, car il n'est pas toujours possible de 
trouver une congruence contenant une surface r6gl6e donn6e et dont P^quation 

soit analytique. En effet, soient f = ^^ ^ ^^ et >; = ^^ j ^^ les deux coordon- 

n6es d'une droite M] supposons que les quatre quantit^s fi, ^,, »7i, vi^ soient fonc- 
tions d'un meme paramMre ct^ ; 

La droite M d6crit alors une surface r6gl6e S\ cherchons l'6quation de la con- 
gruence analytique qui contient 8. Soit ai un second param^tre arbitraire ; si 

Ton pose ?1^"_?^ = a les deux Equations : 



l»7=p(a), 



(9) 



repr6sentent une congruence analytique, car en 61iminant a on obtiendrait une 
relation entre les deux coordonn6es f et >;. D 'autre part, en d6signant les 
d6riv6es par des accents, les Equations (9) sont 6quivalentes aux quatre relations : 

^i = ajfi'(a3j), ^8 = f£(a2), >7i = ajp' (oj) , >7i = p(a,), 
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qui repr6sentent toujours une congruence, parce que les param^tres ai et a^ sont 
ind^pendants. Mais si Ton fait d6pendre ai de a^, les Equations pr6c6dente8 
d6finiront une surface r6gl6e appartenant a la congruence (9). Or pour que cette 
surface r6gl6e soit pr6ci86ment la surface /S, il faudrait que Ton eut : 

U(a,) = aifi'(a3), ^^^^ 

(r(a2) = aip'(a,). 

Mais, comme on ne doit 6tablir qu'une seule relation entre aj et oi|, le probl^me 
n'est possible que si les Equations (10) se r^duisent ^ une seule, c'est-a-dire si 
Pon a : Xp' = v^i! on ce qui est la meme chose : 

^1*72 — >7i ^^2 = 0. (11) 

Telle est la condition que la surface S doit remplir pour qu'elle fasse partie 
d'une congruence analytique. Lorsque cette condition est remplie, on dit que 
S est une surface r6gl6e analy tique ; dans ce cas, on obtient r6quation de la con- 
gruence analytique dont 8 fait partie en 61iminant a entre les Equations (9). 
L'une quelconque des Equations (10) fait alors conniutre la relation que I'on doit 
6tablir entre ai et a^ pour que la droite M dScrive dans la congruence la surface 
donn^ S. 

L'6quation (11) suppose que les d6riv6es (J et p' ne sont pas nuUes, c'est-ar 
dire que les coordonn6es £2 ^t 972 ne sont pas constantes. Si 972 par exemple 6tait 
constant, les equations de la surface S seraient de la forme : 

fi = X(a2), ^i = f4(a2)» >7i = '^(at), >7i = ^2, 



7*1 6tant une constante. La congruence qui contient S s'obtiendrait en 61iminant 
a entre les Equations : 

l»7 = r, 



r 6tant une constante de la forme -^^ — ^ . On aurait done : 

?i = ai/t*'(a«). I« = /M(a»). »7i = »'i. >7« = r8, 

c'est-^dire que la fonction v (og) doit se r6duire aussi ^ une constante Vi ; l'6qua- 
tion de la congruence qui contient 8 est alors simplement >7 := r et la relation 

^(a2) = aiM'(«»). 
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exprime toujours la loi qui relie les param^tres ai et a^ loreque la droite M d6crit 
dans la congruence 17 = r la surface donn6e S. 

On peut remarquer que les coordonn6es sph^riques qui correspondent aux 
coordonn^es ^etyj sont pr6cis6ment les angles ^a et 17, et comme la relation entre 
£ et >7 est la meme qu'entre ^, et »7„ on peut dire que la courbe sph6rique qui 
correspond a une congruence analytique donnee est I'intersection d'une sphere 
avec le cone directeur de la congruence, dont le sommet serait au centre de la 
sphere. 

4^ GoordonnSes intrinshques. Soit r = ^ j. * le rayon de courbure et 5 = ?L_3 

Fare d'une surface r6glee, mesur6 k partir d'une certaine g6n4ratrice. Les Equa- 
tions intrins^ues de la surface seront de la forme : 

ri = X(a2), r2 = ^(as), «i = i;(aa), 8^ = p{a^), 

Oe 6tant un param^tre variable. Comme I'equation (11) est ind6pendante du 
syst^me de coordonn6es employ 6, la surface r6gl6e sera analytique si Ton a : 

Ti cfog — 81 d/r^ = . 

Lorsque cette condition est remplie, la congruence analytique qui contient la 
surface donn6e est d6finie par les Equations : r =:ji£(a), «= p(a). En Eliminant 
a, on obtient une relation entre r et « qui est l'6quation intrins^que de la con- 
gruence. 

Si I'Equation /(^, >7,i>) = d'une congruence contient un param^tre arbi- 

traire j> = j > cette Equation dEfinira une double famille de congruences 

comprenant toutes les droites de I'espace ; mais si I'on se donne en outre une 
relation entre j)i et p^, TEquation /=0 ne reprEsentera plus qu'une famille 
simple de congruences, c'est-^ire un complexe de droites. 

V**. — MScaniqtie r^lSe. 

Th&orie des vectangles. Soit le centre de la sphfere fondamentale ; Ox, 
Oy, Oz trois axes rectangulaires et UP = F un segment de droite faisant avec 
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les axes des angles a, /?, y. Les composantes du segment OP suivant Ox, Oy 

et Oz sont : 

X= 7cosa, F=7co8/S, Z=7cosy. 

Afin de d6finir le segment UP et ses composantes au mojen de grandeurs situ^es 
sur la surface meme de la sphere, on conviendra de repr6senter chaque segment 
issu du point O au moyen d'un arc de longueur 6gale a celle du segment, cet arc 
6tant port6 par le grand cercle dont le plan est perpendiculaire au segment con- 
sid6r6. 

Cet arc sera d6sign6 sous le nom de vecteur spherique; on pent, sans alt^rer 
un vecteur sph6rique, le d6placer sur le grand cercle qui le porte. 

D'aprfes cette definition, 6tant donn6 un triangle trirectangle et un vecteur 
spherique Fport6 par un grand cercle quelconque (Fig. 5), on pent decomposer 
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le vecteur F en trois autres X, F, Z port6s respectivement par les c6t6s du 
triangle trirectangle et determines par les formules : 

X= Fcosa, F= Fcosi3, Z= Fcosy, 

a, /}, / designant les angles compris entre le vecteur F et chacune de ses com- 
posantes. 

Un vecteur spherique est d6termin6 par deux points de la surface de la 
sphere ; de meme, dans I'espace r6gl6, on dira que deux droites J. et ^ d^ter- 
minent un vectangle (abr6viation pour vecteur-angle) : la valeur de ce vectangle 
sera repr6sent6e par le codistangle {AB) = F. La perpendiculaire commune aux 
droites J. et ^ est le pole de la recticongruence AB ; on n'alt^re pas un vectangle 
en le d6plapant dans la recticongruence qui le porte, c'est-4-dire en le faisant 
tourner autour ou glisser le long de son pole, pourvu que le codistangle {AB) ne 
change pas ; c'est pourquoi Ton dira aussi que le vectangle {AB) est port6 par 
son pole. 
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Etant donn68 trois axes de coordonnees rectangulaires et un vectangle V 
dans Pespace port6 par une droite quelconque P, on pourra decomposer le vect- 
angle V en trois autres X, F, Z port6s respectivement par les trois axes de 
coordonn6es et ces trois composantes auront pour valeur : 

jr= 7cosa, F=Fcos^, ^= Fcosy, 

a, /?, y d6signant les codistangles compris entre la droite P et chacun des axes 
de coordonnees, puisque la figure form6e par ces axes correspond sur la sphere 
au triangle trirectangle. En posant : 



on tire des Equations pr6c6dentes : 

X^ = Fg cos (X2 r Xi = Fi cos o^ — oliV^ sin a^ , 

F,= F2C0s/?g et J Fi= Ficos/Sa — /^iFgsini^g, (12) 

Zg = Fa cos y, I Zi = F^ cos y, — yi F3 sin y^, 

formules qui d6terminent complfetement les trois vectangles composants. B^ci- 
proquement, les vectangles composants X, F, Z, etant donn6s, on obtiendra la 
valeur du vectangle resultant par I'^quation complexe : 



V-sfX^+ Y' + Z\ 

c'est-Si-dire : 

f V, = ^XI+YI + Zl 
lFiF, = XiX2+ FxFg + ZiZ, 

et la position dans Tespace de la droite P qui porte ce vectangle r6sultant sera 
d6termin6e par les relations : 

X Y Z 

cos a = -^ , cos /? = -y , cos y = -y , 

qui deter minent a, /?, y, c'est-Srdire les coordonnees tripolaires de P. 

Etant donne un nombre quelconque de vectangles F, F', F", .... portes 
respectivement par des droites P, P', P", . . . . , situees d'une mani&re arbitraire 
dans I'espace, si Fon veut composer tons ces vectangles en un seul, on choisira 
trois axes de coordonnees rectangulaires, on decomposera chaque vectangle en 
trois autres ayant respectivement pour poles les trois axes de coordonnees et 
Ton fera la somme algebrique des vectangles composants pour chacun des trois 
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axes: les trois sommes X, Tj Z ainsi form^es seront les composantes du vect- 
angle resultant R. On a done : 

X=2(Fco8a), r=2(Fco8/?), Z=2(7cosy), 

a, /?! /, d6signant toujours les codistangles compris entre la droite P et chacun 
des axes de coordonn6es. Les vectangles X, F, Z etant d6termin6s, si Ton 
appelle IT le pole du vectangle r6sultant 5, et a, J, c les coordonn^es tripolaires 

de ce pole, on aura : 

X . Y Z 

cos a = -^- , cos 6 = -^- , cos c = ^ , 
a xi ic 

Equations qui avec : 

i? = x» + r« + ^. 

d6termineront R en grandeur et en position. 

On peut aussi composer les vectangles directement, ainsi que les vecteurs 
sph^riques, sans les rapporter k un systfeme d'axes de coordonn6es. 

Considerons d'abord deux vecteurs sph6riques J.(7 = Fet J.(7' = F' dont les 
poles sont P et P (Pig. 6). On peut toujours prendre comme origine commune 
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des vecteurs le pole A du grand cercle PP. Le point O etant le centre de la 
sphere, si Ton porte respectivement sur les rayons OP et OP des segments 
0K= Vet OK^ = F', la r6sultante jB de ces deux segments sera port6e par la 
diagonale Oil du parallelogramme KOK^ et la grandeur ainsi que la direction de 
cette r6sultante seront d6termin6es par les relations: 

(ii?= F»-h F' + 2FFcos(PP), 

/ Fsin (Pn) = F sin (iTP^), ^ ^ 

avec (Pn) + (nP) = (PPO . Or le vecteur A G 6tant la representation sphSrique 
du segment OK et AG^ celle du segment OK', la r6sultante de ces vecteurs sera 
la representation sph^rique du segment R port6 par Oil ; cette r^sultante sera 
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done un vecteur AT = R passant par le point A , puisque son pole 11 est situ6 sur 

Tare PP. La premi&re des Equations (13) determine done la grandeur du vee- 

teur AT et la seeonde indique la position de son pole TI sur la sphere. 

V 4- IV Y + IV 

Soient maintenant F= ^ y — ? et P= ^ — ? deux veetangles quel- 

eonques, P et P leurs poles situ6s arbitrairement dans I'espace. On pent, en 
d6plapant ees veetangles autour de leurs poles respectifs, les amener k avoir pour 
origine eommune la droite A qui mesure la plus courte distanee de P k P 
(Fig. 7). Cette droite est alors aussi la droite origine du veetangle r6sultant, 
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c'est-a-dire que le pole 11 de celui-ci doit reneontrer A k angle droit. Soient 
G et (7' les droites extr6mites des veetangles V et V et F eelle du veetangle 
resultant B. Les memes Equations (13) d6termineront R en grandeur et en 
position, ear si Ton pose : 

(3f) = ie = ^^±^, ^pP) = ^, (Pn)^^-^-, (np)=^^. 

on aura, eomme pour les veeteurs sph6riques : 
7 "^ I ~ I 



et Pon en d6duira par la m^thode ordinaire les six Equations suivantes : 

i2| = 7,» + T^+ 2 V^Vi cos a,, 
[BiRi= ViV, + VlVg + (FiT^ + ViV^) cos o, — a^ViV, sin a,, 
47 



{. 
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m 



avec 



^i>i+i>i = Al- 



lies quatre demi^res Equations d^terminent les longueurs piy p[ et les angles 
Vt^ V%y c'estr^ire la position du pole 11 par rapport aux poles P et P^, tandis 
que les deux premieres foumissent les valeurs de J2| et jB^, d'oii d6pend la posi- 
tion de la droite T. 

Consid^rons en6n un nombre quelconque de vectangles F, F, F' • • . • 
port69 respectivement par des droites Pj Pj P' ... . donn^es arbitrairement 
dans Tespace ; en comparant toujours les vectangles aux vecteurs sph^riques, on 
verra facilement que le vectangle resultant R a pour valeur : 

i? = 2F« + 22 FF' cos (PP) . 

Compoeitian des efforts ou des mouvements. Un segment tel que OK (Fig. 6) 
sert k definir soit un couple, c'est4rdire I'effort le plus g6n6ral que I'on puisse 
exercer sur une sphere dont le centre est fixe, soit une vitesse de rotation, c'est-^ 
dire le mouvement le plus g6n6ral que cette sphere puisse prendre autour de son 
centre. De meme, un vectangle (iT?) servira k definir soit un torseur, c*est-^ire 
Teffort le plus g6n6ral que I'on puisse exercer sur un corps solide, soit une vitesse 
h61icoidale, c'est-^dire le mouvement le plus g6n6ral que ce solide puisse prendre. 
On sait qu'un torseur se compose d'une force et d'un couple dont I'axe coincide 

avec la direction de la force ; si done le vectangle (ZB) = — j-^ repr6sente un 

torseur, la plus courte distance P repr^sentera le moment du couple et Tangle 
Q repr6seDtera la force; cette force agit suivant I'axe du torseur, c'est>4-dire 
suivant le pdle du vectangle {AB) ; toute force est ainsi d6finie par un angle 
situ6 dans un plan perpendiculaire k sa ligne d'action. 

Si au contraire le vectangle (TB) = — j-^ figure une vitesse h61icoidale, 

la plus courte distance P repr^sentera la vitesse de translation et Tangle Q la 
vitesse de rotation; Taxe du mouvement coincide d'ailleurs avec le p61e du 
vectangle. Ge pole reste fixe pendant le mouvement h61icoidal, de meme que le 
p61e d'une rotation spli6rique reste immobile pendant la rotation. 

Les torseurs et les vitesses li6Iicoidales se composant comme les vectangles, 
tons les cas de composition d'efforts ou de mouvements rentreront dans le ca£ 
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g6n6ral de composition des vectangles. En effet, on pent regarder une force 
ordinaire comme un torseur dont les extr6mit68 J. et ^ se rencontrent, car si 
P = 0, le torseur (35) = Q = force ; si au contraire Q est nul, les droites -4 et J8 

— P 

sont paranoics et on a {AB) zzz-j- ^^ couple. De meme, une vitesse de rotation 

p 
est d6finie par un angle Q et une vitesse de translation est de la forme -=- , car 

cette vitesse est d6finie par deux droites parallMes. 

Soit par exemple k composer deux rotations v^ et vi dont les axes P et P' 

ne se rencontrent pas. Soit aj la plus courte distance et a^ I'angle des droites 

P et P. Si Ton se reporte au cas g6n6ral de composition des vectangles (Fig. 7), 

et que Ton pose t?i= et t?i = 0, la vitesse du mouvement resultant sera d^ter- 

min^e par les Equations : 

IH = vi + v^ + 2t?8t?2 cos a,, 

BiR^ = — 01172^8 sin a,, 

El 6tant la r6sultante de translation et B^ celle de rotation, c'est-^dire que la 

R 4- IR 
r^sultante est une vitesse h61icoidale de la forme ^ "^ — ? . La derni^re Equa- 
tion est du reste identique h une formule de Rodrigues sur la composition des 
rotations ; la formule de Rodrigues n'est ainsi qu'un cas particulier de la formule 
plus g6n6rale relative aux vectangles. Enfin, I'axe 11 du mouvement resultant, 
qui on Fa vu doit rencontrer A st angle droit, sera d6termin6 en position par les 
Equations : 

( t;, sin;?,= v^Binpi^, ^^^ fi>»+^ = a«, 
ipiV^ COBp^=p[vi COB pi, ^Pi+p[ = cLi, 

qui peuvent s'Ecrire : 



{ 



Vj Binp^=zVf sin ^2, 

Pi -._Pi_, 
tang ^2 tang^i' 



Or ^^- est le rapport des angles compris entre I'axe IT et les axes P et P et ^ 

est le rapport suivant lequel EL partage la plus courte distance de P a -P ; on 
reconnait done dans les deux derni^res Equations deux thEor^mes bien connus 
sur la composition des rotations non concourantes. 

II n'est pas inutile de faire remarquer ici que les regies d'opErations relatives 
aux codistangles subsistent dans tons les cas particuliers, quoique les formules 
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revetent quelquefois une apparence paradoxale. Ainsi, la r^gle de multiplica- 
tion : 

devient pour Og = et 6, = : 

quoique ni Ui ni bi ne soient nuls. De merae (-y-) = ne signifie pas que Oi 
est nul, car daus la formule generale : 

\~~r~J 1 ' 

il suffit que a^ s'annule pour que tout le carr6 s'annule aussi. Si done a repr6- 
sente un torseur, I'^quation a* = veut dire simplement que ce torseur se r6duit k 

un couple de la forme -^ . Du reste, ces cas particuliers ne mettent aucune 
formule en d6faut, c'est ainsi qu'on a par exemple : sin (-y-) = -S- , cos -^ = 1 

et I'on en tire encore : sin* f^j + cos* (-r-j = ^ » parce que (^j = 0. 

II y a cependant un cas ou les formules, quoique toujours exactes, devien- 
nent ind6termin6e8 ; c'est le cas oil toutes les droites consid6r6es dans Tespace 
sont parall&les entre elles ; tons les codistangles sont alors de la forme f^j , 

mais dans ce cas il n'est plus necessaire d'employer les m6thodes du calcul r6gl6, 
car en coupant toutes les droites par un plan perpendiculaire ^ leur direction 
commune, le problfeme revient a uue question de g6om6trie plane. 

Nous avons dit en commenpant que si les r&gles d'op6rations relatives aux 
codistangles sont un pen difF6rentes des regies ordinaires, cela tient h ce que la 
constitution interne de Fespace regl6 n'est pas absolument identique k celle de 
la surface d'une sphere imaginaire ; on pent aj outer maintenant que cette difi^r- 
ence de constitution est due a Texistence dans Tespace de droites parallfeles entre 
elles, car deux droites parallMes ont une infinite de perpendiculaires communes 
tandis que deux points de la sphere ne d6terminent jamais qu'un seul pole ; il 
etait done necessaire de faire subir aux regies d'op^rations une modification qui 
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contrebalanpat les diflRSrences existant entre Tespace r6gl6 et la sphere imagi- 
naire, ou si Fon veut entre le symbole /et le symbole i =\/— 1 . 

Thearie des Moments. Quoique nous n'ayons fait usage, pour la composition 
des vectangles, que du th6or^me des projections, plusieurs des formules obtenues 
en appliquant les lois du calcul r6gl6 ne sont pas autre chose que ^expression du 
th6or&me des moments; telles sont les formules (12) et (14). 

II existe en eflfet une parents directe entre le th6or6me des moments et celui 
des projections : consid^rons une sphere de centre o (Fig. 8) ; soit om un rayon 
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fixe et ok=^v un segment port6 par im rayon arbitraire op ; soit ai = t? la repre- 
sentation sph6rique du segment "oA:; si Ton abaisse du point m un grand cercle 
pmq perpendiculaire h ab, on dira que le produit v sin (mq) est le moment 
sphhiqxie du vecteur ah par rapport au point m et Ton repr6sentera ce moment 
par un segment oe port6 sur la normale en m di la sphere ; or oc = t? sin {mq) 
= oS. cos (wi/?), c'est-S,-dire que oe est aussi la projection de oh sur wn. Done, si 
Ton consid^re plusieurs vecteurs sph^riques a5, a^V, a!^V\ etc., situ6s arbitraire- 
ment sur la sphere, et un point fixe m^ on pent dire que le moment sph6rique du 
vecteur r6sultant AB sera 6gal & la somme alg^brique : 0E=^ oe + o?+'o^'+ etc. 
des moments sph6riques des vecteurs composants ; car oe, o7, oP, etc. 6tant les 
projections sur om des segments oT, oF, oP, etc. qui correspondent aux vecteurs 
ai, aW, a'^ft", etc., leur somme SF sera la projection du segment r68ultant VR 
qui correspond au vecteur resultant AB. Si maintenant le rayon de la sphere 
croit indefiniment, la surface de celle-ci deviendra un plan, le vecteur ab devi- 
endra un vecteur rectiligne et le sinus de (mq) deviendra 6gal k mq , c'est-^ire 
que le moment spherique deviendra le moment ordinaire par rapport a un point 
II y a done identite entre le th6or^me des projections sur une droite et le th6o- 
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r^me des moments dans un plan, consid6r^ comme la limite vers laquelle tend le 
th^or^me des moments sph6riques lorsque le rajon de la sphere croit ind6fini- 
ment* Pour pouvoir traduire dans I'espace r6gl6 le th6or&me des moments 
sph6riques, il faut que toutes les grandeurs que Ton consid^re soient situ^es sur 
la surface meme de la sphere. On remplacera done le segment oe par sa repr^ 
sentation sph6rique, c'est^^-dire que I'on figurera le moment sph^rique d'un 
vecteur ab par rapport k un point m au moyen d'un vecteur xy = oe=:ab. cos {mp) , 
ce vecteur 6tant port6 par le grand cercle dont le pole est le point m . Si main- 

« -I- 7» 
tenant {A£) = t? = -^— ^ — - est un vectangle arbitraire dans Pespace port6 par 

une droite P et si if est une autre droite fixe formant avec P un codistangle 

{MP) —p— T f on dira que le produit : (ZS) cos {HP) est le moment du 

vectangle (2JB) par rapport k la droite M, et Ton repr6sentera ce moment par un 

vectangle (-TF) = m = ^ j — - port6 par la droite M. Le th^orfeme des 

moments dans I'espace r6gl6 s'6noncera done comme suit : Etant donnas plusieurs 
vectangles v, t/, v", etc, port£s par des droites P, P, P', etc. situ6es d'une 
mani^re arbitraire dans Tespace, si I'on prend les moments m, m', m'\ etc. de ces 
vectangles par rapport k une droite M^ tons ces moments seront port^s par la 
droite if et leur somme alg6brique sera le moment de la r6sultante V des vect- 
angles V. On aura done : 

(IL+iZ.) cos {^-^) = 2 C-4^) cos (^^) , 

c'est-a-dire : 

\ Fj cos Pa = 2t?t cos ^3, 

( Fj cos Pj— Pj F, sin Pg = 2 (t?i cos^a —Pi^% sin p^ . 

Si I'on considfere v^ comme le moment d'un couple port6 par P et v^ comme une 
force agissant suivant P, la premiere de ces formules n'est que le th^or^me des 
projections sur une droite M et la seconde, le th6or^me des moments par rapport 
k une droite M. Du reste nous avions d^jk reDcontr6 ces formules k propos de la 
composition des vectangles ; en effet il n'y a pas de diflF6rence entre le moment 
d'un vectangle Fpar rapport k une droite if et la projection de Fsur if puisque 
Tun et I'autre sont 6gaux k Fcos (MP). 
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Mais il existe un second th^or^me des projections, obtenu en projetant un 
contour ferm6 sur un plan et non pas sur une droite ; et ce second th^or^me con- 
duira aussi k un second th^or^me sur les moments. Revenons en effet k la figure 
(8) et projetons le segment o& sur un plan perpendiculaire au rayon fixe om ; le 
segment of qui reprSsente cette projection est situ6 dans le plan mop et a pour 
valeur: o/ = oFsin(mp) = ofe. m*, en appelant ma \b, distance du point m au 
segment oR; on voit done que q^ est 6gal au moment du segment oFpar rapport 
au point m. Si I'on consid^re plusieurs segments oF, oPj oP", etc. issus du point 
0, la projection o7de leur r6sultante oK sur un plan perpendiculaire a om est la 
r6sultante des projections q^ q^, q7^ ^^^' ^^^ segments donn^. La repr^enta- 
tion sph6rique du segment of est un yecteur md = of port6 par le grand cercle 
passant par le point m et par le p61e n du grand cercle mp ; le vecteur sph6rique 
md repr^sente done le moment du segment oF par rapport au point m, non 
^seulement en grandeur, mais aussi en position, puisque ce vecteur est normal en 
m au plan mok. Done le second th^or^me des projections est identique au th6o- 
r^me des moments par rapport h. un point m de plusieurs segments concourants 
ok, oVj oP, etc. 

Pour ne conserver que des grandeurs situ^s sur la surface de la sphere, on 
rem place ra le segment oF par sa repr6sentation sph6rique db et Ton dira que le 
vecteur md = oF. sin mp = ab . cos {mq) est le co-moment du vecteur ab par rap- 
port au point m, afin de distinguer ce moment du moment sph6rique. Si I'on 
prend les co-moments de plusieurs vecteurs ab, aV, d'V\ etc. par rapport k un 
meme point m, on obtient des vecteurs md, mdl, md^\ etc. issus du point m et 
dont la r6sultante mB est le co-moment du vecteur resultant AB. 

De meme, 6tant donn6s une droite fixe if et un vectangle (AB) port6 par une 
droite P, on dira que le produit {AB) sin (MP) est le co-moment du vectangle 
{AB) par rapport a la droite M, et I'on repr6sentera ce moment par un vectangle 
{MD) port6 par la perpendiculaire commune ^ if et ^ la droite iV^qui mesure la 
plus courte distance de M k P. Si Ton construit les co-moments de plusieurs 
vectangles par rapport k une meme droite M, tous ces moments auront pour 
origine la droite M et leur r6sultante sera le co-moment du vectangle r6sultant ; 
tel est le second th6or^me des moments dans Pespace r6gl6. 

Pour que le co -moment d'un vectangle (AB) s'annule, il faut que (3S) = 
ou bien (^P) = 0, c'est-i-dire que la droite M coincide avec le pole P du vect- 



1^ 
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angle (AB) . Ainsi, ei I'on a un syst^me de vectangles dont la r^sultante n'eet 
pas Dulle, et que la r6sultante des co-moments de ces vectangles par rapport a 
mie certaine droite if soit nulle, la droite if ne peut etre que le pole du vectangle 
Equivalent au systfeme donn6, c'est-Mire Taxe central du systfeme. L'axe central 
est ainsi la seule droite par rapport k laquelle le co-moment du syst^me est nuh 
EquUihre Wun corps sdlide. La th6orie de I'fiquilibre n'oflFre aucune difficult^, 
car si "T, V\ F", etc. sont des torseurs portEs respectivement par des droites- 
P, P, P\ etc. et appliques k un meme corps rigide, il suflBt pour que celui-ci soit 
en 6quilibre que le torseur resultant R soit nul. Si done JT, F, Z son trois axes 
de coordonn6es rectangulaires, on devra avoir : 

2Fcos(i^) = 0, 
2Fcos(PF)=0, 
.2Fcos(PZ) =0 

et ces trois Equations complexes fourniront les six Equations de TEquilibre. 

Mawoemmt cPune droite. La position dWe droite M dans Fespace est dEfinie 

par deux coordonnEes complexes ^ = ^^"^ et >7 = ^^ "y ^^ ; si Ton exprime 

ces coordonnEes en fonction d'une troisifeme variable complexe t := ^ en 

posant : g = ^ (^) et >7 = -4/ (<), la trajectoire de la droite if sera une congruence 
analytique ; on peut considErer la variable indEpendante t comme un temps com- 
plexe. Le temps complexe peut etre comparE h un temps a deux dimensions, et 
en efFet si le temps avait deux dimensions, la trajectoire d'un point en mouve- 
ment serait une surface et non une ligne, et la trajectoire d'une droite serait une 
congruence ; avec un temps complexe cette congruence trajectoire est en outre 
analytique. 

Si I'on Etablit une relation entre <i et ^, le temps redevient simple ou si Ton 
veut, le mouvement n'a plus qu'un seul degrE de libertE, la trajectoire de la 
droite M est alors une surface rEglEe, faisant partie de la congruence trajectoire. 

REciproquement, tout mouvement k un degrE de libertE d'une droite M est 
dEfini si Pon connait les quatre coordonnEes |], ^21 >7if >78 ^^ fonction d'un temps 
simple tfi : 

^i = >^(*»)> ^» = /^(0> m=v{t2)j >78=p(<»). 

Mais on a vu que ce mouvement n'est analytique, c'est-Judire ne fait partie d'un 
mouvement analytique k deux degrEs de libertE, que dans le cas oil : ^idy^^ 
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— >7iC^2=0. Dans ce cas, le mouvement k deux degr68 de liberie dont fait 
partie le mouvement de if est d6fini par les Equations : 

On peut done consid6rer le mouvement k un degre de liberty de la droite M 
comme d6fini par ces deux demiferes 6quations, pourvu que Ton 6tablisse en outre 
entre <i et ^ la relation: ^' (ig) = /I (^j) ou la relation 6quivalente: ^p'(^t) 

Le temps coraplexe peut etre repr6sente par une recticongruence d6crite 
par une droite mobile A a partir d'une certaine origine o. Chaque position de 
la droite A definit une ^poqvs et la dur6e t comprise entre T^poque o et Tepoque 

A est 6gale au codistangle {OA) = ^ . Consid6rons une droite qui d6crit 
une congruence analy tique ; soient M^ Qi M les positions de cette droite aux 
6poques o et < , Fare M^M de la congruence trajectoire est evidemment fonction 
du temps complexe ; si Ton d6signe cet arc par «, on a done : 8=/(t). On sait 

olio 

du reste que Tare 8= -^^-^ — ? ne depend pas de la surface r6glee qui mfene de 

M^kM. Si Ton a: 

s=^ a + bt, 

a et b 6tant des constantes complexes, on dit que le mouvement de if sur sa tra- 
jectoire est uniforme. Le mouvement sera done uniforme si Ton a : 

^1 + /gg _ <3ti + /ofg , 6i + I\ <i + It% 
I ~ I ^ I I ' 

c'est-a-dire : 

\H = <h + 

Ui = ai + 6i<g + 62^1. 






Ces conditions sont d'ailleurs independantes de la forme de la congruence trajec- 
toire. Si Ton pose <i = F{t^ la droite M d6crit une certaine surface r6gl6e dans 
la congruence, et ce mouvement a un degre de liberty est dit uniforme si Fare 

8 A- Is 
8 = ^^-X=. — ? decrit pendant le temps t^ satisfait aux conditions : 

\\ = a^ + ht^-\-b^F{h). 

On dit que le mouvement de la droite M est rectiligne lorsque la trajectoire de 
48 
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cette droite est une recticongruence. S'il s'agit d'un mouvement i un degr6 de 

liberty, il sera dit rectiligne lorsque la droite if d6crit un conoide droit. 

Enfin le mouvement de M est rectiligne et uniforme lorsque la trajectoire 

est une recticongruence et que les arcs 8 croissent proportionnellement aux 

temps t. Si le mouvement n'a qu'un degr6 de liberty, on dit qu'il est rectiligne et 

uniforme toutes les fois que la droite M d6crit un conoide droit en tournant uni- 

form6ment autour de Taxe du conoide. En eCFet, les Equations du mouvement 

sont alors de la forme : 

U^ = a^ + h^U, 

^ 6tant une fonction quelconque, et en posant : 

<i=-g-[*(^) — «i — *1<2]» 

on aura bien : 

U, = 03 + 62^8, 

Ui = ai + 61 <» + *»<!, 

cVst-a-dire que le mouvement consid6r6 fait bien partie d'un mouvement recti- 
ligne et uniforme 8 = a+ht, On verrait de meme qui si la droite M d6crit 
une surface r6gl6e analytique quelconque, il suflSt que e^ soit proportionnel au 
temps t^ pour que le mouvement soit uniforme. 

Si if et M' sont les positions d'une droite sur sa congruence trajectoire aux 

6poques < et < + c& et si le codistangle {MM') = cfo , le rapport v = -^ sera la 
Vitesse de la droite au temps t ; cette vitesse sera representee par un vectangle 
{MA) port6 a partir de la droite if par la tangente ^ la congruence trajectoire ; 
le pole T du vectangle (ifjl) est done la perpendiculaire commune aux genera- 
trices if et M' et ce vectangle represente une vitesse de torsion* car tout deplace- 
ment infinitesimal de if dans sa congruence trajectoire est une torsion infiniment 
petite autour de T. 

De la formule : t; = -j- , ou : ^^ ^ ^' = -j^. — ^^^ , on tire : 
at I dti+ Idt^ 



1 



dsi dtf — cfo| dti 

''' -^ — 



*I1 n^ a pas de difference entre une Titesse de torsion et une vitesse h61iooidale, si ce n'est que la 
premiere se rapporte & un mouvement A deux degr^s de liberty et la seoonde ft un mouvement ft un 
degr6. 
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Ainsi, dans le vectangle (MA) qui figure la Vitesse v , Tangle v, compris entre 

M et A repr^sente la vitesse de rotation de la droite M autour de la droite T, 

mais la distance Vj comprise entre if et -4. ne repr6sente pas la vitesse de transla- 

ds 
tion de la droite if, a moins que I'on ait dti = ou <i = const. ; alors Vi = --^ , 

c'est-Judire que Vi est la vitesse de translation de if le long de T^ lorsque M 
d6crit la surface r6gl6e d6termin6e par la condition ti = const 

Lorsque les Equations du mouvement d'une droite M sont donn6es dans un 
certain systfeme de coordonn6es, on peut calculer les composantes de la vitesse de 
M suivant chacune des deux coordonn6es. Soient par exemple : 

p = 4)(0 et = 1^(0, 
les Equations du mouvement en coordonn^es polaires, la vitesse est : 



_ ds _ Vdp^ + sin^ p . c&a^ 
^-^- dt 

ses composantes sont done: ^ suivant le m6ridien et sin p -3-- suivant le 

at ^ at 

parall^le. 

Pour d6finir VacceUration d'une droite, considerons d'abord un point m 
mobile sur la sphere (Fig. 9). Soient mv et mvf les arcs repr68entant sa vitesse 




Fig. 9. 



aux temps t ^t t + dt] ces arcs sont les repr6sentations sph6riques des segments 
oh=^Vy old ^^vf, qui figurent la rotation du point m autour des poles P ei P des 
arcs mv et mvf. Soit oh un segment tel que oh et ok aient pour r6sultante oF. 
Oomme oh est situe dans le plan hold, sa representation spli6rique ma passe par 
m ; le vecteur ma, qui compos6 avec mv donnerait la vitesse mvf est Vaccel&ration 
spherique 616mentaire du point m. L' acceleration sph6rique n'est pas autre 
chose que l'accel6ration ordinaire, lorsqu'on fait abstraction de la composante 
nm=i t^.mo, normale k la sphere ; il n'y a pas lieu en eflfet de consid6rer cette 
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composante, car nous ne nous occupons du mouvement du point m qu'autant 
qu'il a lieu sur la surface de la sphere et sans nous preoccuper des reactions 
normales a cette surface, qui du reste sont d6truites par la fixit6 du centre. On 
pent d6composer Faccel^ration sph^rique du point m en deux vecteurs ^ et i^ 
port6s Tun par le grand cercle mv tangent ^ la trajectoire, I'autre par le grand 
cercle normal en m a cette trajectoire ; ces deux composantes seront 6gales aux 
composantes de oh suivant ok et suivant une perpendiculaire k ok. Si done ds 
est r616ment d'arc d6crit par m pendant le temps dt et d(d Tangle de contingence 
de la trajectoire, c'est-a-dire Tangle vmi/ ou kokf, les composantes de ma seront : 

dv suivant la tangente et vda suivant la normale. Or vda = v -=- rf« = «^ -^ dt 

d'autre part -^ = , p 6tant le rayon de courbure sph6rique de la trajec- 

toire ; on aura par suite, pour racc616ration sph^rique tangente, ^ = -^ et pour 

racc616ration sphSrique normale, -J/ = . 

^ ^ tangp 

II en r^sulte que si M est une droite mobile qui d6crit une congruence 

analytique, (MV) et (MW) les vectangles qui figurent la vitesse de cette droite 

aux 6poques t et t+dt, Vdcceleration 616mentaire de la droite sera representee par 

un vectangle (MA) , tel que (MA) et (ST) aient pour r^sultante (MV^) ; et si p 

est le rayon de courbure de la congruence trajectoire, les composantes de cette 

acceleration suivant la tangente et suivant la normale seront des vectangles: 

A = -— - et -4/ = , c'est-a-dire, avec les notations ordinaires : 

^ dt tangp 

»i + I^^ _ ^1 + Idv^ et ^^ + -^^g = \ I ) 
I dt, + Idt, I tang(e^^)' 



relations d'oil I'on tire aprfes reduction : 
■ _ dvi 

^^' et. 
dvi dt^ — dv^ dti 

.^' M 



tangp, 
4'i=(»isin2p2-»^,)^ 



Lorsque racc616ration tangentielle est nulle, la vitesse est constante et le mouve- 
ment est uniforme. Lorsque l'acc616ration normale s'annule, on a tang p= «>, 
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c'est-a-dire p= — j dans ce cas la trajectoire pr68ente une droite dHn/lexionj c'est-Sr 

dire que la recticongruence tangente est osculatrice. Si racc6l6ration normale 

est constamment nulle, la trajectoire est une recticongruence et le mouvement 
est recti Kgne. 

Considerons encore le mouvement circulaire uniforme : Soit c le pole d'un 
petit cercle que d^crit un point m sur la sphere avec une vitesse spherique con- 

stante v, on a: ^=:0et'4/= ? , mais si Ton d6signe par o la vitesse angu- 

laire du point m autour du pole c, on a aussi : t; = co . sin r , d'oii : 

i// = ^ (0^ sin 2r . 

Cette meme formule donnera done aussi la valeur de Tacc^l^ration d'une droite 

mobile M qui decrit une congruence circulaire de rayon r = ^^ T. ^^ avec une 

vitesse angulaire a = JLX__^ autour du pole c de la congruence ; cette vitesse 

angulaire est le codistangle d6crit pendant Tunit^ de temps par le rayon aboutis- 
sant h, la droite Jf , c'est-S.-dire par la normale au cylindre focal au point o\X M 

touche ce cylindre. L'acc616ration i// = ^^ "^ ^^ de la droite M est done d6ter- 
min6e par les relations : 

('4/j, = i(i)|sin 2r,, 

li/zi = 6), (wj sin 2r2 + r^i^ cos 2r^. 

Mouvement dUvm, corps sdlide libre. Nous considerons un corps solide comme 
form6 d'un nombre fini ou infini de droites rigides invariablement relives les 
unes aux autres. Pour se rendre compte de la distribution des vitesses dans un 
corps solide en mouvement, il suffit de se rappeler que toute droite de Pespace 
d6crit k chaque instant im 616ment de congruence circulaire autour de I'axe 
central X avec la meme vitesse angulaire o) ; si done M est une droite quel- 
conque, faisant avec Taxe central un codistangle {MX) = r, la vitesse de cette 
droite sera t; = w . sin r et le vectangle qui repr6sente cette vitesse sera port6 k 
partir de M par le pole T de la tangente a la congruence circulaire ; comme le 
pole de la normale h, cette congruence est la droite N qui mesure la plus courte 
distance entre M et X, la droite T est la droite qui forme avec Met Nun trifedre 
trirectangle. 
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Pour se rendre compte de la distribution des acc616ration8, il faut 6tudier 
d'abord les acc6l6rations des diff6rents points de la surface d'une sphere mobile 
autour de son centre. Soit o) la vitesse angulaire de la sphere autour de Taxe 
instantan6 ox (Fig. 10), a son acceleration angulaire port6e par le rayon oa et ^ 




FiQ. 10. 

Tangle xoa ; le plan xoa est alors le plan tangent commun aux deux cones qui en 
roulant Tun sur Pautre produisent le mouvement de la sphere. On peut definir 
la position de tout point m situ6 sur la sphere par ses distances mx = t^ et 
ma = t; aux points fixes x et a. 

Si I'on abaisse du point m les perpendiculaires mp et mq sur les rayons 
ox et 'oa, racc616ration du point m , telle qu^elle est exprimSe par le th6or^me de 
Rivals, est la r^sultante de deux segments : Tun 6gal k o'. n^ ou gj?. sin u, port6 
par tn/>, I'autre 6gal k a. mq ou a. sinvy perpendiculaire au plan moa. 

Pour que racc616ration sph6rique d'un point soit nulle, il faut que racc616ra- 
tion totale de ce point soit normale h la sphere. Pour cela, il faut d'abord que 
le rayon mo soit dans le meme plan que les deux segments qui composent Facc^l- 
6ration, c'est-a-dire que I'angle amx soit droit ; le triangle amx 6tant alors rect- 
angle en m , on aura : 

cos u cos t; = cos X . 

Telle est l'6quation du lieu des points dont racc616ration sph6rique tangentielle 
est nuUe ; ce lieu est une conique spberique ayant pour sommets les points a et x. 
Comme I'angle pmo est le complement de u, la r^sultante des segments (J. sin u 
et a . sin v coincidera avec mo, si Ton a en outre : 

(J? sin u cos u = a sin v. 
Cette equation jointe a la prec^dente determine les points (u, v) dont Tacceiera- 
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tion sph6rique est nulle, c'est-Jl-dire les centres d'acc616ration ; ces centres sont 
au nombre de trois. On verrait facilement que les points qui n'ont pas d'acc61- 
6ration sph^rique normale, c'est-a-dire les points dont la trajectoire presente un 
point d'inflexion spherique, sont sur un cone du troisifeme degr6. 

De meme dans I'espace r^le, 6tant donn^ deux vectangles o et a dont Fun 
repr6sente la vitesse angulaire et Tautre Tacc^leration angulaire du systfeme 
mobile a une 6poque d6termin6e, si les poles JT et id de ces vectangles forment 
entre eux un codistangle (XA) = A, on d6montrera comme pour la sphere que le 
lieu des droites dont racc616ration tangentielle est nulle est une congruence 
elliptique admettant les droites X et A pour sommets ; que le lieu des droites 
qui sont d'inflexion sur leur trajectoire est une congruence analytique du 
troisi^me ordre, et enfin qu'il existe trois droites ne poss6dant aucune accelera- 
tion ; la position de ces droites sera d6termin6e par les memes Equations que 
pr6c6demment, dans lesquelles u etv dSsigneront les codistangles compris entre 
I'une de ces droites et les poles X et A. 

La consideration des accelerations dans le mouvement spherique conduit k 
une formule analogue k celle de Savary pour le mouvement plan : Soient r et 6 
les coordonnees polaires spheriques d'un point m, en prenant pour origine le pole 
instantane de rotation x et en comptant les angles 6 k partir du grand cercle 
tangent aux deux courbes spheriques c et cf qui pendant le mouvement roulent 
I'une sur I'autre sans glisser ; soient B et R les rayons de courbure spheriques 
des courbes c et c/ au point a; et p le rayon de courbure de la trajectoire du point 
m, on sait que Ton a: 

tang (p — r) tang r sin Q \tang R tang R' J 

Cette formule permettra done aussi de determiner I'axe de courbure K de la 
surface engendree par une droite Jf de I'espace, lorsque le mouvement est defini 
au moyen des surfaces regiees c et c' qui en virant I'une sur Tautre produisent 
le mouvement du corps solide. En eflFet, soit X la generatrice de contact de 
c etd^ T le pole de la tangente commune kc et d ] la normale k la surface regiee 
decrite par if a pour pole une droite N qui rencontre M et Xk angle droit et si 
I'on designe par S et S' les axes de courbure de c et d relatifs k la generatrice 
X^ on aura : 

r = {MX), Q-(Wf), R=(X]S), R = {X!^f) 
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et la formule donn^e plus baut fournira la valeur de p, c'est-^dire du codistangle 
{M^) qui port6 sur la normale N a partir de M determine la position de Faxe de 
courbure ^.* 

Pour faire Tetude analytique du mouvement d'un systfeme invariable libre, 
on considfere un tri&dre trirectangle X, T, Z, fixe dans le systfeme et un triMre 
trirectangle X', F, Z', fixe dans Fespace (Fig. 11). On pent d6finir la position du 










Fio. 11. 

trifedre mobile par rapport au trifedre fixe au moyen de trois codistangles, qui sont 
dans Tespace regl6 ce que les angles d'Euler sont sur la sphere : soit en effet N 
la perpendiculaire commune aux axes Z et Z', a et 6 les pieds de cette perpen- 
diculaire sur Z' et sur Z] si Ton pose: o^=i//i, a5=:0i, ^ = ^i; angle 
{NX^) = '4'2» angle {ZZ^) = 6^, angle {NX) = fp^y les trois codistangles : 

j,-Jl+Jh fl- ^i + A ^ - »i + i»2 

'Y J > V J , «p J , 

d6termineront complfetement la position du trifedre o par rapport au trifedre </, car 
on pent amener OXY^Z^ en coincidence avec OXYZ au moyen de trois torsions 
'4't ^» ^» ay ant respectivement pour poles les droites Z\ iV'et Z. 

La torsion instantan6e du syst^me invariable en mouvement pent se d^om- 
poser a chaque instant en trois torsions : 

F J » sf J » '^ J > 

ayant respectivement pour poles les droites JT, F, Z; si done on connait la tor- 



* Voir, pour la oonstruction g^m^trique de cet axe de oourbure, vol. XVIII, p. 821. 



Saussube: Cahvl GeomUrique R6gle. 369 

sion instantan^e ;>» 5^, r, en fonction du temps (complexe), la position du systfeme 
invariable sera d6termin6e en fonction du temps par les equations usuelles du 
mouvement sur une sphere : 

2, = sm4,8m0^+co8 4»^, 



q = COQ ^ sm d -jj sm 4> --^ 



dt 



lU^ (15) 



"^ ""^^^ dt ^ dt ' 

Ces Equations d^finissent un mouvement a deux degr6s de liberty, puisque le 

temps t est de la forme ^ '^ ^ . 

Si Ton se donne les trois torsions instantan^es^, g, r en fonction d'un temps 
simple <j, le mouvement du corps n'aura plus qu'un seul degr6 de liberty, mais 
Ton pent toujours se servir des Equations prec6dentes en consid6rant le mouve- 
ment k deux degres de liberty dont fait partie le mouvement donne. Ainsi si 
Ton pose : 

on pent supposer que le temps ordinaire ^ fait partie d'un temps complexe 
t = h + Ik^ et Ton aura: 

h, condition que : 

c'est-Srdire : 

#2 — dqt_ dr^ 

Pi qi n 

Lorsque ces deux conditions sout remplies, on dit que le mouvement est ana- 
lytique : on a vu en eflTet qu'il faut une condition pour que la trajectoire d'une 
droite soit une surface r6glee analytique ; or si deux droites d6crivent chacune 
une surface analytique, il en est de meme de toute autre droite, parce que deux 
droites d^terminent compl&tement la position d'un corps solide. 

On posera done: p = p(<), q=ia {t), r = r{t), dans les Equations (15) et 
en integrant celles-ci on obtiendra 1//, 6, ^ en fonction de t; mais comme on a en 
49 



370 Saussube: GaUvl Ohmkrique R^gU. 

outre entre t^ et ^ la relation : A {t^ = ti p' (^) (ou I'une des deux autres relations 
6quivalentes), les trois codistangles 4^y 6, q> ne dependent plus que du temps ^; 
on connait ainsi la position du corps pour chaque valeur de t^. 

Enfin, pour avoir la distribution des vitesses dans le corps en mouvement, on 
d6finira la position d'une droite quelconque du corps par ses coordonn^es tripo- 
laires a, ^, y relatives aux axes X, T, Z] les composantes de la vitesse de cette 
droite suivant ces axes seront alors donn^es par les formules complexes : 

T^ = g cos y — r cos /?, 

T^z= r cos a — ^cosy, 

Vg'=^ p cos ^ — g cos a . 

Ces exemples sont suflSsants pour indiquer les principales applications du calcul 
r6gl6 £l la statique et h, la cin6matique ; dans un procbain article nous traiterons 
de la dynamique des corps solides sous le meme point de vue. 



{ 



Note on Mr. A. B. BasseVs Paper, '* Theory of the Action 
of Magnetism on Ltght.^^"^ 

By Joseph Larmob. 



I have recently been favored by Mr. Basset with a copy of his paper ; my 
apology for oflTering a few remarks on a criticism of a discussion of the subject 
by myself, which forms a main topic in it, is that I hope to be able to state some 
definite information which may be worth recording in the American Journal of 
Mathematics. 

What Mr. Basset chiefly deprecates is a method that I have indicated for 
modifying the theory of magnetic action given originally by Maxwell on the 
hypothesis of an interacting continuous dynamical system, so as to make it fit in 
with the ordinary doctrine of reflexion and refraction of light. That theory, as 
it was applied to the problem of reflexion by Fitz Gerald, does not involve a 
suflScient number of variables to satisfy the conditions and lead to definite results, 
such as experiment reveals, independent of accidental conditions at the interface. 
The theory being dynamical, this implies that some restricting condition in the 
problem has been overlooked: the variables ^, )?, ^ are in fact not independent, 
so that the dynamical variational equation must be subject to the condition that 
they satisfy, which involves the introduction of a Lagrangian parameter A. 
This Mr. Basset apparently appreciates, and he admits that this new variable 
obviates the difficulty above mentioned : but he proceeds (loc. cit. §6) to compare 
this homogeneous theory with MaxwelPs equations for an electric field in which 
there is no rotational influence, and he cannot make out that the one is a suffi- 
ciently simple modification of the other. This I think is what the criticism 
means : but his discussion is based on purely arbitrary interpretations, which 

* American Journal of Mathematics, vol. XIX, p. 60. 
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lead him to the conclusion that the theory is also open to the same objections as 
was his own. The question is, however, does the theory form a scheme con- 
sistent with itself? Mr. Basset had already, as he now admits, tried to make 
the Maxwell equations work, without success : why then should he reject a priori 
without trial the modification of these equations which does work, on the ground 
that it is not suflSciently slight — for as to logical diflBculty there is none ? As a 
matter of fact, the modification is excessively slight in the sense that Jl would 
be a very minute quantity that could not be detected in any other way than by 
experiments on reflexion from magnetized metals. It is complained that there 
is no definition of the electric force as involving this minute effect : the answer 
is that there was no necessity to define it, wherein lies a merit of the method. 
If Mr. Basset so desires, he can run down the analysis of the Maxwellian scheme 
from the Principle of Least Action, when the rotational property is non-existent, 
and notice how the quantity usually defined as electric force there comes in : he 
will thus see that what would correspond to components of electric force, in a 
rotational medium, are the expressions on the left-hand of his equations (23). 
He complains that no physical meaning is assigned to X : this I suppose indicates 
a change in his dynamical views, as a few years ago he inserted in the first volume 
of his Treatise on Hydrodynamics a deduction of the equations of fluid motion 
from the Principle of Least Action, in which an exactly similar parameter arises 
by introducing the condition of continuity of flow into the equation of Action. 
The obvious physical interpretation of the parameter is there the fluid pressure : 
so here it would represent a hydrostatic pressure, on the hypothesis of an incom- 
pressible aether, but if we refrain in Maxwell's manner from particularizing our 
ideas of the aether we must also refrain from interpreting the parameter. 

As to Mr. Basset's modification of his former theory in §10, 1 agree with 
him that this is a simpler and in that respect more satisfactory scheme than the 
one we have just been discussing, because it keeps closer to the spirit of Max- 
well's ordinary electrodynamics, — in fact for reasons of molecular theory which 
I have been intending for some time to set forth in another connexion. But 
why should Mr. Basset claim it as his special property ? In the very paper, a 
section of which (§§8-11) he is criticising (British Association Report, 1893), he 
will find it indicated as an alternative method of obtaining a logical scheme of 
magnetic reflexion. The whole discussion (§§13-20) is of course too long to 
transcribe : but I quote §20, and take the opportunity to restore the accidental 
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omiBsion of a coefl&cient, and to give a more conclusive, in fact decisive, reply to 
the diflSculty that is there pointed out at the end.* 

** There are thus two ways in which the magnetic field may affect the phe- 
nomena of light-propagation. The imposed magnetization is an independent 
kinetic system of a vortical character which is linked on to the vibrational system 
which transmits the light waves ; the kinetic reaction between the two systems 
will add on new terms to the electric force : these terms are naturally continuous 
so long as the medium is continuous, but owing to their foreign origin they need 
not be continuous at an interface where the magnetized medium suddenly 
changes. At such an interface the other part of the electric force, which is 
derived from the vibrating system itself, has been assumed to be continuous in 
the ordinary manner, viz. its tangential components continuous ; the total induc- 
tion through the interface must of course always maintain continuity. This 
seems to be the type of theory developed by Maxwell in his hypothesis of mole- 
cular vortices (** Treatise," §822), and the conditions to which it leads have been 
applied to magnetic reflexion by the majority of writers on the subject, including 
Basset, Drude, J. J. Thomson. But against this procedure there stands the pure 
assumption as regards discontinuity of electric force at an interface. The correct 
boundary conditions would be derived from the modification of Fitz Gerald's 
procedure, which has been explained above. 

The other point of view is the purely formal one contemplated by Lord 
Kelvin and Maxwell in their discussions of possible rotational coefficients intro- 
duced into the properties of the medium by magnetization. The magnetization 
is supposed to slightly alter the structure of the medium which conveys the 
light-vibrations, but not to exert a direct dynamical effect on these vibrations. 

It would appear from the analysis of Drude, and more particularly of 
J. J. Thomson, f that there is some ground for assuming the correctness of the 
equations to which the former method leads; and those equations may be 

*The section which Mr. Basset quotes as my theory is entitled ^* Dynamical Theories based on the 
Form of the Energy-function ^' : the following section, of which the above quotation forms the end, is 
entitled ^^ Recent Electrical Theories." In a subsequent memoir, which Mr. Basset characterizes, where 
the aim was to get as much aether theory as possible out of a single energy function of a continuous 
medium, the theory involying ^ was the only one that fitted in; but in the appendix to that memoir, 
and in a second part since published, it was shown that this foundation must be broadened by separate 
consideration of aether and of matter ; and I hope shortly to show in a continuation of the same subject 
that the hypothesis of molecular constitution therein laid down leads naturally to magnetic rotation of 
the type of the other theory above described. 

t J. J. Thomson, ^^ Recent Advances in Electricity and Magnetism," 1898, 2412. 
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expressed in the terms of the second method somewhat as follows.* The electric 
current is in a dielectric the rate of change of the electric displacement, which is 
of an elastic character ; in a conducting medium part of the current is due to the 
continual damping of electric displacement in frictional modes : it may thus fairly 
be argued that the fundamental relation is primarily not between current and 
electric force, but between current and displacement, while the current is indi- 
rectly expressed in terms of electric force through the elastic relation between 
displacement and force. The equations would then run as follows, (f,>7, ^) 
being the electric displacement : 

(u, V, M=(-^ + -:^)(^' *7' 

where ^ = P — hQ + h^R, 

^ = R-b,P + b,Q. 

This would make the relation between electric displacement and electric 
force of a rotational character, owing to the magnetization. If the medium were 
not magnetized. Lord Kelvin's argument might be employed for the negation of 
such a rotational character on the ground that a sphere rotating in an electric 
field would generate a perpetual motion ; but, as it is, the rotation in the mag- 
netic field would generate other electric forces. The frictional breaking down 
of displacement, viz. conduction, is known to assume a slightly rotational char- 
acter, as manifested in the Hall effect." 

On this I now make the following remarks. In the equations connecting 
the electric displacement (^, 17, f) with the electric force (P, Q, R) the coefiScient 
K/4n has been accidentally dropped out from the first terms on the right-hand 
side. On referring back to §15, it will be seen that the coeflScients 61, b^, b^ 
involve d/dt, and so are each of the form ad/dt + i^.f Now there is no possi- 
bility of this relation admitting perpetual motions, as above suggested, if for 
transparent media the term (3 vanishes in each coeflScient : this I had in that 
connexion omitted to notice, although it was in fact stated in §16 in a quotation 

* *^ When this transformation is made, Drude's boundary conditions become simply the ordinary 
ones which express that the tangential components of the electric force and the magnetic force are con- 
tinuous in crossing the interface ; the difficulty as to discontinuity in the tangential electric force does 
not now occur," loo. cU, {18. 

t It is to be borne in mind that the general equations are stated throughout for the general case of 
conducting media. ' 
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from Willard Gibbs' general discussion of the subject. Moreover a brief consid- 
eration of the case of non-metallic media shows independently (loc. cit. §5) that 
/8 must vanish, as otherwise the law of dispersion would be entirely diflFerent 
from Biotas law of the inverse square of the wave-length. 

Of the two alternative valid magneto-optic schemes thus indicated, the latter 
leads to the same analysis for the problem of reflexion as Mr. Basset's in Phil. 
Trans., 1891, and is in fact his present modified scheme. This analysis should 
also at bottom form a case of the more recent general discussions of Goldhammer 
and of Drude in their memoirs in Wiedemann's Annalen, 1893, in which the 
theory is put to the test by means of the actual observations on magnetic 
reflexion from metals. In this latter connexion I am bound to state that the 
theory in its valid form as regards boundary conditions was really first formu- 
lated by Goldhammer, though without attending to the question of the possibility 
of perpetual motions (loc. cit. §14); but the unusual character of his notation 
and analysis had obscured the fact from my notice.* 

Although we may form a preference for one or the other of the two schemes 
from general considerations, the only real test between them is the criterion of 
agreement with experimental data, which are now voluminous and exact, thanks 
chiefly to the Dutch physicists. This test is not an easy matter, because the 
phenomenon is measurable only in reflexion from the magnetic metals, so that 
the complications of metallic reflexion enter into the analysis. But when the 
data for such precise verification exist, the mere deduction of formulsa for the simple 
case of reflexion by transparent media is a minor consideration. I am per- 
mitted by Mr. J. G. Leathem, Fellow of St. John's College, Cambridge,t to state 
that he has worked out a detailed comparison of the theory involving the 
parameter % with the experimental data of Kundt, Sissingh, and Zeeman, and 
has found that the agreement is at best very doubtful ; also that it is probably 
better with the second type of theory, with which also in its valid form he 
became acquainted through my British Association report, and of which his test 
is not yet complete.J As above mentioned, the discussions of Goldhammer and 

* I find however that I had introduced all these considerations in a discussion of magneto-optic 
theory published in the Proceedings of the Loudon Mathematical Society, April, 1808, where Goldham- 
mer 's scheme is stated explicitly just as Mr. Basset now gives it, and the negation of perpetual motions 
is also verified. 

t Mr. Leathem has pointed out to me that by an oversight I have incidentally stated that the value 
of A must be continuous across an interface : this is of course not true, so that A is expressible as the 
potential of a surface layer pZiM double sheet. 

[X The complete discussion has fully verified this anticipation. May 1.] 
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Drude relate to the second type of theory : the latter author takes the rotational 
constant for metals to be a complex quantity of special form related to the 
complex refractive index, while the former takes it to be an unrestricted com- 
plex quantity. The result of their examination of each other's work in Wiede- 
mann's Annalen seems to be an admission that the experimental determinations 
employed for purposes of verification were not suflSciently exact to decide 
between these alternatives. I anticipate that we shall soon have further and 
perhaps more definite information. 

One other point may be noticed, to prevent the misconception that might 
arise from silence. Mr. Basset remarks (§13) on what he considers to be the 
fallacy of placing the Principle of Least Action at the foundation of physical 
dynamics. The question involved is one of deep philosophical interest, and has 
been a prominent subject of discussion ever since the times of Fermat and Mau- 
pertuis. As recent sources of information, reference may be made to a series of 
papers on the physical meaning and application of the Principle of Least Action, 
by von Helmholtz (of which the most important is a Memoir in Crelle, vol. 100) 
republished in the third volume of his Wissenschaftliche Abhandlungen ; also to 
the introduction to Kirchhoff*'s '* Vorlesungen fiber Mathematische Physik." But 
possibly Mr. Basset's objection is not serious : for I observe that he has imme- 
diately afterwards closely followed my example, by formulating his modified 
scheme in terms of the Principle of Least Action on the exact lines of Fitz- 
Gerald and myself. This is, in my view, an important improvement in method, 
for the founding of the analysis on the Action of Principle has the merit of (to a 
great extent) avoiding the necessity of separate investigation as to whether per- 
petual motions are evaded ; that it could be simply made I had not noticed, or I 
should certainly have mentioned the fact in my British Association report of 
1893. Although the theory is thus expressed in terms of a magneto-optic energy 
function, it of course does not follow that it thereby falls under Maxwell's idea 
of an interaction between two linked dynamical systems : the origin of these 
energy terms is to be sought in the constitution of the individual molecules, for 
they involve the continued product of the imposed magnetic field, the electric 
polarization, and its time rate of change, whereas a direct energy term belonging 
to the medium treated as continuous would involve the product of only two 
physical factors. 

St. John's CoLLBaB, Cambridob, Jan. 28, 1897. 



Exemples dHnversion dHntegrales doubles. 

Par Paul Appell. 



Je me propose d'indiquer ici quelques exemples 616mentaires du mode 
d'in version des int6grales multiples que j'ai 6nonc6 dans une courte Note des 
Comptes Rendus (1" f6vrier 1897). Je me bornerai au cas des variables reelles. 
L'extension aux variables imaginaires se fera en suivant la voie ouverte par 
M. Poincare (Comptes Rendus, 25 Janvier, 1886). 

I. — Soient xet y deux variables r6elles, jP(a;, y) et <1> (x, y) 
deux fonctions symetriqves de ces deux variables. Nous re- 
garderons x et y comme les coordonn6es d'un point P par 
rapport k deux axes rectangulaires Ox et Oy . 

Soit M un point de coordonn6es 

UA = a, OB = b. 

Consid^rons les deux Equations 

ffF{x, y)dxdy = u, 
J J ^{^1 y)dxdy=v, 



B 


V 






P 


M 




A 


X 



(1) 



les int6grales doubles 6tant 6tendues au rectangle OAMB. Ces int^grales sont 
des fonctions de a et 6, de sorte que les Equations (1; definissent a et J en fonc- 
tion de M et 17. On pent se demander ce que doivent etre les fonctions F{x, y) 
et <l>(a;, y) pour que les deux quantites 

a-}-6, ah 

soient des fonctions wfiifarmes de w et t?, et chercher ensuite a 6tendre cette notion 
au cas oil les variables seraient imaginaires. 
50 
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Nous nouB bornerons ici k donner des exemples simples dans lesquels cette 
inversion est possible. 

V. Soient les deux Equations 



J J 2{x+y)dxdy=u, 
ffdxdy 



= V . 



(2) 



En effectuant les integrations etendues au rectangle OAMB on a imm6diatement 

06 (a + 6) = w, 
ah=-v 

Done a eth sont racines de I'^quation du deuxi^me degre 

V 

dont les coeflScients sont uniformes en u et t;. 
2*. Soient 



J J 2{x + y)dxdy =u, 
f m — ^f)dxdy 



= V. 



(3) 



\/xy (4 + xV)" 

La premiere relation donne 

aft (a + 6) = w . 

La deuxi^me se transforme comme il suit. Int^grons d'abord par rapport k y : 
nous aurons h, calculer 

•'o Vxy (4 + a^y'f ' 
ce qui est 6gal h 

II reste ensuite & int6grer par rapport ^ x, ce qui donne 
ou encore 
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On en tire, d'aprfes les notations de Weierstrass 

-^ = ,(^;o. -1). 

Done, eDfin les deux Equations (3) sont equivalentes aux deux suivantes 

^ = p(^';o. -1), 

ah (a + 6) = u. 
Les quantites a et 6 sont done racines de T^quation 

a eoeffieients uniformes bxlu eiv. 

Au lieu de supposer les integrales (1) etendues k I'aire du rectangle OAMB, 
on peut les supposer 6tendues k une aire ferm6e dont la definition depend d'une 
mani^re uniforme de la position du point M(a,b). 

Par exemple, on pourrait eonsiderer les deux cercles passant par 0, par Met 
ayant respeetivement leurs centres sur Ox et Oy. On etendrait ensuite les deux 
integrales (1) k Paire AS'eommune a ees cereles. On pourrait 6galement eon- 
siderer le cerele C deerit sur OM comme diametre et 6tendre les deux integrales 
k ce eerele G. Prenons ee dernier champ d'int6gration G et 6erivon8 les deux 
equations 

J J dxdy = w, 

J J {^ + y)^^y = '^' 

Les coordonnees de JIf etant a et 6, ees deux equations donnent 

7«(a*+ 6*)(a + 6) = 8v. 
On en deduit 







1 7. 2t> 




, 2«» 
ao= — z- — 


2u 


M» 


n 
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et a et i sont racines de I'Squation 

u w n 

& coefficients uniformes enueiv. 

II. — On pent, plus g6n6ralement, prendre un champ d'int6gration dont la 
definition depend d'un nombre quelconque de parametres, et 6crire des Equations 
d'inversion en nombre 6gal Jl celui des parametres. Prenons, par exemple, pour 
champ d'integration, un cercle quelconque du plan 

a? + y^ — 2ax— 2by — c<0. 

La d6finition de ce champ depend de trois variables a, &, c. Consid6rons les 
trois equations 

J J dxdy = w, 

J J {^ + y)dxdy =v,\' (4) 

J J {^ + I^)dxdi/ = w. 

D'aprfes la th6orie des centres de gravity et des moments d'inertie, on a imm6di- 
atement les valeurs de ces trois int6grales etendues au cercle. 
Le rayon du cercle etant 

B=Va* + b^ + c, 
on a les trois Equations 

nR^ = w, 

nB^{a + b) = v, 

on en tire , , v 

u 

or + b^= _ , 

u 2 

a^ + b' + c=-^. 
n 

Les trois 6quations (4) d^finissent done 

a+J, a^ + b^, c, 

comme fonctions uniformes de Uj v, w. 



Bemerkungen zu C. S. Peiree Quineuncial Projection. 

Von I. Feischauf, Graz. 



Im XVIII. Bande dieser Zeitschrift liefert Herr J. Pierpont eiae Arbeit 
liber Peirce's Projection. Nachfolgende Bemerkungen mogen als Erganzung 
angefiihrt werden. 

Setzt man die Vergrosserungszahl im Mittelpuncte derKarte (Pol) gleich 1, 
so ist dieselbe fur den Punct (6, I) der Erdkugel 

m = —J- , p* = sin* l + i cos* I sin* 26. 
vp 

In den vier Puncten des Aequators 6=0, 90°, 180°, 270° wird m= oo. Wird 
aben m als eine massig grosse Zahl vorausgesetzt, so wird p klein ; es muss daher 
auch sin^, sin 1.6 klein sein. Bestimmt man die Flache / um den Punct 
(Z=0, 6 = 0) herum, wo p<a(a< 1) ist, so kann dieselbe auf folgende Art 
bestimmt werden. Sind s und a die spharischen Polarcoordinaten des Punctes 
(Z, 6) dieser Flache, so folgt aus 

sin Z =: sin ^ sin a , tan 6 = tan ? cos a , 
p* = sin* 8 — sin* s cos* a . 

Der kleinste Wert von s fur einen gegebenen Werth p ist « = p , fiir a = 90°, 
270° ; der grosste Werth von 8 wird fur a = 0, 180° erhalten aus 

sin** — sin*« = p*. 
Die Flache /, wo p<a, ist 

/= j ysin 8d8 da, 

wo 8 von bis zum Werthe 8 

a* = sin* — S sin* « cos* a (1) 

und a von bis 2n zu nehmen ist. 
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Die Integration nach 8 liefert 

1^=- J (1 — cos«)da; 
aus (1) folgt 

cos* « = 1 — a* — a* cos* a — 2tt* cos* a .... , 

cos « = 1 — 4 a* — (i cos* a + 5) a* — (cos* a + i cos* a + tV) a* • • • • ; 

damit /=(a*+ ia*+|a«+ )7«. 

Die Flache auf der ganzen Kugel, wo p < a ist, ist das Vierfache von /, das Ver- 
haltniss 4/ zur Kugelflache = 4n ist daher 

Fur ?n = 2 wird a* = tVj also 

— = 0.0657 = 6.57 per cent. 

Das *' Jahrbuch der Fortschritte der Mathematik " (Band XI) gibt daher unrich- 
tig an, dass diese Oberflache '*nur 9 per cent ausmache." 

Schliesslich mag noch bemerkt werden, dass die Curvensysteme, welche 
durch die elliptischen Functionen ausgedriickt werden, bereits von Siebeck 
(Grelle, Journal fur Mathematik, Band 67) behandelt sind. 



BERICHTIGUNG. 
Auf p. 12, Zeile 12 v. o. meiner Abhandlung Vol. XIX, ist zu lesen 

3^ —^Vik 
an Stelle von n» -^x- + J/^ . g^ ^^^^^^ 



On the Sign of a Determinant's Term. 

By Ellert W. Davis. 



Let h denote the row number and I the column number of an element 
{kl) in a determinant. 

If in the determinant we interchange the &*** and p^^ rows, then in the new 
determinant the elements that were called (Jcl) and (pq) in the old should be 
called {pi) and (kq). All other elements in any term to which (kl) and (pi) 
belong would remain unchanged in place and therefore in name. 

Establish now a one-to-one correspondence between the elements {k, l) and 
the tracts of the lines x/k^ y/k=. 1 that lie between the axes of coordinates. 
Call the tracts (Xj, I). 

Then I say that the sign of a term of the determinant is positive or negative 
according as these tracts cross one another an even or an odd number of times. 

That it is so for the term given by the principal diagonal is plain. It 
remains to show that interchanging two rows of the determinant will alter the 
parity of the number of crossings. 

Let (kj I) cross (jp, q) and interchange the k^^ and p^^ rows, getting (p, I) 
and (k, q) . On drawing a simple diagram, it will become plain that : 

i. {p,t) will not cross (k, q). 

ii. Any tract crossed by {k, I) but not by {p, q) will be crossed by (p, I) 
but not by (k^q), and that likewise any tract crossed by (jt>, q) but not by (7c, I) 
will be crossed by (ft, q) but not by {p, Z). 

iii. Any tract crossed by both {kj I) and (jp, q), or by neither (k, I) nor 
{p, 5), will be crossed by both or neither of the tracts {p, I) and {k, q). 

Now ii. does not change the number of crossings, iii. does not change the 
parity of the number, i. does change the parity. Therefore, upon the whole, the 
parity is changed and our theorem is proved. 
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